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Ultrafilter-limit points in metric dynamical systems

S. GARCIA-FERREIRA, M. SANCHIS

Abstract. Given a free ultrafilter p on N and a space X, we say that x € X is the
p-limit point of a sequence (zn)nen in X (in symbols, z = p-limp oo zn) if for every
neighborhood V of z, {n € N: z, € V} € p. By using p-limit points from a suitable
metric space, we characterize the selective ultrafilters on N and the P-points of N* =
B(N) \ N. In this paper, we only consider dynamical systems (X, f), where X is a
compact metric space. For a free ultrafilter p on N*, the function fP : X — X is defined
by fP(z) = p-limp, o f™"(x) for each * € X. These functions are not continuous
in general. For a dynamical system (X, f), where X is a compact metric space, the
following statements are shown:

1. If X is countable, p € N* is a P-point and fP is continuous at z € X, then there
is A € p such that f? is continuous at z, for every q € A*.

2. Let p € N*. If the family {fP*" : n € N} is uniformly equicontinuous at = € X,
then fP+4 is continuous at z, for all ¢ € B(N).

3. Let us consider the function F : N* X X — X given by F(p,z) = fP(z), for every
(p,z) € N* x X. Then, the following conditions are equivalent.

(1) fP is continuous on X, for every p € N*.
(2) There is a dense Gg-subset D of N* such that F|px x is continuous.
(3) There is a dense subset D of N* such that F|px x is continuous.

Keywords: ultrafilter, P-limit point, dynamical system, selective ultrafilter, P-point,
compact metric

Classification: Primary 54G20, 54D80, 22A99: secondary 54H11

1. Preliminaries and notation

All the spaces are assumed to be Tychonoff (= completely regular and Haus-
dorff). If f: X — Y is a continuous function, then f : 8(X) — B(Y) will stand
for the Stone extension of f. For a metric space X and ¢ > 0, B(x,¢) = {y €
X :d(z,y) < €}. For short, , — z means that the sequence (zy),cn converges
to 2. The Stone-Cech compactification 3(N) of the natural numbers N with the
discrete topology will be identified with the set of all ultrafilters on N, and its
remainder N* = S(N) \ N with the set of all free ultrafilters on N. If A C N,
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then A = clgy A = {p € B(N) : A € p} is a basic clopen subset of 5(N), and

A* = A\ A= {p e N*: A€ p}is a basic clopen subset of N*. If A, B C N, then
A C* B means that A\ B is finite. In this paper, we shall use the following fact:
If {A, : n € N} is a family of subsets of N with the infinite finite intersection
property, then there is an infinite subset B of N such that B C* A, for every
n € N. The set of real numbers will be denoted by R and the set of positive inte-
gers will be denoted by N*. A pair (X, f) is called a dynamical system if X is a
Tychonoff space and f : X — X is a continuous function. If (X, f) is a dynamical
system, then the orbit of a point = € X is the set Oy(z) = {f"(x) : n € N}. For
an infinite set X, we let [X]¥ ={A C X : |A| = w}.

Let X be space. Given p € N*, a point z € X is said to be the p-limit point
of a sequence (zp)pen in X (z = p-limy oo zp) if for every neighborhood V
of x, {n € N: z, € V} € p. The notion of p-limit point was introduced, in the
context of non-standard analysis, by R.A. Bernstein [4]. H. Furstenberg [9, p. 179]
and E. Atkin [1, p.5, 61] considered the F-limit points in Dynamical Systems,
where F is a family of nonempty sets with the finite intersection property (for
the definition of a F-limit point of a sequence we replace p by F). The p-limit
points play a very important role in the study of countably compact spaces. In
this paper, we will give some of their applications to Dynamical Systems.

Observe that a point € X is an adherent point of a countable set {z, : n € N}
iff there is p € B(N) such that x = p-lim,—c 2p. In other words, x is an adherent
point of a countable set {z,, : n € N} iff the set {{n € N:z, € V}:V € N(z)}
is a filter base on N. Notice that z, — z iff x = Fp-limy,— oo Ty, where F; is the
Frechét filter {A C N : N\ A is finite}. Hence, we see that =, — z iff x = p-
limy,— o0 T, for all p € N*. It is not hard to prove that in a compact space the
p-limit point of a sequence always exists and is unique (for Hausdorff spaces), for
every p € N*.

By using p-limit points in metric spaces, we characterize the P-points of N* and
the selective ultrafilters on N. In the second section, we study the continuity of
the functions fP (for the definition of this function see the abstract) when (X, f) is
a dynamical system in which X is a compact metric space. These functions have
been also studied in [5], where the author establishes the connection between the
algebra of B(N) and an arbitrary dynamical system. We consider the particular
case when p is a P-point of N* and analyze the continuity of the corresponding
function fP. The functions fP’s are very useful to study the limiting behavior
of the iterates of the original function f when X is a metric compact space.
The fourth section is concerning with some applications to actions of compact
metrizable semigroups.

