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Moufang loops of odd order
p1p2 - - - png® with non-trivial nucleus

ANDREW RAJAH, KAM-YOON CHONG

Abstract. It has been proven by F. Leong and the first author (J. Algebra 190 (1997),
474-486) that all Moufang loops of order p* qfl qu . -q;[z" where p and g; are odd primes,
are associative if p < q1 < g2 < -+ < qn, and

(1) CVS?),,B»L'S2§OI‘

(i) p>5,a<4,3 <2

The first author also proved that if p and g are distinct odd primes, then all Moufang

loops of order pqg® are associative if and only if ¢ # 1(mod p) (J. Algebra 235 (2001),
66-93). In this paper, we prove that all Moufang loops of order pip2 - - - png® where
pi; and ¢ are odd primes, are associative if p1 < p2 < -+ < pn < ¢, ¢ Z 1(modp;),
p; Z 1(mod p;) and the nucleus is not trivial.

Keywords: Moufang loop, order, nonassociative

Classification: Primary 20N05

1. Introduction

A binary system (L, -) in which specification of any two of the values x,y, z in
the equation z-y = z uniquely determines the third value is called a quasigroup. If
it further contains a (two-sided) identity element, then it is called a loop. A loop
(L,-) is a Moufang loop if it satisfies any one of the following four (equivalent)
Moufang identities:

2y - zx = (x - yz)x First Middle Moufang identity
xy - ze =x(yz - x) Second Middle Moufang identity
x(y-xz) = (zy - x)z Left Moufang identity
(zzx - y)x = z(x - yx) Right Moufang identity.

From now on, L is defined as a finite Moufang loop.
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In [2], O. Chein proved that all Moufang loops of order p, p?, pq and p? are
groups when p and ¢ are primes. M. Purtill in [13] showed that all Moufang loops
of odd order pgr and pq? are associative for distinct primes p,q and r. Though
an error was discovered in his proof of the result for the case p < ¢ (see [14]), this
case was later resolved by F. Leong and A. Rajah (see [8]) in 1995.

Soon after this, F. Leong and A. Rajah continued extending that result to
Moufang loops of orders with higher powers of primes, that is of orders p%p% e p?n
and p*q1q2 - - - gn (see [9] and [10]). Finally, in [15], they proved that all Moufang
loops of odd order paq? ! qg 2. qg" where p and ¢; are odd primes, are associative
ifp<qr<ga<---<gp,and

(i) « <3, 5; <2;o0r

In year 2001, A. Rajah proved that if p and ¢ are distinct odd primes, then
all Moufang loops of order pg3 are associative if and only if ¢ # 1(modp) (see
[15]). A natural question that follows from this result is: “Are all Moufang loops
of odd order p1p2 - - - png® where p; and ¢ are odd primes, p; < pa < -+ < pn < q,
q # 1(mod p;) associative as well?” In this paper, we give a positive answer for
this question when p; # 1(mod p;) and the nucleus is not trivial.

[Note: An inaccurate version of the above result was presented during the
Conference Loops '07. However, in the process of writing this paper, we have
corrected the mistake by adding the requirement of a non-trivial nucleus.]

2. Definitions

1. Define
2R(x,y) = (22 - y)(zy) ",
2L(x,y) = (y2) " (y - 22),
2T(z) =271 zz.

I(L) = (R(z,y), L(z,y), T (z)|z,y € L) is called the inner mapping group
of L.

2. Lg, the associator subloop of L, is the subloop generated by all the as-
sociators (z,v, z) in L where (z,y,2) = (x - yz) " (xy - ). We shall also
denote Lq = (L, L, L) = {(l1,12,13)|l; € L). Clearly L is associative if and
only if L, = {1}.

3. Let K be a subloop of L and 7 a set of primes.

(i) K is a proper subloop of L if K # L.

