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TWO APPLICATIONS OF AN I N T E G R A L FORMULA 

ALOIS SVEC 
{Received March 14, 1977) 

We are going to present two consequences of a general integral formula presented 
in [1]. 

1. Harmonic mappings of Riemannian manifolds 

Be given a Riemannian manifold (M, ds2), dim M = m. In a suitable domain 
U cz M, let us write (ij, ... = 1, ..., m) 

ds 2 = V > ' ) 2 , (1.1) 
i 

co' being linearly independent 1-forms on U. Then there are on U 1-forms co/ such that 

do/ = £ coj A co), coj + co/ = 0; (1.2) 
j 

the forms co/ are uniquely determined by (1.2). The components of the curvature 

tensor be introduced by 

dco/ = X oil A co{ - $RiklcDk A oo\ Rjkl + Rjlk = 0 ; (1.3) 
k 

they satisfy the symmetry relations 

Rfki + K}w = 0, î ici = JRW/, RJ
ki + î nj + -Rijk = 0. (1.4) 

Let vx, . . . , vm be the field of orthonormal frames on Udual to the field of coframes 
co1, ..., com. Denote by K(vi5 v,), i ^ j , the sectional curvature of the 2-plane {vi9 vy}; 
of course, K(vi9 vj) = K/l7. 

Further, be given another Riemannian manifold (N, dor2), dim N = n, and 
a mapping / : M ~> N. Consider a neighbourhood V a N such that f(U) c V and 
there are 1-forms <pa (a, ft, ... = 1 , . . . , n) satisfying 

d<x2 = £(<pa)2. (1.5) 
at 

Let 

T": = / V = Z A y , T£: = / > £ . (1.6) 
I 

5 



The exterior differentiation of (1.6X) yields 

Z (<W? - I A)co{ + X Aft?) A co1 = 0, (1.7) 
* j fi 

and, according to E. Cartan's lemma, we get the existence of functions A*j on U 
satisfying 

dA* - £ A>/ + Z ̂ f TJ - Z AljCo\ A*j = A}i. (1.8) 
1 /> j 

A furhter exterior differentiation implies 

E (dA°; - £ AlfiJj ~ E Alrf + E Atjty A coJ = 
j k k p 

= i K I >H<* - I ^-MM's;»*)wJ'A "A (»-9) 
1,^ * /?,y,<5 

S^ being the components of the curvature tensor of (N, dcr2). Thus there are functions 
A*ijk such that 

dAlj - E A*kcokj - E Aljo*) + £ A\jx% = E A>\ -4fo = A%k, (1.10) 
k k 0 k 

Aljk - A*kj = X A*14,. - £ AfAMX*. (i.n) 

Let us consider on U the 1-forms 

<Px = E A'A>^ <p2 = E A*AW. (1.12) 
<*> i» j a, i, j 

It is easy to see that the forms (1A2) are globally defined over all of M. The usual 
* -operator be defined by 

W = (--l)l+Ia>1 A ...AG)f"1AO),+ 1 A ... AOA (1.13) 

i.e., do := co1 A ... A co" = CO* A *cO\ 
Now, 

d*cB1 = Z{(^)2 + -4^}dO, 
<Z,l,J 

d*cp2= ZWjj + AWjňáo, 
(1.14) 

and, according to (1.11), 

d*(«»i - <?2) = E ( K ) 2 - 4i4u + I '̂4!«57i - E ^ M M X * } do. (i.i5) 
a,i»i k P,y,$ 

Let us turn our attention to the geometrical interpretation of the above introduced 
invariants. Let p e U a M be a given point. The Euclidean connection on M or N 
resp. is given by 

Vm = J] cO'vi, Vvi = y cO/v; or 
i J (1T6) 

V*n = £ c/>X, v*w« = Z <P«S resP-i 



here, w%9 ..., w„ is the dual basis to <pl, ..., <pn. Evidently, 

d/p(t>;) = A'twx. (1-17) 

Let y6 Tp(M) be a non-zero vector. Choose a curve y : ( — e, s) -> Af such that 
7(0) = p; let s be its arc and v its tangent vector at p. Denote by y* = f o y : ( — ̂ , $) ~* 
-> N the corresponding curve. Then it is easy to see that 

2±-v (*!».)„ m., (MS) 
ds2 /pV ds2 / M 2 

where | v |2 = £ (co^v))2 and 

L(v) = A?» a/(t>) e>'"(t>) wx(f(p)). (- •19) 

This gives the geometrical interpretation of the quadratic mapping 

L : Tp(M)-y Tfip)(N). (1-20) 
Let L(.,.) be the corresponding bilinear mapping. 