2. p-limit points in metric spaces

Suppose that X is a metric space and p € N*. If x = p-limy,—.oc T, then there
is a subsequence (zp, )keN Of (n)nen such that z,, — z. In general, z,, / «
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and {ng : k € N} ¢ p. Our first task is to use this remark to characterize the
P-points of N* and the selective ultrafilters on N. Let us recall a combinatorial
definition of a P-point of N*:

An ultrafilter p € N* is called P-point iff for every partition {4, : n € N} of
N with A,, ¢ p, for each n € N, there is A € p such that AN A,, is finite for every
n € N.
W. Rudin [13] proved that CH implies the existence of 2°-many P-points in N*
and years later S. Shelah [6] found a model of ZFC in which N* does not have
any P-point.

Lemma 2.1. Let p € N* and let (zp)neN be a sequence in a space X. If there is
a subsequence (zn, ke such that {nj : k € N} € p and limy,_,, xp, = z, then
T = p-limy— oo T

PrOOF: Let V € N(z). By assumption, we know that {n, : k¥ € N} C* {n €
N : 2, € V}. Hence, we deduce that {n € N: x, € V} € p. This shows that
T = p-limy— oo T O

The next lemma was suggested by the referee and simplifies the original proofs
of our main results of this section.

Lemma 2.2. Let p € N* and let {A, : n € N} be a partition of N into infinite
sets such that Ap ¢ p, for alln € N. Let 0 : N — N x N be a bijection such that
o[Ap] = {n} xN, for every n € N. If for every k € N we have that xj, = %4— anﬁ’
where o(k) = (n,m) and n < ap € N, then 0 = p-limy_, . z.

PROOF: Let € > 0 and assume that A = {k € N:z; > ¢} € p. Since 4, ¢ p, for
each n € N, we must have that {n € N: AN A, # 0} is infinite. Hence, we can
find n > % such that AN A, # (. Pick k € AN Ay. Then, o(k) = (n,m) for some

meNandwehavethatxk:%—i— L

2 .. C .
aTm <n <6 but this is a contradiction.

O

Theorem 2.3. For a point p € N*, the following are equivalent.

(1) p is a P-point of N*.

(2) In every metric space X, for every sequence (xy)nen in X and every
x € X, we have that = p-limy, .o xy, iff there is a subsequence (&n, )keN
such that {ny : k € N} € p and limy,_,, zn, = .

(3) For every sequence (xn)ncn of real numbers and for every x € R, we
have that x = p-limy,—,o =, iff there is a subsequence (xn, )yen such that
{ng : k € N} € p and limy_, o p, = .

PROOF: (1) = (2). Necessity. Let A, = {i € N: z; € B(z, %)} By assumption,

Ap, € pfor every n € N. Then, we can find A € pso that A C* Ay, for every k € N.

If we enumerate A as {xy, : k € N}, then (xy, )pen is the desired subsequence.
Sufficiency. This follows directly from Lemma 2.1.
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(2) = (3). This is trivial.

(3) = (1). Suppose that p is not a P-point of N*. Then, there is a partition
{Ap : n € N} of N such that A4, ¢ p, for every n € N, and for every A € p there
is n € N for which A N A, is infinite. Fix a bijection ¢ : N — N >< N so that
o[An] = {n} xN, for all n € N. For each k € N, we define 23, = ——|— n+m provided
that o(k) = (n,m). Then, by Lemma 2.2, we know that 0 = p-limy_, o 2.
By assumption, we can find a subsequence (xnk)keN such that B = {n; : k €
N} € p and 0 = limy_, zpn,. Pick I € N so that B N A4; is infinite. Then, the
sequence (Zn)pepna, Mmust converge to % and as a subsequence of (xn, )reN it
must converge to 0, which is impossible.

An ultrafilter p € N* is called selective if for every partition {4, : n € N} of
N with A, ¢ p, for each n € N| there is A € p such that |AN A, | < 1, for every
n € N. Every selective ultrafilter is a P-point and under CH we can find 2°-many
selective ultrafilters (see [7]).

Theorem 2.4. For a point p € N*, the following are equivalent.

(1) p is selective.

(2) In every metric space X, for every sequence (zp)nen in X and every
x € X\ {xn : n € N}, we have that © = p-limy,_,c0 xp, I there are
a subsequence (xn, )key and an increasing sequence of integers (My)keN

such that {ny : k € N} € p and -~ +1 < d(xn,,x) < mik, for every k € N.