(ii) K is a normal subloop of L (K <L) if K0 = {kf |k € K} = K for
all 0 € I(L).
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(iii) A positive integer n is a m-number if every prime divisor of n lies
in 7.

(iv) For each positive integer n, we let ny be the largest m-number that
divides n.

(v) K is a m-loop if the order of every element of K is a m-number.

(vi) K is a Hall m-subloop of L if |[K| = |L|.

(vii) K is a Sylow p-subloop of L if K is a Hall m-subloop of L and
™= {p}.

4. Let K be a non-trivial normal subloop of L.

(i) L/K is a proper quotient loop of L.
(ii) K is a minimal normal subloop of L if for every non-trivial normal
subloop M of L, M C K = M = K.

5. Let K be a proper normal subloop of L. K is a maximal normal subloop
of L if for every proper normal subloop M of L, K C M = M = K.

6. All other definitions follow those in [1].

3. Known results on Moufang loops and groups

Let L be a finite Moufang loop and G a finite group.

(R1) L is diassociative, that is, (x,y) is a group for any x,y € L. Moreover,
if (x,y,2z) = 1 for some z,y,2z € L, then (z,y,z) is a group. [1, p.117,
Moufang’s theorem]

(R2) |K| divides |L| for every subloop K of L. [6, p. 50, Theorem 2]

(R3) Suppose |L| is odd, K is a subloop of L, and 7 is a set of primes. Then

(a) K is a minimal normal subloop of L = K is an elementary abelian
group and (K, K,L) = ((k1,ke,l)|k; € K,l € L) = {1}. [5, p.402,
Theorem 7]

(b) L contains a Hall 7-subloop. [5, p.409, Theorem 12]

(c) L is solvable. [5, p.413, Theorem 16|

(R4) Suppose |L| is odd and every proper subloop of L is a group. If there
exists a minimal normal Sylow subloop of L, then L is a group. [8, p. 268,
Lemma 2]

(R5) Let L be a Moufang loop of odd order such that every proper subloop and
quotient loop of L is a group. Suppose @ is a Hall subloop of L such that
(|Lal,1Q]) = 1 and Q < Lg@. Then L is a group. [10, p.564, Lemmas 3
and 9, p. 478, Lemma 1(a)]

(R6) Let L be a nonassociative Moufang loop of odd order such that all proper
quotient loops of L are groups. Then:

(a) Lg is a minimal normal subloop of L; and
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(b) Lg lies in every maximal normal subloop M of L. Moreover, L =
M (x) for any x € L — M.
[11, p.478, Lemma 1]

Suppose |L| = p? where p is a prime. Then L is a group. [2, p.34,
Proposition 1]

Let L be a Moufang loop of odd order p{'p5? - - - poym where p1,p2, ... ,pm
are distinct primes and «; < 2. Then L is a group. [9, p. 882, Theorem]
Suppose p and ¢ are distinct odd primes. There exists a nonassociative
Moufang loop of order pg® if and only if ¢ = 1(mod p). [15, p. 78, Theo-
rem 1 and 7, p. 86, Theorem 2]

|z| divides |L| for every x € L. [1, p.92, Theorem 1.2]

Let N denote the nucleus of L. Then N < L. [1, p. 114, Theorem 2.1]
(zn,y,2) = (z,yn, z) = (z,y,2n) = (x,y, 2) for any z,y,z € Landn € N.
[8, p. 267, Lemma 1]

If H is a subloop of a finite Moufang loop L, u is an element of L, and d is
the smallest positive integer such that u¢ € H, then | (H,u)| > d|H|, with
equality if and only if each element of (H,u) has a unique representation
in the form hu®, where h € H and 0 < a < d. [3, p. 5, Lemma 0]

Let L be a Moufang loop and K a normal subloop of L. Then L/K is a
group = L, C K. [10, Lemma 1(a), p. 563]

