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ON PERMUTABLE QUADRATIC INVERSIONS
IN PLANE WITH TWO COMMON SINGULAR POINTS

JAROSLAVA JACHANOVA
( Received 31. 3. 1970)

This text refers to the work of S. S. Subr y “On Per ble quadratic involutions’*
[1]. The author deals there with involutary quadratic transformations and conditions under
which two or more involutions are permutable. In section 6.2 the author says that two quadratic
inversions with two common singular points can be permutable if one of the common points
is the centre for both inversions. Consequently any case is excluded where the centres of both
inversions are different and the remaining two singular points of one inversion coincide with
the remaining two singular points of the second inversion. But, even in such a case the
quadratic inversions can be permutable.

Sl

There are two types of quadratic involutory transformations (shortly quadratic
involutions):

A. A quadratic involution with three distinct singular points in which to each
singular point there exists a corresponding principal line not passing throught it.
This is a relationship of polar conjugated points with respect to the pencil of conics.

B. A quadratic involution with three distinct singular points in which to one singu-
lar point (called the centre) there exists a corresponding principal line not passing
through it and to each of the remaining singular points corresponds a principal line
passing through it. This is a relationship of points which are polar conjugated with
respect to the conic of invariant points and collinear with a centre of involution. This
type of quadratic involution is called the quadratic inversion.

Notation: 7(4) will be used to denote the transformation of the element 4 with
the aid of the mapping 7. The product I, . I, means to apply the involution 7, first
and I, next. J pc, implies a quadratic involution with the singular points 4, B, C;
if a quadratic inversion is in question, the centre is underlined: I 4pc, -

Theorem 1. A quadratic involution is uniquely determined if its singular points and

a pair of self-corresponding points are given. (See [2]. page 616, theorem a) paragraph
257.)
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Let us first pay attention to some general properties of the permutable point
transformations which will be used for two quadratic inversions later on.

Lemma 1. Let A be an invariant point of the transformation T, and T' a transfor-
mation permutable with T for which the point A is not the singular point. Then T'(A) =
= B will be an invariant point of the transformation T also.

T(A)=A TI'=TT T(A)=B TT'(4d) = T(B)| thatis
T'T(A) =T'(4) = B T(B) = B.

Lemma 2. The product of two involutions is an involution if, and only if both
involutions are permutable with each other. Any two permutable involutions together
with their product and the identity form the Klein’s four-group.

I'=Il< 1l ="
Lemma 3. Let I and I' be two permutable involutions and a point C being singular

Jor neither of them. Then for points I(C) = A and I'(C) = B holds true: 1.I'(A) =
=1"1(4) = B.

Lemma 4. Any transformation permutable with either of the two given transformations
will be permutable together with their product regardless of the order.

T, Ty=T,.T, T).Ty=T,.T, T,.(T,.Ty) =(T,.T5).T; =
=(T,.T). Ty=T, (T,.T) =T, .(T,. Ty) = (T, . Ty) . Ty.

§3.

There exist two possible cases for a pair of permutable quadratic inversions with
two common singular points. In the first case one of the common singular points is
the centre of both inversions (see [1] page 177, par. 6.2). In the second case just the
centres of both inversions are different and the remaining two singular points are
for both inversions common. A pair of permutable quadratic inversions with a com-
mon centre and with one more singular common point is called position I, and
a pair of permutable quadratic inversions with two common singular points, neither
being the centre of either inversion, is called position II.

Theorem 2. Two quadratic inversions I, 4p,cy and I 4p,c) are in position I if and
only if the third singular point of one inversion is the invariant point of the other
inversion.

Proof:

1. Let 1,1, = LI, ,I,(B,) = I,(B,C) = B,C. Thus there must be I,1,(B,) = B,C,

that is I,(B;) = 1,(B,C) = B,. Analogous I,(B,) = B,.

2. Let C = (1,0,0), 4 = (0,0, 1), B, = (0, 1,0), B, = (my, m,, m3); [(B,) = By,

1,(B,) = B, mmym; + 0.
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Then 7, 45,0) will be expressed by:

2.0
0Xy = MiX;X3

QX3 = mymyxx, 1)
0X3 = mymyxx}
and L 4p,0) bY:
oxy = mxy(myxy — myx3)
0% = myXy(myxy — myx53) )
0x3 = myXy(myx| — mx})

Combining I/, and 7,1, gives in both cases the same result, namely a quadratic
inversion I3(g,5,c) Which can be represented by:

0xy = myxs(myxy — myxh)
0%y = myxy(myxy — myx53) 3)
0x3 = msx3(myxy — m;x3)

All the three inversions 1, , I, I; and the identity E form the Klein's four-group.

Theorem 3. Two quadratic inversions Iy 4pc,y and Iy 4pcy) are in the position II if
and only if 1,(Cy) = I,(C,) = Ds holds true. The product of both inversions gives
the quadratic involution Jy 4pp,)-

Proof:

1. If P is an arbitrary point of the line 4B, different from poits 4, B, then I,1,(P) =
= I,(C,) and I,I,(P) = I,(C,) hence, if I1, = I,I; then I,(C,) = I,(C,).