(3) For every sequence of real numbers (zp)ncn and every x € R\ {xn :n €
N}, we have that x = p-limy,_.oc x, iff there are a subsequence (xn, )keN
and an increasjng sequence of integers (my,) ey such that {n, : k € N} € p

< |xp, — 2| < 5, for every k € N.

and

mk+1 -

PRrROOF: (1) = (2). Necessity. Define Ag = {i € N: 1 < d(x;,2)} and for every
1<neN welet A, ={i eN: nL-i-l <d(z;x) < %} It is evident that A, ¢ p,
for each n € N. Then, we can find A € p so that |[AN Ap| < 1, for every n € N.
Enumerate A as {zp, : k& € N}. Then, for every k € N there is a unique my € N
such that ny € Ay, . Without loss of generality we may assume that the sequence
(mg)keN is increasing. It clear that(xy, )ken is the desired subsequence.

Sufficiency. It is a consequence of Lemma 2.1.

(2) = (3). It is evident.

(3) = (1). Assume that p is not selective. Then there is a partition {4,
n € NT} of N such that for all n € NT, A, ¢ p and for every A € p there
is n € NT with |[AN Ay| > 2. Let 0 : Nt — NT x NT be a bijection such
that o[A,] = {n} x NT, for each n € N*. Put a3 = 1 and for n > 1, we let
an = n? —n. Observe that if n > 1, then % + a% = ﬁ Now, for each k € NT,
we define zj, = 1 ata +m provided that o(k) = (n,m). By Lemma 2.2, we know
that 0 = p—hmk_>oo xg. Then, by hypothesis, there is a subsequence (zp, )keN
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and an increasing sequence of integers (my)gen such that B = {n,: k € N} €p
and mk+1 < zp, < mLk, for every k € N. Notice that B\ A; € p. We know
that there is » € N with » > 1 such that [BN A, = |(B\ 41) N 4] > 2.
Choose k,l € N such that k < I and ng,n; € BN A,. Put o(ng) = (r,9) arid

o(ng) = (r, t) for some s,t € N"' Then, we have that L =< Tp = %—!— # <

my

1 1
and =y —+— > = —|—a = = Tny, 2 T Hence,r—1<mk+1 <my <,
which is 1mp0551b1e since r and m; are natural numbers. O

3. p-limit points and dynamical systems

This section is devoted to study the continuity and discontinuity of the function
fP: X — X, for p e N*,

Definition 3.1. Let (X, f) be a dynamical system, where X is a compact space.
For a free ultrafilter p on N, the function fP : X — X is defined by fP(z) = p-
limy,— o0 f™(z), for every € X. For a point € X, the function f; := p —
fP(x) : B(N) — X is the Stone extension of the continuous function n — f™(x) :
N— X.

We remark that the function f; : S(N) — X is continuous for every z €
X. Observe that fy[8(N)] = clx(Oy(x)). But, the functions fP are not always
continuous as we shall see in the next example:

Example 3.2. Let X = {0} U {% :n € N1} and define f : X — X as follows:

T if =z 0,1
f(x)—{l E{1}

= if T =

nrl and 1STLEN

n

It is easy to see that if p € N*, then fP(x) = 1 for every > 0 and fP(0) = 0.
Thus, fP is discontinuous at 0, for all p € N*. For a connected example, take
= [0, 1] and define f : [0,1] — [0, 1] as follows:

x if xe€(0,3]
f(z) = (n+1)(7::(_5f1_)(2n+1) it z €5 iz] and1<neN
1 if x=1.
Observe that f is a homeomorphism between the closed intervals [—2+, %] and
(2=, 741l for each 1 < n € N. Then, we have that fP[[0,1)] = [0, 3] and

fP(1) = 1, for every p € N*. This implies that fP is discontinuous at 1, for all
p € N*.

Let us explain one way to extend the ordinary addition on the set of natural
numbers to the whole (N) and how to apply this extension to the Theory of
Dynamical Systems:
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For p € 8(N) and n € N, we define p+n = p-limy,—,co(m+n) and if p, g € S(N),
then we define p + ¢ = ¢-limp—00 p + n.

The following theorem is taken from [5].

Theorem 3.3. Let (X, f) be a dynamical system where X is a compact space.
Then

fPo fl(x) = fI7P(x),
for every x € X and for every p,q € S(N).

Thus, if f9 is continuous at = and fP is continuous at f9(x), then fITP is
continuous at x, for p,q € B(N).

The following two theorems are characterizations of the continuity of the func-
tion fP at some point of the given space.

Theorem 3.4. Let (X, f) be a dynamical system, where X is a compact metric
space, and let p € N*. For a point © € X, the following are equivalent.

