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Introduction. Polarities in incidence projective planes have been studied by many
authors. Some of these investigations were directed to finite (infinite) planes and the
results cannot be transferred to the infinite (finite) case. Following the results of [1]
a natural question arises whether some partial results of [1] may be satisfied also in
finite planes.

By a polarity of a projective plane (2, &, ) we mean every invelutory cor-
relation (a correlation is an isomorphism of the given plane on its dual). Let n be
a polarity of a projective plane (#, &, 5). Then a point Pe 2, and a line /e &,
will be termed absolute if P#P7, and [#]", respectively. Further we term P e 2
interior, and exterior, if no absolute line passes through it, if it is neither absolute
nor interior, respectively. Analogously a line /e .# is termed interior, and exterior,
if the point /™ is exterior, and interior, respectively. A line / is called ellipticif it is not
absolute but carries absolute points. Lines /, /" are said to be mutually perpendicular
if I"#1’ (which also implies /’.#7). Denote the set of all interior, exterior, absolute points,
lines, respectively, by Z;nis Pexts Pavss Lints Lexts Laps- It is obvious that the sets
Pints Pexts Pans are mutually disjoint and cover all 2. Analogously Z;..» Lexts Labs
are mutually disjoint and cover all &. A polarity = of a projective plane (%, &£, £)
is said to be regular (see [2], p. 85) if card (I 2,,) is constant for every elliptic
line /e #.*) A polarity is termed admissible whenever any two perpendicular
interior as well as any two perpendicular exterior lines meet in an interior point.

() Proposition. Let n be a polarity of a projective plane (2, &, #). Then

card (N 2,,,) = card Pn2z,)=1
for any line /€ &, and for any point Pe 2.

Proof.Ifle L, s, PEP,pe, P # I, then " #P™ and P#P". Hence P* = land [" = P,
a contradiction. The second part of the proposition follows dually.

*) In the given projective plane (2, &, #) we denote: 7. ={Pe P|P#I} forall [e ¥, P:={le Z|Ps(}
orall Pe 2.
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(2) Corollary. For any polarity of a projective plane there are points and lines
which are not absolute.

(3) Proposition. For any polarity of a projective plane every interior line is
elliptic.

Proof. By definition a point is interior exactly if no absolute line passes through
it. Thus if the point P lies on an absolute line / then it is either absolute (so that [* = P)
or exterior. In the latter case P e %;,,, and every interior line can be obtained in
such a manner.

(4) Proposition. If the order n of the given projective plane is finite, then

card Z,,, = n + 1.
(see [2], p. 82).
For an infinite plane it can be valid that £,,, = ¢ and it can even happen P,ps =
but this case is without interest. Assume in addition that card 2,,, and card % s = 2
and that the polarity 7 is admissible as well as regular.

(5) Proposition. A point Pe 2 is exterior if and only if it is a point of inter-
section of two absolute lines; a line / € . is exterior if and only if no absolute point
lies on it.

Proof.Let 4 ¢ B,Be #,,.. Thus 4 U B¢ ¥, and 4 U B is elliptic.*) Since 7 is
a regular polarity we have card (2,,, n /) = 2 for every elliptic line and hence for
every interior line, too. Let P € 2., then P"e %, and consequently there exist at least
two points 4, Be #,,,, A # B, A v B = P". This yields P¥A4™ and P¥B", where
A # Band A%, B" € ¥,,,. The converse follows from the definitions of absolute and
interior points and from (1). Let / € #,,,. Assuming the existence of a point P € Z,,,,
PSIwehave[" 7P in contradiction to /™ € 2;,,,. The converse follows from the defini-
tion of an absolute line and from (3).

(6) Proposition. There is at least one point being not absolute on every line.

Proof. Suppose conversely there exists a line /€ &, Pe 2, for any Pe/. Then
obviously (Z\T) " Py = 0. ([ € Pops = (P\I) " Py =9 since if BeP
B¢l B e,,., B"nl= R, B e, in contradiction to (1).)

By proposition (1), [ ¢ Z,, and is an elliptic line. Then there exists a line k # / for
which /" Zk is not valid, thus / n k = A, A€ 2, and k" Fk is not valid either which
means that & is an elliptic line incident with only one absolute point 4, a contradiction.

abs»

(7) Theorem. 2,1, Pexts Lints Lexy are nON-eMpty,

(8) there is at least one interior and at least one exterior point on every interior line.

Proof. By (2) and (3) #.,, # ¥ and &, # 9. Let /€ Z;,,, then by (6) there

) The hnk =P (H U K = p) will mean the point of intersection of lines & # 4 (the line
jeining points £ # K).
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exists a point P on [ and P ¢ @, (i) Let P € Py, Then P™ e £y, as well as /. Lines
P™ and [/ are perpendicular, hence P* n [ = P’, P'e #,,,.

(ii) Let Pe #,,,. Then P" e ¥, and P’ € 2., since two perpendicular lines (one
of which is exterior and the other is interior) meet in an exterior point as follows from
the definition of an admissible polarity. The theorem is proved and at the same time
the following corollary is obvious.

(9) Corollary. card (/ n 2,,,) = card (I n 2.,,) for any line /, /e &,,,.

(10) Theorem. Ifthe given projective plane is finite, then card (/ n 2,,,) is constant
for any line /, /e Z,,,.

Proof. Let /, h be different interior lines. It is a consequence of the regularity
of the polarity that card (/ n 2,,.) = card (h n 2. Hence card (7' (P\ Po) =
= card (h N (P \ 2,,). Now the result follows immediately from (9).