2. If for any given inversion /, the inversion 7, changes /,(C,) and C,, then 1,1,
and 1,1, are quadratic involutions with the same singular points 4, B, D, possessing
the points C; and C, as a self-corresponding pair; consequently I,I, = I,], =
= J3(uppy)- (Theorem 1.)

Let 4 =(0,0,1), B=(0,1,0), C, = (1,0, 0), C, = (m,, m,, m,), then the inver-

sion /; can be expressed by:

o0x; = axyxy
0X, = X{X) a%0 @
0x3 = XiXy

In the inversion 7, 4pc,, the point B = (0, 1,0) must correspond to the line BC,

having the equation m3x; — m, x5 = 0 and the point 4 = (0, 0, 1) must correspond
to the line AC, having the equation m,xj; — m;x} = 0 that is, it holds:

0x, = b(myx} — m;x3) (myxy — mx3),
0x; = (mpxy — mxy) (a;xy — axx3), (5)
0x3 = (m3x) — mx3) (byxy — byx}).
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This is a quadratic transformation if it holds bm, % 0, a;m, — @23 %0, byn, —
~ bym, +* 0. To the line AB corresponds the point C, = (m,, mz, M3), that is:
om, = bmixyxy. bm, + Othatis a, = by,
oMy = aymxhxs, by = bm;.
omy = bymxyxy,
If we wish to obtain an involution, it must hold furthermore a; = b,. Hence, the
inversion 7, is given by equations:
ox; = b(myxy — myxy) (myxy — myxy),
0xy = (mpxy — myxy) (@xy — bmyxy), )
0x; = (myxy — myx3) (a,x) — bmyxh),

1,(C,) = (amymy, mymy, myms), 14Cy) = Ii(C) = {b =gq,
a, =

I,(C)) = (bmym;y, aym,, aymy), 1= my.

Thus, the inversion 7, will be expressed as follows:

ox; = a(myxy — myx) (myxy = myx3),
0%y = (mpxi — myx) (myxy — amyxy), am; * 0, (7)
0xy = (myxy — m,x}) (M, x] — amsx;), A = m} — amymy % 0.

Compounding 1,1, = I,1,:

ox; = (mx| — amyx5) (myxy — am;x5),
0x, = (mxy — amyxy) (myxy — mx3), amy * 0, 8)
ox3 = (myxy — amyxy) (Maxy — myx3), A+0.

This is the quadratic involution J3(4gp,,, Where Dy = (amyniy, mym,, myms).

Theorem 4. Two quadratic inversions Iy 4pc,y and I, 4pc,, are in the position II if
and only if the polars of points C, and C, are pairwise coincident with respect to the
conics of invariant points oy, 7, .

Proof: The conic ¢, of invariant points of the inversion 7, can be represented by
equation:

X2 4 ax,x, = 0. )
The conic o, of invariant points of the inversion /, (starting from relation (6)) can be
represented by equation:

ax} — bmyx,x; — bmyx,x; — bmx,x3 = 0. (10)

The polar of the point C, with respect to o, and that of point C, with respect to o,
can by represented by equation:

x; = 0. an
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The polar of the point C, with respect to ¢, by:
2myx, — amyx, — am,x; =0, (12)
and the polar of the point C; with respect to o, by:
2a,x, — bmyx, — bm,yx; = 0. (13)
Since one pair of polars (11) coincides in any case, we prove the theorem for polars
(12) and (13) only.
1. Let 7, and I, be in the position II. Then b = a, @, = m, hence the polars (12)
and (13) coincide.
2. Let the polars (12) and (13) coincide. Then a, = km,, b = ka, by substitution

into (6) we obtain (7). Thus, 7, and I, are permutable.
Since it holds:

my(x] = axyx;) + (mxi — amyx,x, — amyx,x; + am;x;x;) =

= x,(2mx; — amzx; — am,Xx,).

and the polar of (11) passes through the points 4, B, the polar of (12) must pass
through the points M, N, i.e. through another two common points of conics o, , 7,.
Thereby is determined another pair of quadratic inversions in the position TL, namely,
inversions Ziync,, and I(ync,)-

§ 4.

We can readily find further inversions permutable with inversions /, and 7,,
respectively. We now ask whether there exists such an inversion /; permutable with
both of the two permutable inversions or whether there exist even more such inver-
sions mutually pairwise permutable.

Theorem 5. There cannot exist more than four quadratic inversions mutually pair-
wise permutable in the position II, of which any three form an Abelian group of order
eight.