(1) fP is continuous at x.
(2) For all € > 0 there is § > 0 such that for all y € X if d(z,y) < §, then

{neN:d(f"(z), ["(y)) <€} €p.

PrOOF: (1) = (2). Let ¢ > 0. So, there is § > 0 such that if y € X and
d(x,y) < 6, then d(fP(x), fP(y)) < 5. Suppose that y € X satisfies that d(z,y) <
d. By definition, we have that A = {n € N : d(f"(z), fP(z)) < §} N{n € N:
d(f™(y), f(y)) < 5} € p. Hence,

a(f" (), f*(y)) < d(f" (@), fP(@)) + d(fP(2), fP(y) + d(fP(y), ()
3

=€,

for every n € A.

(2) = (1). Let € > 0 and let § > 0 be satisfy the conditions of our hypothesis.
Fix y € X with d(z,y) < §. Then, we have that A = {n € N: d(f™(x), f"(y)) <
£} € p. Thus,

d(fP(x), fP(y)) < d(fP(@), [ (@) + d(f" (@), [ (y) + d(f" (), [P ()

AP (@), f"(2)) + 5 + A" W), /().

IN

We know that n € A can be chosen so that d(fP(z), f(v)) < 5, d(f"(z), f"(y)) <
§ and d(f"(y), fP(y)) < §. Therefore, d(fP(x), fP(y)) < e. This shows the
continuity of fP at x. O
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Definition 3.5. Let (X, f) be a dynamical system, where X is a metric space,
and let p € N*. We say that a sequence (zg)ren in X is p-prozimal to a point
x if limy,_, oz = = and for every € > 0 there is N € N such that {n € N :
d(f™(x), f"(zr)) < €} € p, for every k € N with k > N. Two points z,y € X are
said to be p-prozimal if for every € > 0, {n € N: d(f"(z), f"(y)) < €} € p.

Theorem 3.6. Let (X, f) be a dynamical system, where X is a compact metric
space, and let p € N*. For a point x € X the following are equivalent.

(1) fP is continuous at x.
(2) Every sequence (xp)reN that converges to x is p-proximal to x.

PROOF: (1) = (2). Let (2x)ren be a sequence converging to x. Given e > 0,
by Theorem 3.4, we can find 6 > 0 such that for all y € X, if d(z,y) < ¢, then
{n € N:d(f™(z), f"(y)) < €} € p. Let N € N such that d(zy,z) < J for every
N < k € N. Then, we have that {n € N : d(f"(x), f"(z1)) < €} € p for every
ke Nwith £k > N.

(2) = (1). Let us assume that fP is not continuous at x. Then, by Theorem 3.4,
there is € > 0 such that for every k € N there is x; € X such that d(z,z;) < kL—i-l
and {n € N:d(f"(z), f"(z)) < €} ¢ p. It is evident that the sequence (zj)ren
converges to x and it is not p-proximal to x. ([l

Next we state a classical notion in Dynamical Systems and establish its relation
with the concept introduced in Definition 3.5.

Definition 3.7. Let (X, f) be a dynamical system where X is a metric space.
We say that two points x,y € X are prozimal if for every ¢ > 0, {n € N :

d(f™(z), f™(y)) < €} is infinite.

The following result shows that the standard notion “proximal” is included in
Definition 3.5.

Theorem 3.8. Let (X, f) be a dynamical system, where X is a metric space,
and let x,y € X. The following conditions are equivalent.

(1) « and y are proximal.
(2) There is p € N* such that fP(x) = fP(y).
(3) = and y are p-proximal for some p € N*,

PRrROOF: The equivalence (1) < (2) is stated, for a general case, in [3] and it is
proved in [5]. The implication (3) = (1) is trivial.

(1) = (3). For every € > 0, we define Ac = {n € N : d(f"(z), ["(y)) < €}.
Since the family {A. : € > 0} has the finite intersection property, we can find
p € N* such that {A¢ : € > 0} C p. It is then evident that x and y are p-proximal.

O

The equivalence (2) < (3) of the previous theorem can be rewritten as follows.
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Theorem 3.9. Let (X, f) be a dynamical system, where X is a metric space, let
xz,y € X and let p € N*. The following conditions are equivalent.
(1) z and y are p-proximal.

(2) fP(z) = fP(y)-

It follows from Theorem 3.9 that if p € N* is an idempotent (that is, p+p = p),
then every z € X is p-proximal to fP(z). Indeed, fP(x) = fPTP(x) = fP(fP(x)).

Theorem 3.10. Let (X, f) be a dynamical system, where X is a metric space,
and let x,y € X. Then, {p € N* : z and y are p-proximal} is a closed subset
of N*.

