Sbornik praci Pfirodovédecké fakulty University Palackého v
Olomouci. Matematika

Dalibor Klucky
Two theorems on homomorphism of projective nets

Sbornik pract Prirodovédecké fakulty University Palackého v Olomouci. Matematika, Vol. 16 (1977), No. 1,
149--153

Persistent URL: http://dml.cz/dmlcz/120045

Terms of use:

© Palacky University Olomouc, Faculty of Science, 1977

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/120045
http://project.dml.cz

1977 — ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS
FACULTAS RERUM NATURALIUM — TOM 53

Katedra algebry a geometrie prirodovédecké fakulty
Vedouci katedry: prof.RNDr. Ladislav Sedlacek, CSc

TWO THEOREMS ON HOMOMORPHISM
OF PROJECTIVE NETS

DALIBOR KLUCKY
(Received on January 21st, 1976)

In this paper, it will be shown how the well—known theorem
on homomorphisms of groups, rings and in general universal
algebras can be modified for special case of relation structures—
projective nets. The idea contained in [3] will be developed in
a natural way.

1. Preliminaries

We are dealing only with nets having the same degree whose singular points lie
on the same line.

Definition 1. An ordered tripple N = (P, L, s), where

(a) P is a (non-empty) set, whose elements are called points

(b) L is a system of subsets of P — so called lines

(c) se L; s is called the singular line

will be termed an (projective) net, if the following axioms are fulfilled:

Al.VlieL :card! = 3;

A2.3PeP\'s

A3. VA, Be P, A # B there exists at most one line /e L such that Ae/A Bel

A4.vl,, ek I, #1,,3'PeP:Pel, AP€el,

A5.VSes,VAeP\s,A!leL:SelrAel

The points of P\ s as well as the lines different from s will be called regular. It is
known that all regular lines of the net N have the common cardinality m + 1; m is
called the order of N, the card s is the degree of N.

Definition 2. Let N = (P, L,s), N' = (P, L’,s’) be two nets with the same
degree. A mapping
x:P—> P

will be called @ homomorphism (of the net N into the net N'), if it has the following
properties:

149



(1) %(s) = s and VS’ es’I!Ses :S" = »(S), i.e. x|s is a bijection s — s’.
@ VvieL, el i)l
(3) IPeP\s :x(P)e P'\ 5"

The homomorphism 3 of the net N into the net N’ will be denoted by » : N — N'.

If » is surjective (bijective), we will say that » is an epimorphism (isomorphism).

If each of homomorphisms s, :N — N,%, :N' —> N” is an epimorphism,
then, obviously, %, o %; is an epimorphism.

Definition 3. Let N = (P, L, s) be a net. A net N* = (P*, L*, s*) will be called
the subnet of N, if

(a) P*c P

(b) s* =s

(c) Vi*eL*3le L :/* = [ (] is uniquely determined by /* according to axioms
Al., A3)).

It is easy to prove that for any subset /* of P* the condition

I*ebk*edleL:[*=InP*Acard/* >3

is fulfilled. It follows from this that two subnets of N having the same set of (regular)
points are equal.

Let N= (P, L,s), N = (P, L', s) be two nets. The following statesments are
proved in [3]:

(i) If % : N - N’is a homomorphism such that for arbitrary line / € L : card »(/) =
> 3 is true then (%(P), »(L), s") is a subnet of N’. (Here »(L) denotes the set
{x()|1e L}.)

(i) If » : N —» N’ is an epimorphism then besides #(P) = P’ also »(L) = L' is
true.

2. The first theorem on homomorphism

Let us consider an epimorphism
¥ :N->N

where N = (P, L, s), N' = (P, L', s") are nets. Let d, be the equivalence relation
on P induced by », i.e. ‘

d, = {(x,y) e PxP | x(x) = ()}

and let D, be the decomposition of P associated to d, = D, = P/d,. We can in
a very natural way establish the structure of a net onto D, by asking, the cannonical
mapping P — D, to be an epimorphism of nets. We obtain a net N = (P, L, s)
where P = D,, the subset / of P belongs to L if and only if there exists a line /€ L
such that

-~

={XeP|XnI+#0}



and finally B
s={XeP|Xns#0}

We denote the net N by N/d,,.