(11) Theorem. If the given projective plane is finite, then card  n 2,,) <
<card((n #,,) + 1 for any line /, / e L int-

Proof. Let /e &, AFl, Ae P,; then there exists a line k, k € Lint» kK # 1, AFk
and obviously /"#k is not valid. Since for any point B, Be (/ n P,ps), B # A, there
exists exactly one point B, B =k N (BUl), B # A, BUI"€ Pps => B € Pys.

Remark: If there exists k, k€ &, k#1, I Nk ¢ P, and [*£k is not valid then
in the contention of theorem (11) even the sharp inequality is valid.

Now we will consider the points which may be incident with an exterior line. We
know from (5) that [ n 2,,, = @ for every exterior line /.

(12) Theorem. If the given projective plane is finite, then card (/ N 2;,) and
card (J n 2., are even for any line /, [ e &,,,.

Proof. Suppose that /e Z,,,. If there exists Pe 2,,,, P.#/, then P’ := [ n P", with
P’ e ;.. If there exists R e Z,,,, RFI, then also R’ := I n R", with R'€ Z,,. This
means that both interior and exterior points are always two by two which was to be
proved.

For the following theorem leave out thc previous presumption concerning the
cardinality of 2, and £ .

(13) Theorem. If there exists an exterior line with interior points only then the
sets P = Laps = ¥ and the given projective plane is infinite.

Proof. Let / is an exterior line with interior points cnly. Then Z,,, = @ because
of Inhe?,, for any he &, h # I. Hence also 2, = #. The plane is obviously
infinite (sce (4)).

(14) Theorem. If there lie only exterior points on every exterior line then the
given projective plane is infinite.

Proof. (cf. [1]) Suppose the assertion of the theorem is false. As every line has
exactly n + 1 points, thus by (10) the card (/ 0 #,,)) = m, (I € Z;ny) is also finite and
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2m £ n + 1. The cardinality of Zin can be obscrved in the following two ways:
() If Pe 2., then (IB\P") e ZLin, card (P\ P®) = n and card (/ 0 :#,,) = m
for every /e #;,, and hence card Pine = nm.
(ii) If Re?,,, then Rc L0 card R =5 + 1 and thus card A= 1+
+ 4+ D — 1)
Thus we have found that

n.m="1+0+ym-—1),
which yields
n =,
but
2m < g - |
thus

a contradiction.

(15) Corollary. if the order of the given projective plane is finite, then it is
necessarily odd.
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Shrawti

VZTAH MEZI POLARITAMI
A RADEM PROJEKTIVNI ROVINY

JAROSLAVA JACHANOVA A HELENA ZAKOVA

V préci se studuji vlastnosti polarit v inciden¢nich projektivnich rovinach konec-
ného Fadu. Ukazuje se, Ze n&které vysledky prace [1], tykajici se nekone€nych rovin,
plati také v rovinach koneénych, jestlize na rozdil od R. Baera nevylucuje se esistence
vnitinich bod® na vnéjSich pfimkdch.

Je-li dand projektivni rovina konednd, potom na kazdé vnéjsi piimce je sudy pocet
vnitfnich i vnéjsich bodd. Existuje-li vnéj§i pfimka obsahujici pouze vnitini body,
potom neexistuji absolutni body a pfimky, tudiZ dand projektivni rovina je nekoneéna.
Lezi-li na kazdé vnéjsi pfimce pouze vnéjsi body, pak dand projektivni rovina je
rovnéZ nekoneénd.
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Pesiome

B3AMMOOTHOMEHUWE MEXAY NOJAPHOCTAMMU
N NOPIAKOM MPOEKTUBHOM MJOCKOCTHU

JPOCJIABA SIXAHOBA U EJIEHA XXAKOBA

B 310# pabote UCCNeAYIOTCS KAUeCTBA MOJISAPHOCTEH B MHIMACHTHLIX NPOCKTHB-
HILEX [TOCKOCTSAX KOMSYHOTO M TOXe Oeckoneynoro nopstaka. [MokaswiBacTed, uTo
HEKOTOPRIC pe3yJibTATH paboThI [1], Kacarouiuecst 6ECKOHCHHBIX MIOCKOCTE!, 11MEIOT
M2CTO TOXE B KOHEH!IbIX IUIOCKOCTSIX, €CJIM B oTjmuue OoT P. bopa fonyckacrca
1aNMMe BHYTPEHHUX TOYEK HAXOASLIMXCS Ka BHCLIHHMX IPSIMbIX.

Ecnit npocxTusras MJICCKOCTh KOHEUHAS, TO XaX»Jash BHCUIHSSL NpsiMas I¢HIY-
JeHTHA YE€TUOMY YMCIY BHELIHMX M TOXE YETHOMY YMCIY BIYTDeHiiMX Touex. Ecau
CYILECTBYET BICLLHSSA NPsAMasi, BCe TOYKY KOTOPOIl BHYTPCHHIE, TOTAY abCOMIOTHbIE
TOUKY M MPSIMbIe HE CYLIECTBYIOT M MO3TOMY NPOEKTHBHAS TJIOCKOCTHL Oeckoiicuia.
Ecnu xaxgas sHEUHAS NpAMas COAEPXUT TOAbKO BHEWHUE TOYKH, TOT4a NPOEKTUB-
Has NJIOCKOCTh Oeckouedna.
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