Atp, let us choose an orthonormal frame vh let wa be an orthonormal frame atf(p)-
Then 

L(vt, vj) = Atjw. (1.2D 
and the expressions 

i2 = l(^-)2. n ^ ) i 2 

i, j i, J,a i a, i, / i 

do not depend on the choice of the frames vt and wa. In the same way, the vector 

Z 1 Up» vj) I2 = I (^)2, 11 L(vt) |
2 = X A\A)j (1.22) 

i a, i, ji 

Í frames vf and wa. In the samé way, the vector 

is invariant; the mapping 

t: M -> F(N), l(p) e T/(P)(N) (1.24) 

is the so-called tension field. The mappingf: M ~> N is said to be harmonic if l = 0 
for each pe M. 

The frames (v1? ..., vm) and (wl5 ..., wj at p andf(p) resp. are called adapted 
t o / i f 

dfp(vd = -̂ iW* for / = 1, ..., m in the case m ^ n and 
d / A . ) = -4«wa for a = 1, ..., w, (1.25) 
dfp(ve) = 0 for g = 77 + 1, ..., m in the case rn > n. 

Thus, we may always write (25j) setting wt = 0 for i > n. The adapted bases exist for 
each couple (p,f(p)). In the adapted bases, we have 

£ £ A^R^ = X (A,.)2 X K(t>7, vt), (1.26) 
a , i , j fc i j&i 

£ I A'jAfAlAffi,, = 2 X G4(A,)2 K*(wf, Wj). (1.27) 
*»*.J/J,y,« i * j 



Further, 
<Pi(vd = I <d/(oy). L(vt, »,)>, tp2(»;J = <d/(»0, t>, (1-28) 

J 

<, > being the scalar product in Tf(P)(N). 
Choosing for each couple (p,f(j>)) the adapted bases, we have the integral formula 

W<Pi-<7>2) = J { I I L ( ^ , t ; y ) | 2 - U | 2 + 
dM M i,j 

+ Z (Ad2 I *(fy> tf.) - 2 X OM;)2 **(*,-, Wj)} dv. (1.29) 

Thus we get the following 

Theorem. Let M, N be Riemannian manifolds andf: M -* N a harmonic mapp­
ing. Let N have non-positive sectional curvatures and let M have, at each point 
pe M and for each unit vector ve Tp(M) the following property: vl9 ..., vm-x, v 
being an orthonormal basis of Tp(M)9 we have ]T K(v, vr) > 0. Let (pi = <p2 

r = l , . . . , m - l 

on the boundary dM of M. Then f is a constant mapping. 

2. Holomorphic curves in the Hermitian plane 

Be given a Hermitian plane J/2 and let m : D -> H2 be a holomorphic curve, 
D a <g being a bounded domain. To each its point m(d)9 de D, let us associate an 
orthonormal frame {m, wl9 w2}. Then we have the equations 

dm = z1wl + T2W2 , 

t = A^i 

clearly (/, J, ... = 1,2) 

2 (2.1) 
dwi = TXWI + TXW2, dw2 = T2WX + T2W2; 

T / + T } = 0, (2.2) 

dY = TJAT}, dT/=T*ATj(. (2.3) 

Let us restrict ourselves to the tangent frames satisfying 

T2 = 0. (2.4) 

By successive exterior differentiations we get the existence of functions 
P, S, T, U: D -> <€ such that 