Theorem 1. Let %, : N - N, %, : N > N, be two epimorphisms of nets and let
d, = d, (=D, is a refinement of D,,). Then there exists an unique epimorphism
% : N; = N, such that the diagram

x2
N —N,
ml /
N, *
is commutative. Moreover, if d, = d,_, then % is an isomorphism.
%1 P

Proof: Let N= (P, L,s), N, = (P;, L,,s,), i =1,2. The existence and the
uniqueness of the mapping x of P, onto P, with %, = % o %, follow from the ele-
mentary set theory. It remains to prove that » is a homomorphism. We have to verify
the conditions (1)—(3) from definition 2.

(1) Let S, €s,, then there exists the unique point S € s with %,(S) = S,. Hence:

S;esi Ax(S;) =S, <8, =%,

Such a point S, € s, is uniquely determined.

(2) Let /, € Ly, then there exists a line /e L such that [, = x,(l); »,(/) is a line
of L, and clearly x(/,) = (%0 ;) (I) = »,(I).

(3) Let P e P be the point whose image x»,(P) is regular. Putting P, = x,(P), we
obtain x(P,) = (x 0 3¢y) (P) = x,(P) ¢ s,.

Corolary: If % : N — N’ is an epimorphism of nets, then there exists a cannonicaly
determined isomorphism of N/d, onto N'.

3. Normal decompositions and their normal coverings

(The second theorem on homomorphism)

It is shown in [3] that the decomposition D belonging to an epimorphism x : N —
— N’ of nets (== D = D,) can be described by inner properties with respect to net N,
only:

A decomposition D of P belongs to an epimorphism of x if and only if it is fulfilled:

(a) There exists at most one singular point in any class of D.

(b) If two lines /,,/, meet two different classes of D, then each class of D is
meeted by both or by none of them.

(c) There exists at least one class containing no singular point.

(d) Every line / € L meets at least three different classes of D.
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Definition 4. The decomposition D of P having the properties (a)—(d) will be
called the normal decomposition of the net N = (P, L, s). The equivalence relation
d on P associated to D will be called a normal equivalence relation on N.

Let us consider a normal decomposition D of the net N. Let D’ be the covering of D
(= d = d’, where d’ is the equivalence relation associated to D). The D’ generates
a decomposition of P/d denoted by D/d’ in the following way: Two classes A, B of D
(A, B € P) belong to the same class of D/d’ if and only if A, B belong to the same
class of D'.

Definition 5. The covering D’ of the normal decomposition D of the net N will be
said the normal covering of D, if D’ is a normal decomposition of N.

Theorem 2. Let D be a normal decomposition of the net N = (P, L, s). Then the
covering D’ of D is normal covering of D if and only if D/d’ is the normal de-
composition of N/d.

Proof: The theorem 2 follows from the elementary set considerations: If D’ is
a normal covering of N, then according to theorem 1, there exists the epimorphism
% : N/d - N/d' such that the diagram

N ——» N/d’
1%1/11 A

where N — N/d, N — N/d’ are the cannonical epimorphisms, is commutative. The
decomposition of N/d associated to x is just D/d’. Conversely, if D/d’ is normal,
then the decomposition associated to

N — N/d — (N/d")/(D/d")
is just D",
Corolary: Let D be the normal decomposition of the net N and D’ its normal

covering. Then the nets
N/d',  (N/d)/(D/d")

are (cannonically) isomorphic.

Proof: The cannonical epimorphism N — N/d’ and the epimorphism N —
— N/d - (N/d)/(D/d") (N - N/d and N/d - (N/d)/(D/d") cannonical) have the same
associated decomposition d’.
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Shrnuti

DVE VETY O HOMOMORFISMU PROJEKTIVNICH SiTi

Dalibor Klucky

V ¢lanku jsou modifikovany véty o homomorfismu grup pro homomorfismy projektivnich siti.

Uvazuji se jen sité téhoz stupné, jejichz singularni body lezi na pfimce.

Pestome

IBE TEOPEMbBI OB TOMOMOP®U3IME
NMPOEKTHUBHBIX CETEMN

Hanubop Kmyuxu

B craTbe JOKa3aHbl TEOPEMbI ABJAIOLMECS MOAUDUKALMAMY U3BECTHBIX TEOPEM O TOMOMOP-
du3Max rpymnn Qs Cily4as IIPOEKTHBHBIX CeTell. PaccMaTpuUBarOTCsl TOJBKO CETH OJMHAKOBOM CTe-
[IEHH, OCOOBbIE TOYKM KOTOPBIX POCIOJIOKEHBI HA OAHON NMPAMOIA.
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