Suppose |L| = p®m where p is a prime, (p,m) =1, (p — 1,p%m) = 1 and
L has an element of order p®. Then L = P x K, a split extension of a
normal subloop K of order m with a subloop P of order p®. [12, p. 39,
Theorem 1]

Sylow’s first theorem: If p is a prime and p® divides |G|, then G has a
subgroup of order p®. [7, p.92, Theorem 2.12.1]

Sylow’s second theorem: If p is a prime and p" divides |G| but p"t1 ¢
|G|, then any two subgroups of G of order p™ are conjugates. [7, p.99,
Theorem 2.12.2]

Sylow’s third theorem: The number of p-Sylow subgroups in G, for a given
prime p, is of the form 1+ kp and divides |G|. [7, p. 100, Theorem 2.12.3]
If m = p{'pg? - pp*, with p1 < pa < -+ < py odd primes and a; > 0
for all 4, then every group of order m is abelian if and only if both the
following conditions hold:

(a) a; <2forallie {1,2,... ,k}; and
(b) P?j # 1(mod p;) for any 4 and j.
[4, p. 239, Lemma 1.8]

4. Main results

Lemma 1. Let G be a group of order pq where p and q are primes with p < ¢
and q # 1(modp). Then there exists P, a normal subgroup of order p in G.
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PRrROOF: By Sylow’s first theorem (R16), 3P < G such that |P| = p. Then by
Sylow’s third theorem (R18), the number of p-Sylow subgroups in G, np, is given
as np = 1(modp) where n, divides |G|. Since |G| = pg, np = 1 or pq since
p # 1(modp) and ¢ # 1(mod p).

Suppose np = pg. Then ny, = 1(modp) = pg = 1(modp) = pg — 1 = kp for
some k € N = p(q — k) = 1. This is a contradiction. Therefore n, = 1. Then by
Sylow’s second theorem (R17), P <G. O

Lemma 2. Let G be a group of order p1ps - - - pn, where p1,p2, ... ,pyn are distinct
primes with p; # 1(mod p;) for every i, j € {1,2,... ,n}. Then G is a cyclic group.

PROOF: For the case of n = 1, the result is trivial. So we can assume that n > 2.

Now Vi € {1,2,...,n}, there exists an element x; € G such that |z;| = p; by

(R3)(b). Write y = zqx9 - - - xp. We shall prove that |y| = |G| by induction on n.
Since y € G, by (R10),

(%) ly| divides |G|.

Now |y| < |G| by (*). Suppose |y| < |G|. Then by (), p { |y| for some k €
{1,2,...,n}. Now yl¥l = (zy29 - T 1Tha1 :vn)|y‘:vl|,€y‘ = 1 since G is abelian
by (R19). Then, since (xj) N (z122 - Tf_1Zk11 - Tn) = {1}, by induction on
n, it follows that 2 = 1 and hence py, divides |y|. This is a contradiction.
Therefore, |y| = |G|, that is, G is a cyclic group. O

Lemma 3. Let n be the smallest positive integer such that there exists a nonas-
sociative Moufang loop L of order pips---pnq>, where p; and ¢ are primes,
2 <pp <p2 <---<q,q# 1(modp;) and p; # 1(mod p;). Then
(a) n>2;

) every proper subloop and proper quotient loop of L is a group;
(¢) if H<L and H # {1}, then Lo < H;
(d) |La| = ¢*; and

)

normal subloop of order paps - - - png® in L.

PROOF: Suppose n < 2. Then L would be a group by (R7) and (R9). This is a
contradiction. So n > 2. This proves (a).

Let H be any proper subloop of L. By (R2), |H| divides |L|.

So |H| = payPas - Pown @ Where oy < n or |H| = pﬁlpﬁz-upﬁkqﬁ where
B <mand 3 <2 If [H = payPas - Pay >, then H is a group since n is
the smallest positive integer such that L is a nonassociative Moufang loop. If
|H| = pg,pg, " ~p5kqﬁ, then H is a group by (R8). Hence, every proper subloop
of L is a group. By the same argument, every proper quotient loop of L is a group
too. This proves (b).
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If HaL and H # {1}, by (R14), L, C H because L/H is a group by (b). Since
Lq <L, Lg is normal in H too. This proves (c).