T2 = KT1, (2.5) 

dK + R(x\ - 2T}) = ST1, (2.6) 

dS + S(T2 - 3tj) + 3R2RTX = TT1 , (2.7) 

dT + T(T 2 - 4T{) + lORRSr1 = UT1. (2.8) 

Let us consider another field of orthonormal frames 

Ul = elawi, u2 = eifiw2; a, fi : D -+ 0l\ (2.9) 



let us write 

dm = (p1u1, dul = (p\Ul + (p2u2, du2 = cp\ul + cp2

2u2. (2A0) 

Then it is easy to see that 

P 1 = e~'V, (2.11) 

cp\ =T\ + i da, q>\ - T

2 + i d(J, (p\ = ^ ' ( a " ^ T 2 . (2.12) 

Write 

(pІ = R'ę,, (2.13) 

dR ' + R\ę

2

2 - 2ę\) = S > \ (2.14) 

dS' + S'{q>2

2 ~ Ъę\) + ЪR'2R'фl = T > \ (2.15) 

d Г + T'(<?2 ~ 4ę\) + Ю Г / Г S У = U>\ (2.16) 

Then 

(2.17) 

(2.18) 

R> - ei{2-»R, S' = eii3*~p)S, 

T = ei{4*~p)T U' = e^
5a~^u 

The mappings „ ( f c ) : Fw -> Nm be introduced by 

B(zwi) = z2Kw2, JB ( 1 )(ZWI) = z3Siv2, 

B(2)(ZM^) =zATw2; ze<€.' 

These mappings are invariant. Indeed: Let w = zwj = z'u1? then z' = e~Iotz and 
z'2K 'u2 =z 2 Kw 2 ; similarly for Bik). Let S1 = {weTm; <H\ w> = 1}, i.e., S1 = 
= {zwt; | z |2 = 1}. Then B^S1) is a circle; the radius of B(SX) is equal to | R | 1 / 2 , 
the radius of B(1)(S1) is equal to | S | 1 / 2 , etc. The geometrical interpretation of the 
mappings Bik) will be presented later on. 

The area element of m is given by 

do -L IT 1 A T 1 . (2.19) 

The Hodge operator be introduced by 

*T
X = -IT 1 , ^T1 = IT1. (2.20) 

Letf: D -» 01 be a function. Then its Laplacian Afis given, as usually, by 

Afdo = d * d f (2.21) 

The straightforward calculations lead to in — 1) 

d | R \2n - In | R I2""2 Re (JvST1), (2.22) 

A | R \2n = An | K |2M"2(/i I S |2 - 3 | R | 4 ) , (2.23) 

d: | S |2n = In | S I2""2 Re {(ST - 3SK/?2) T 1 } , (2.24) 
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(2.25) 
A | S|2" = 4n{\S\2n~2(n\ T | 2 - 16 | S | 2 I R | 2 + 9 n | K | 6 ) -

- 6(n - 1) | S I 2 * " 4 | R | 2 Re (S2RT)}. 

Especially, 

A | R | 2 = 4(| S | 2 - 3 | R | 4 ) , 

A | R | 4 = 8 | R \2(2 | S | 2 - 3 | R | 4 ) , (2.26) 

A | S|2 = 4 ( | F|2 - 16 | S|2 | K|2 + 9 | K|6) 

and 
A(| S | 2 + 4 | R | 4 ) = 4(| T|2 - 15 | R | 6 ) . (2.27) 

Lemma. Let S = 0 on D. Then m(D) is a part of a straight line of H2. 

Proof. The equation (2.7) implies R = 0. QED. 

Theorem. Let S = 0 on 3D and 

3 | i 2 | 4 ^ | S | 2 o n D . (2.28) 

Then m(D) is a part of a straight line of H2. 

Proof. Obviously, *d | R \2n = 0 on 3D. From the integral formula 

0 = j A | K | 2 d v (2.29) 
M 

we get, because of (2.26), 

3 | K | 4 = | S|2 o n D . (2.30) 

The integral formula 

J * d | R | 4 = 8 J | R | 2(2 | S | 2 - 3 | R | 4 ) dv (2.31) 
0M M 

reduces to 

0 = J | K | 6 d v , (2.32) 
Af 

and we get R = 0. QED. 

