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BY THE APPROXIMATION OF A SQUARE ROOT
BY MEANS OF A BROKEN LINE

. KAREL BENES
(Received on January 21st, 1976)

The functional dependences occuring in electronic analog computers are usually
created by the so-called function transformers. The diode functional transformers
approximate the given functional dependence by a broken line. In this article we
are going to introduce the calculation of the distribution of the break points by means
of the approximation of a square root by a broken line in accordance with the require-
ment of the best uniform approximation when the maximal absolute errors are in all
sections the same. It is investigated the case when the break points are lying on the
greph of the function z = /x, x € (0; 1), the number of line segments being k = 5.

By a polynomical approximation of the function f(x) by a function g(x) in the
interval of approximation <{a; b) the error of the approximation &(x) = f(x) — g(x)
is given by

Cn(n+1)
e(x =%§%1—)!(x = Xg) (x — xq) ... (x = x,), )

where x,, X{, ..., X, are the knots of the approximation and { is a certain point of the
interval <a; b), n being the degree of the approximating polynomial. Then the
maximat absolute error of the approximation satisfies the inequality

M, 14
|C(\‘)] max § '(',l—_'_"’“;l')—!(p('\-’xOxxla "'7xn)a (2)
where M, = max | /()" V|, o(x, xo5 X, ..., X,) = max | (x — xo) (X1 — x;) ...
xela; by xe{a; by

e (x = x|
By the approximation of the function f(x) by a broken line the error is in accordance
with (1) given by the expression
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o) = L8 (6 - x0) (x — x), BENC

2
felxj_q;xp, J=12, .k
. . . j— Xj
The expression (x — x;_;) (x — x;) attains its maximum at the point x = i’—f?—t—i— »
according to (2) so that we get
M = xi_y \
| e(x)| max < 3 !2 <i’ 2xi—‘> “

for the maximal absolute value of the error, where M, = max|z'(x)|, j =

=1,2,...,5 xe{x;_;; x;>. Because of z" = , the.maximal absolute value

_ L
4\/x3
of the second derivative | z” | max for x € {x;_;; x;> will always be at the starting
point of the corresponding segment. For the maximal absolute error in the j-th

segment

1
le;lmax £ ———e (x; — x;_;) 5y
3

will take place. We cannot use this relation for the evaluation of the error in the
first segment as x, = 0 and the function z = \/x has at this point the improper

derivative.

Z A

Pict. 1.

According to Pict. 1, we express the absolute error | ¢, | in the first segment as
a function of the coordinate x, of the first break point. The absolute error | ¢, |
in the first segment is given by

le, | =\/§——‘%’-x. (6)
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The point x. at which the absolute error attains its maximum in the first segment
is to be determined from condition

i.e., from the condition

1—xl. Substituting into (6) we have

From this we get x = x,, = 2

1
|sllmax=74—-x1. ()]

For the best uniform approximation we get
| &, | max = | &, | max = ... = | g5 | max. ®)

The relation (4) does not exhibit the value of the error in the respective segments
but just the upper bound of this error. Let us suppose that the step # = x; — x;_,
is small enough to ensure

() = const. = M,, )
Ledxjsxp), x€{Xjoq1; X

Then according to (4) and (5), the maximal absolute error in the interval {x;-; x;)

will satisfy
1

1
le(x) | max = - ———=(x; — x;_4). (10)
32 \/xf-,l
Applying the relations (7) and (10) the equation (8) takes the form
1 — x =3/2 x =3/2
”4*\/"'1 = *‘1’3—2—(-\'2 - X)) = _ij(x3 —Xx;) =
xa "2 x, "2
=—332—(x4-x3)= ’432~(1—x4). (11)

Transforming this into a system of four equations for the unknown x1,X,, x;
and x, res., we get

1 = x‘_:‘/z e
TN =T e )
. =32 . =32
X X 2
H e = ) = T (= )

=32 =2
X, X 12

—“gé“(xs —x,)" = "*33—2—“ (x4 — x3)°, (12)
. =32 . =32

X X

o R DI S (R
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From the first equation (12), let us express x, by means of x,:
x; = x(1 + \//g) = x,Cy. (13)
Substituting (13) into (12,), we obtain x; in a similar manner:

(x:C, :xl)z — (x5 = x1C1)2
Vx3 Vxic}

after a modification

1
x(Cy = 1) = (x5 — x,Cy) Yk
NG
From this we come to

X = x[VCXC, = 1) + €] = x,C,. (14)

Analogously we obtain by means of x,, x, from (12;):
_.[sfe (C, = C)+C,|=x,C 15
X4 = X \/‘a 2 )+ Cy | =x,Cs, (15)

finally, substituting x; and x, from (14) and (15) resp., the fourth equation (12) yields

SR : (16)

C3
‘{/—% (C3 —Cy) + C,4
C;

After calculating the coefficients C,, C,, C; and substituting them into equations
(16), (13), (14) and (15) resp., we get for the x-coordinates of the break points the
values

x; = 0,0154,

x, = 0,0592,

x3 = 0,178, a7
x4 = 0,452,

x5 = 1.

The maximal absolute errors in the respective segments are, according to (8) and (7),
| ¢ | max = 0,031. (18)

This way of calculation is not, of course, absolutely exact because the relation (4)
does not give the absolute value of the error in respective segments but the upper
bound of this error, only. The exactness of this method is increasing when diminishing
the step & = x; — x;_,; in this case, the value of the second derivative in the step &
doesn’t change too much.
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Shrnuti

ROZLOZENI BODU ZLOMU PRI APROXIMACI ODMOCNINY
LOMENOU CAROU

Karel Benes

V préci je popsan zpisob vypodtu rozloZeni bodi zlomi p¥i aproximaci odmocniny lomenou
¢arou pii splnéni pozadavku nejlepsi stejnomérné aproximace.

Pesome

PACNPEJAEJEHUE TOYEK MU3JIOMA IPU ANINPOKCUMALNU
U3BJEYEHUSA KOPHS 3JIOMHON KPMUBOM

Kapan Bauswm

B cTaThe ONMKUCHIBACTCS CIIOCOO BBIMMCIICHUS PACIPEIENICHHsT TOYEK W3JI0Ma MPH AIPOKCHMALUK
M3BIICYEHHUsE KOPHS 3JIOMHOM KPUBOHU IO TPeGOBAHHIO HAWITYy4IUeH anmpoKCHMaliu.
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