PROOF: Put D = {p € N* : z and y are p-proximal} and let ¢ € cly+ D. Suppose
that = and y are not g-proximal. Then, there is ¢ > 0 such that A = {n € N :
d(f™(x), f"(y)) > €} € ¢. Choose p € A*N D. By assumption, B = {n € N :
d(f™(x), f"(y)) < €} € p. But this is impossible since A N B = (). Therefore,
D = cly+ D. O

We remark that the points x and y are p-proximal, for all p € N*, iff
: n n _
Tim_d(f"(2), ")) = 0.

The next example shows that the notion of p-proximally could distinguish, in
some sense, two proximal points.

Example 3.11. Let (an),en be a sequence of positive real numbers such that
limp—ocan =0, ap =1 and ap4+1 < ap, for each n € N. For every n € N, choose
a strictly decreasing sequence (an,m)men Such that
(1) limy,— o0 Gnym = an, for each n € N, and
(2) an < an,m < ap—1, for all n,m € N; here, a_; = 2.
Consider the subspace X = {0}U{ap : n € N}U{anm : n,m € N} of R. Then, X
is a compact metric space. Now, we shall define a function f : X — X as follows.
a. f(ag) =0 and f(0) =0.
b. f(an) = an—1, for each n € N.
c. f(an,o0) = an+t1,0, for each n € N.
d. f(aon) = an,1, for each 1 <n € N.
e. f(an—mm+1) = Gn—m—1,m+2, for each m <n € N.
It is not difficult to prove that f is continuous. Let x = ago and y = ag 1. We
define ig = 1, jo = 2,41 = 3, j1 =5 and if 2 < k € N, then we define iy, = j._1+1
and j, = jp_1 +k + 2. We know from the definition that f®(ag1) = a11,
fo (ao,1) = ao,2, fi (ap1) = a21 y fi (ap,1) = ao,3. By induction, we can
establish that

F(ag) = f*=1(ag1) = f(f7*1(ao1)) = f(a0 k+1) = Ah+11:

fir(ag) = fIr=1T72(ag 1) = fAFE(fx (ag1)) = P (aks1,1) = ag k2,
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and '
fap) = ap—iit1,

for every k € N and for each 1 < i < k. Let us define A = {i}, : k¥ € N} and
B = {ji : k € N}. Then, we have that

lim |f*(ag,0) — f*(ao,1)| = lim |as, 110 — agy1,0/ = 0.
k—o0 k—o0
On the other hand,

lim |f7*(agp) — f/*(ap,1)| = lim |aj, 41,0 — agt1| = 1.
k—oo k—oo

These two conditions imply that x and y are p-proximal for all p € A* and they
are not g-proximal for any ¢ € B*.

When the function f? is continuous on the whole space we have the following
uniform property:

Theorem 3.12. Let (X, f) be a dynamical system where X is a compact metric
space and let p € N*. Then, fP is continuous iff for every ¢ > 0 there is § > 0
such that for all x,y € X, if d(z,y) < 0, then {n € N: d(f"(x), f*(y)) < €} € p.

PROOF: Necessity. If fP is continuous on X, then fP is uniformly continuous on
X and then we follow the proof of Theorem 3.4.
Sufficiency. This follows directly from Theorem 3.4. O

Now, let us study the behavior of the function f; around a P-point of N*.

Theorem 3.13. Let (X, f) be a dynamical system and let x € X, where X is
a compact metric space. If p € N* is a P-point, then there is A € p such that

fa(p) = fu(q), for every g € A™.
PROOF: By the continuity of f,, for every k € N there is A; € p such that

1

d(fz(p), fz(q)) < m )

for all ¢ € A7. Since p is a P-point there is A € p such that A C* Ay, for each
k € N. Thus, if ¢ € A* and k € N, then ¢ € A} and hence d(fz(p), fz(q)) < k+-1
This implies that f;(p) = fz(q), for every ¢ € A*. O

For an arbitrary free ultrafilter p on N we have the following property.

Theorem 3.14. Let (X, f) be a dynamical system and let x € X, where X is
a compact metric space. Then, for every p € N*, there is A € [N]* such that

fz(p) = fz(q) for every q € A*.
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PRrROOF: We know that fz(p) € clx ({f™(x) : n € N}). First suppose that fz(p)
is not an accumulation point of O¢(z). Then, fz(p) = fP(x) = f"(x) for some
n € N and there is € > 0 such that B(f"(x),¢) N Op(x) = {f™(z)}. Since fy is
continuous, there is A € p such that f;(q) € B(f™(z),€) for all ¢ € A*. That is,
fz(p) = f2(q) = f™(x) for every ¢ € A*. Now, assume that there is a non-trivial
sequence (™ (z))en for which limy_, ., f™ (2) = fz(p) and we also assume that
fMi(x) # f™(x) for distinct 4,7 € N. Put A = {ny : k € N} and fix ¢ € A*.
According to Lemma 2.1, we obtain that fz(p) = fz(q). O

The proof of Theorem 3.14 with small changes establishes the next result.