Proof: The inversion I, 4pc,, with the centre Cy = (y,, v,, y;) permutable with 7,
has according to § 3. the form:
oxy = a(y,x) — yix3) (03x1 — yi1X3), a0,
0x; = (X — yixp) (h Xy — @xXi) ¥i = apays # 0, )
oxy = (y3x) — »ix5) () — aysxy).
1f 1, is to be permutable with 7, it must hold according to theorem 3.: I,(C,) = 1,(C5).
I3(Cy) = (alymy — yymy) . (ysmy — yimy); (yamy — yum,) . (yymy — ay,m,);
amy — yums) . (yimy — aysmy)),
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L(Cy) = (a(myy, — myy;) . (myyy — mypy); (mayy — myys) . (myy, — am,ys);

(myy, — m,y3) . (my, — amyy,)).
Yy — ay,my = am,y; — myy,
Ii(Cy) = 1(Cy) = had
Yy — aysmy = amzy, — m;y,
<> 2m,p, — amyy, — am,y; =0,

that is, the point Cj is a point of the line 2m,x, — am3x, — am,x; = 0, which is the
line (12). With the exception of intersections with the conics o, and ¢, M, N and
the intersection K with the line AB, each point of the line (12) is the centre of the
quadratic inversion 73 which is in the position II with respect to both inversions I,
and /,. For the points M = (am;m;,; my(m, + \/’5): my(m, — \/Z)), N = (amymy;
my(my, — JA); my(m, + A)) we obtain no involutory mapping; for the point
K = (0, m,, — m3;) we get a linear mapping, a harmonic homology whose centre
is the point K and its axis is the line C,C,.

Thus the centre of another inversion permutable with the foregoing three inversions
will lie on the line (12) and on the polar of the point C; with respect to the conic
o, (= the polar of the point C, with respect to the conic g3), or on the polar of the
point C; with respect to o5 (= the polar of the point C; with respect to o,). However
all the three lines will intersect in the single point C, because every cubic containing
any eight simple intersections of two cubics will contain the ninth one as well. (see
[2]. page 423, theorem a, par. 170.) Let

6, N6y, ={A,B,M,N}
0, "oy ={A, B, P, Q}
g,na,={A B R S},

then the cubic ky =0, . RS, k, = 0,.PQ, k; = 05. MN.
The common points of the cubics k; and k, are the points 4, B, M, N,P, Q, R, Sand
the intersection of the line-pairs PQ, RS. As the cubic k, likewise contains the first
eight points, it must evidently contain also the ninth one lying on the line MN.
Consequently, there now exists just another one inversion, permutable with those

foregoing three. If C, + K, the inversion Z(pc,) is a quadratic one. C, + K = C; %
+ Dy, Cy + M, N= C, £ M, N. The points C; and C, give rise to a point invo-
tion with invariant points M, N on the line (12). To the point K in this involution
corresponds the intersection of line (12) with the connecting-line C,, C,, that is the
point D;.
For the results of the composition holds:

lxlz = ]211 = JJ«ABDJ)a

LIy = L1y = Jyupp,),

DIy = Ll = Jiapp,

111213 = 14(ABC4)'
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Further relations among the particular involutions are given in the Cayley table
below:

E I, I, I I, J J, Jy

I, E J, J, J I, I L

L, J, E J, J, L I, I

L J, J, E J, L, I, I

L, J, J, Jy E I, I, L

o I, I I, I, E J; J,

S, L I, I, L, Ji E I

J, L, I, I, I, J, J, E

The points Cy, C,, C;, C, form a complete quadrilateral; the points D,, D,, D, are
its diagonal vertices. The side C;C; of this quadrilateral is the polar of the point C
with respect to the conic g, and simultaneously the polar of the point C, with respect
to the conic oy, i, j, k,n = 1,2, 3, 4.

It is possible to construct even more extensive groups of permutable quadratic
involutions with two common singular points, neither of which is the centre of any
quadratic inversion. Naturally then, not all the inversions are mutually pairwise
permutable.
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Shrouti

O ZAMENNYCH ROVINNYCH KVADRATICKYCH INVERSICH
SE DVEMA SPOLECNYMI HLAVNiMI BODY

JAROSLAVA JACHANOVA

Prace ukazuje existenci a vlastnosti zZiménnych kvadratickych inversi se dvéma
spole¢nymi hlavnimi body. Nazveme poloha I. par zaménnych kvadratickych inversi
se spolednym stiedem a dalsim jednim spoleénym hlavnim bodem. Dv& kvadratické
inverse I, 4p,c) @ Iy(am,c) jsou v poloze I. tehdy a jen tehdy, je-li tfeti hlavni bod
jedné inverse samodruznym bodem inverse druhé. SloZeni obou inversi je opét
kvadraticka inverse /3p,p,c,, kterd je v poloze L. s kazdou z inversi 7;, I,. Viechny
tfi spolu s identitou tvofi Kleinovu &tyfgrupu involuci.
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Nazveme poloha II. par zaménnych kvadratickych inversi se dvéma spolednymi
hlavnimi body, z nichZ Zadny neni stfedem nékteré z inversi. Dv& kvadratické inverse
Tiapcyy» L2capcyy jsou v poloze II. tehdy a jen tehdy, plati-li 7,(C,) = I,(Cy) = Dj.
Sou¢inem obou inversi je kvadratickd involuce J;,pp,,. Existuji nejvyse &tyfi
kvadratické inverse navzajem po dvou v poloze II., kde kazdé tfi z téchto inversi
generuji abelovskou grupu fadu osm.
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