The formulas (2.23), (2.25), (2.27) imply new characterizations of straight lines of 

H2. It is sufficient to suppose S = 0 on dD and, for ex., 

OГ 

1 4 | K | 6

 = | Г | 2 (2.33) 

T|2 ^ 8 | K | 2 ( 2 | S|2 - | i | 4 ) (2.34) 

on D; see (2.27) and (2.263). 

Now, the geometrical description of the mappings B(fc) is given in [1]. To do this, 

let us consider H2 as a space over m, i.e., H2 becomes E4. Write 

vx = wl9 v2 = iwl9 v3 = w29 v4 = iw2, 

T l = (X)1 + iCO2, T 2 = CO3 + iCO4, T 2 = Col + ^ 1 - ( 2 - ^ 5 ) 

T\ = iOJ2, T 2 = /CO4, 
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I.Є., 

and 

ám = a /v i + co2
 2, 

dvi = co\v2 + cDiv3 + ш 4 - 4 , 

dv2 = -üĄv^ - COfvз + CO!v4, 

dvз = -cOivi + ш4v2 + co4v4, 

dv4 = -cO4vi - COiv2 - COзvз 

= KiШ1 
- R2co2, co\ = R2col + Rx 

with 

Q\ = axQ
l
 + a2Q

2, Q\ = a2O* + a3O
2, 

(2.36) 

(2.37) 

with Ki = Re R, R2 = Im R. In K4, consider a general surface 

dn = Q1V1 + O2v2, 

dvi = O2v2 + Oiv3 + O4v4, 

dv2 = -O 2 v i + O^v3 + O4v4, (2.38) 

&V3 = ~ O i v i ~ Q\v2 + ^ 4 D 4 , 

-?2^2 ~ 03^3 

(2.39) 
Q% = biQ1 + b2Q

2, O4 = b ^ 1 + b3Q
2, 

dai - 2a2O
2 - b^4 = axO

x + a2O
2, 

da 2 + (ax - a 3)O 2 - b2£
4 = a2O* + a3O

2, 

da3 + 2a2O
2 - b3O

4 = a3O
x + a4O2, (2.40) 

dbi - 2b2O
2 + axO

4 = /JiO1 + p2Q
2, 

db2 + (b! - b3)O
2 + a2Ot = P2Q1 + /?3£

2, 

db3 + 2b2O
2 + a3Q

4
3 = ^ O 1 + /J402. 

Then it is known [1] that, for 

<£ = (aia3 + a2a4 - a2a2 - a3a3 + b^3 + b2p4 - b2P2 - b3$3) O1 + 

+ (a2a- + a3a2 - aia2 - a2a3 + b2/?t + b3/?z - bj2 - b2/?3) Q
2, 

we have 

J * ^ = J [2(axa3 + a2a4 - a2 - a2 + / ^ + /j2/?4 - f t - fa _ 
dN N 

- {(a, - a3)2 + 4a2 + (6. - b,)2 + \b\) (ata3 - a\ + b,b3 - b\) + 

+ 2{62(a1 - a3) + a2(63 - fc^}2] dt>. (2.42) 

In our case, (2.42) is identical with 

J * d | R | 2 = fA |R | 2 dt> . (2.43) 
ЃW 
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SOUHRN 

DVË APLIKACE JEDNÉ I N T E G R Ä L N Í FORMULE 

A L O I S ŠVEC 

V práci jsou vyloženy aplikace integrální foгmule [1] na teorii harmonických 
zobrazení a na teorii křivky v hermiteovské rovině. 

PEЗЮME 

ДBA П P И M E H E H И Я 
OДHOЙ И H T E Г P A Л Ь H O Й ФOPMУЛЫ 

A Л O И C ШBEЦ 

B paбoтe излaгaютcя пpилoжeния интeгpaльнoй фopмyлы [1] нa тeopию 
гapмoничecкиx oтoбpaжeний и нa тeopию кpивыx в пpocтpaнcтвax Эpмитa. 
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