Theorem 3.15. Let (X, f) be a dynamical system and let x € X, where X is
a compact metric space. Then, for every A € [N]¥, there is B € [A]“ such that

fz(p) = fz(q), for every p,q € B*.

Now, let us study the continuity of the function fP when p is a P-point of N*
and X is a countable metric space.

Theorem 3.16. Let (X, f) be a dynamical system, where X is a compact metric
countable space. If fP is continuous at © € X, for some P-point p € N*, then
for every € > 0 there are § > 0 and A € p so that for y € X if d(z,y) < d, then
d(fP(y), f™(y)) < e, for all n € A except finitely many.

PROOF: By definition, we know that fP(x) = p-limy—co f™(z). Since X is a
metric space, by Theorem 2.3, there is a sequence (ng)ren of natural numbers
such that fP(z) = limg_. o, f™(z) and B = {ny : k € N} € p. Given € > 0, by
Theorem 3.4, we may find § > 0 such that Cy = {n € N: d(f"(z), f"(y)) < §} €
p and d(fP(z), fP(y)) < §, provided that d(z,y) < d. As p is a P-point, there is
A € p such that A C* Cy N B for all y € X with d(z,y) < ¢. Fix y € X with
d(x,y) < ¢ and m € N such that A\{0,1,...,m} C Cy and d(f"(z), fP(z)) < §,
for every n € A\ {0,1,...,m}. Then, forn € A\ {0,1,...,m} we have that

d(fP(y), [*(y)) < d(fP(y), P (@) + d(fP(2), [ (2) + d(f"(2), f" ()

<e+e+e
4=
3 3 3 ’

as required. (I

Lemma 3.17. Let (X, f) be a dynamical system, where X is a compact metric
countable space. Suppose that fP is continuous at x € X for a P-point p of N*.
Then, for every € > 0 there are § > 0 and A € p such that if y € X satisfies that
d(z,y) < 9§, then d(f™(z), f"(y)) < € for all n € A except finitely many.

PrROOF: According to Theorem 3.16, we can find § > 0 and B € p so that if
y € X and d(z,y) < 0, then d(fP(z), fP(y)) < § and d(fP(y), f"(y)) < § for all
n € B except finitely many. Put A = {n € B : d(fP(z), f"(x)) < §}. Assume
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that y € X satisfies the inequality d(x,y) < ¢. By assumption, we can find m € N
such that d(fP(y), f"(y)) < §, for each n € A\ m. Thus, if n € A\ m, then we
obtain that

= €.

2), (@) + (P @), ) + AP (), ()
3 (]

Theorem 3.18. Let (X, f) be a dynamical system, where X is a compact metric
countable space, and let x € X. Suppose that fP is continuous at x € X for a
P-point p of N*. Then, there is A € p such that f? is continuous at x, for every
q € A*.

PRrROOF: By Theorem 3.13, we know that there is B € p such that fP(z) = f(x)

for each ¢ € B*. From the previous lemma, for every n € N, we can find 6, >0
and A;,, C B such that if d(z,y) < 6, then d(f*(z), fF(y)) < n—+1 for all k € A,
except finitely many. For every n € N, let Cy, = {k € N : d(f?(z), f*(z)) < n——H}
We know that C), € p for all n € N. Since p is a P-point, we can find A € p
so that A C* A, ﬂ Chn, for each n € N. Now, fix ¢ € A* and let ¢ > 0. Choose
n € N such that +1 < 5. Suppose that y € X satisfies that d(z,y) < d,. Since
={ieN:d(fi(y ) fq( ) < 71} € ¢, we can find k € DN Cy, N Ay, for which

d( fk(:z:), f¥(y)) < 721 Then, we have that

d(fU(x), f1(y)) = d(fP(x), f1(y))
< d(fP(x), (@) + d(fF (@), 5 () + d(FF @), F1))

1 1
<n+1+n+1+n+1
PN
—+-+-=c¢
3 3 3
Therefore, f9 is continuous at z. O

The next corollary is a direct application of Theorem 3.18.

Corollary 3.19. Let (X, f) be a dynamical system, where X is a compact metric
countable space. If p € N* is a P-point and fP is continuous on X, then there is
A € p such that f9 is continuous on X, for every q € A*.