By (R6)(a), Lg is a minimal normal subloop of L. Then by (R3)(a), L, is an
elementary abelian group. Now, if L, is a Sylow subloop of L, then L must be a
group by (R4). This is a contradiction as L is not associative.

So

(%) Lal =g or ¢*.

Assume |Ly| = ¢q. By Sylow’s first theorem (R16), there exists Pj, a subloop
of order py in L. Since Ly < L, Ly P is a subloop of L. We also know that

Lol [Pl _apr _
Lonpy 1

|LaP1| =

By Lemma 1, P} < LgP;. Also (|Lal,|P1]) = (¢,p1) = 1. Then by (R5), L is
a group. This is a contradiction. Therefore, |Ly| # ¢q. Hence by (%), |La| = ¢°.
This proves (d).

Now |L/Lq| = pip2---png and L/L, is a group by (a). By (R15), there
exists a normal pi-complement M/Lg in L/Lg, where |M/Lgy| = paps - - - pngq. So,
|M| = pap3 - - - png® and M is a maximal normal subloop of L . By (R3)(b), there
exists an element z of order p; in L. By (R10), x € L — M because |z| does not
divide |M|. Then by (R6)(b), L = (x) M. This proves (e). O

Theorem. Let L be a Moufang loop of order pips - - - png>, where p; and q are
primes, 2 < p; < p2 < --- < ¢, ¢ # 1(modp;) and p; # 1(modp;). Suppose N,
the nucleus of L, is not trivial. Then L is a group.

PROOF: Suppose not. Let n be the smallest positive integer such that there exists
a nonassociative Moufang loop L of order pipa - - - pnq>, where p; and ¢ are primes,
2 <pp <p2<--<¢q,q#1l(modp;) and p; # 1(modp;); and let L be such a
loop. From Lemma 3(d), we know that |L,| = ¢2. N is not trivial implies L, < N
by (R11) and Lemma 3(c). By (R2), |Lq| = ¢? divides |[N|. So |N| > ¢%. By
Sylow’s theorem, L contains a subloop S of order ¢3. Thus there exists yeS—1Lg
where | (Lq,y)| > ¢% by (R13). By (R3)(b), L contains a Hall subloop T of order
p1p2 - -~ pn. By (R8), T is a group. Since p; # 1(modp; ), T' = (t) for some t € L
by Lemma 2.

Now by (R13), | (La,y,t)| = p1p2 - png® = |L|. Thus L = (Lg,y,t). Since
L, CN,L=(N,y,t) =N (y,t) by (R11). Let Y = (y,t). Then L, = (L,L,L) =
(NY,NY,NY) = (Y,Y,Y) = {1} by (R12) and (R1), and hence, L is a group.
This contradicts our first assumption. This concludes the proof of this theorem.

O
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5. Open questions

Recommendations for future research:

1. Are all Moufang loops of order pips - - - png>, where p1, pa, ... , pn and ¢ are
distinct odd primes, associative? It was proven in [4] that all such Moufang
loops are associative if ¢ # 1(mod p;) and for each i > 1, ¢% # 1(mod p;).
We have proven in this paper that all such Moufang loops are associative
if ¢ is the largest prime, ¢ # 1(mod p;), p; # 1(modp;) and the nucleus
is not trivial. So the next case that needs to be considered is that of
Moufang loops of the same order and the same conditions but the nucleus
is trivial.

2. Are all Moufang loops of order p2¢> associative if p and ¢ are odd primes
with p < ¢ and ¢ # 1(modp)? The smallest case is 32 - 5.

Acknowledgment. The authors wish to thank the referee for his/her recom-
mendations towards the improvement of this paper.
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