PrOOF: According to Theorem 3.18, for every x € X, there is A; € p such that
f? is continuous at z, for every ¢ € A%. Choose A € p so that A C* A, for all
x € X. Then, it is evident that f¢ is continuous on X, for each ¢ € A*. (]

In the general case, we have the following statement:
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Theorem 3.20. Let (X, f) be a dynamical system, where X is a compact metric
space, and let p € N*. Suppose that there exist A € p and x € X such that

(1) fz(s) = fz(t) for each s,t € A*; and

(2) fP is continuous at .
If © =limy—oc @y, then there is B € [A]* such that f9(x) = limp—oo f4(ay) for
every q € B*.

PrROOF: Since fP is continuous at x, by Theorem 3.4, for every i € N there is
K; € N such that By ; = {n € N: d(f"(z), f" (1)) < H-Ll} € p, for all k > Kj.
For eachi € N, let C; = {n € N: d(f"(z), fP(z)) < H—Ll} By definition, we know
that C; € p for eachi € N. Choose B € [A]¥ so that B C* By, ;NC;, for everyi eN

and for every k > K. Let ¢ € B* and let € > 0. Pick j € N such that ]_H < 3.

Fix k > K;. We know that D = {n € N : d(f"(zy), f1(z)) < m} € gq. Let
h € DN By ; N Cj. Then, we have that

d(fH(xr), f1(x)) = d(f9(zy), fP(2))

< d(f9(xg), fM(ag)) +d(f" (@), (@) + d(f" (@), fP(2))

< = + = + = <
€
Jj+1 j+1 j+1

O

Next, we shall study the continuity properties of various functions fP’s at the
same time.

Lemma 3.21. Let (X, f) be a dynamical system, where X is a compact metric,
z,y € X and p € N*. If d(fP(x), fP(y)) < § for some € > 0, then {n € N :
d(f" (@), ["(y)) < e} € p.

Proor: We know that A = {n € N: d(fP(z), f*(z)) < §} €pand B={n e N:
d(fP(y), ["(y)) < 5} € p. Then, we have that AN B € p and if n € AN B, then

d(f" (@), f" () < d(f" (), fP(x)) + d(fP (), [P (y)) + d(FP(v), ["(¥))

<ttt o=e

(a
€
333

d

Theorem 3.22. Let (X, f) be a dynamical system, where X is a compact metric
space, and let x € X. Let {pn : n € N} C B(N) and assume that the family
{fPn : n € N} is uniformly equicontinuous at x. Then, f9 is continuous at x, for
each q € cly-({pn : n € N}).

PRrROOF: Fix q € cly+({pn : n € N}). We know that ¢ = p-limy, . pn, for some
p € N*. Suppose that f? is not continuous at x. According to Theorem 3.4,
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there is € > 0 and a sequence (z3)ren in X converging to x such that A =
{m e N: d(f™(x), f™(x)) > €} € ¢, for each k € N. We know that By = {n €
N: A € pp} € p, for all k € N. By assumption, there is 6 > 0 such that if
y € X and d(z,y) < 0, then d(fP(z), fP"(y)) < g, for all n € N. Choose | € N
such that d(z,z;) < 0 for each k € N with | < k. Fix k € N with [ < k. So,
d(fPr(x), fPn(zy)) < § for all n € N. By Lemma 3.21, we have that

Cn ={m e N:d(f"(x), f"(x})) < €} € pn,

for every n € N. Pick n € Bj. It then follows that Ay N Cy € pp, which is
impossible. (I

Corollary 3.23. Let (X, f) be a dynamical system, where X is a compact metric
space, and let p € N*. If {fPT" : n € N} is uniformly equicontinuous at © € X,
then fPT4 js continuous at x, for all ¢ € B(N).

PrOOF: Let p € N*. We know that the function A\, : B(N) — B(N) given by
Ap(q) = p + ¢ is continuous (see [11]). Hence, we obtain that Ap[clgn)N] =
{p+aq:q¢€BN)} = clgm)(Ap[N]). By Theorem 3.22, we conclude that fPrais
continuous at x, for each ¢ € G(N). O

Theorem 3.24. Let (X, f) be a dynamical system, where X is a compact metric
space, and x € X. If {q € N* : f9 is continuous at x} is dense in N*, then f? is
continuous at x for all p € N*.

ProOF: Put D = {q € N* : f9 is continuous at x}. Suppose that fP is not
continuous at z for some p € N*\ D. Then, by Theorem 3.4, there is € > 0 and
for every k € N there is x;, € X such that = limy_, 23, and A, = {n € N :
d(f™(z), f"(xg)) > €} € p, for each k € N. We can find A € [N]¥ such that
A C* Ap for all £k € N. By assumption, there is ¢ € A* N D for which f9 is
continuous at x. Hence, we may chose N € N such that d(f?(z), f9(x)) < §, for
all k € N with & > N. It then follows from Lemma 3.21 that

By ={m e A:d(f"(x), " (xx)) < €} € q,

for all Kk > N. Fix N < i € N. We know that B; C* A;. So,if m € B; N A;,
then d(f™(x), f™(z;)) < € and d(f™(z), f"™(z;)) > €, but this is impossible.

Therefore, fP is continuous at x, for all p € N*. ]

Theorem 3.25. Let (X, f) be a dynamical system, where X is a compact metric
space, and v € X. Let 1 < k € N. Fori < k, we define A; = {n € N:n =
imod(k)}. If there is j < k such that f? is continuous at x for all ¢ € A, then
fP is continuous at = for every p € N*,

PROOF: First, observe that N* = | J; . A7. Let j # i < k. We define ¢, : N — N
by ¢;(n) = |n+i — j| for every n € N. It is not hard to see that ¢; is a bijection
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between A; and A; module a finite set. Hence, if p € A7, then there is ¢ € A;
such that ¢;(¢) = ¢ +i — j = p. Thus, if i > j and f9 is continuous at x, then
fati=Ji = fP = fi=Jo f9is continuous at z. If i < j, then we consider the function
¢k+i which is also a bijection between A; and A; module a finite set. Thus, for
a given p € A7 there is ¢ € A} such that ¢r1i(¢) =g+ k+1i—j =pand then
fathti=j — p — fkt+i=j s £ ig continuous at = whenever f? is continuous at z.

O

Let (X, f) be a dynamical system, where X is a metric compact space, and
let x € X. The previous corollary assures that if fP is continuous at z, for all
p € {an : n € N}*, where a € N, then fP is continuous at x, for all p € N*.

Lemma 3.26. Let (X, f) be a dynamical system, where X is a compact metric
space, and let x € X be a fixed point of f. Suppose that there is ¢ > 0 such that for
every k € N there are xy, y, € X such that d(x, zy) < k%—l? Oy (yx) N B(z,¢) =0
and Of(yy) N Og(xy,) # 0. Then, fP is discontinuous at x for every p € N*.

PROOF: Fix k € N. We know that f!(z;) = f™(y), for some I,m € N. Then,
fira(zy,) = fmte(y,) € O¢(yg), for all a € N. Hence, {n € N:d(f"(z}),z) > €}
is a cofinite subset of N and so

{n e N:d(f"(z), ["(x)) 2 €} = {n € N:d(f"(z}),x) > €} € p,

for each p € N*. Therefore, fP is discontinuous at = for every p € N*. |

Theorem 3.27. Let (X, f) be a dynamical system such that X is a compact
metric space with only one non-isolated point. Then, either fP is continuous for
all p € N* or fP is discontinuous for all p € N*.

PROOF: Let x be the unique non-isolated point of X. First, suppose that f(x) #
xz. Then, we have that A = {y € X : f(y) = f(x)} is cofinite. If y € A
and n € N, then f"(y) = f™(z); hence, we deduce that fP(y) = fP(x) for all
y € A and for all p € N*. Thus, fP is continuous, for all p € N*. Now, we
assume that f(z) = xz. Let € > 0 and let X \ B(x,¢) = {x0,...,zm}. Put
F = {i <m: Oy(x;) is finite} and I = m \ F. We may also assume that
x ¢ Of(z;) for every i € F. Suppose that the conditions of the previous lemma
fail. Then, we can find § > 0 such that B(z,d) N Og(x;) = 0, for each i < F,
and if d(x,y) < 0, then Of(y) N Of(2) = 0, whenever O(z) N B(x,¢) = 0.
Let y € X such that d(z,y) < d. If Of(y) N Of(z;) # 0 for some i € I, then
limy,—oo f™(y) = = and hence {n € N : d(z, f*(y)) < €} € p for all p € N*.
Suppose that O (y) does not intersect any Of(x;), for all i < m. Then, Of(y) C
B(z,€). So, N={n e N:d(x, f"(y)) < ¢} € p for all p € N*. This shows that
fP: X — X is continuous, for each p € N*. O
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Theorem 3.28. Let (X, f) be a dynamical system such that X is a compact
metric space and let x € X be a fixed point of f. Suppose that there is m € N
such that |O(y)| < m, for ally € X. Then, either fP is continuous at x for all
p € N*, or fP is discontinuous at x for all p € N*.

PROOF: Suppose that fP is continuous at x and f9 is discontinuous at x, for
some p,q € N*. Then there are € > 0 and a sequence (zg)ren in X converging
to « such that {n € N : d(x, f"(z)) > €} € g, for all & € N. By the continuity
of fP and Theorem 3.4, there is § > 0 such that 6 < € and if y € X and
d(z,y) < 6, then {n € N: d(z, f"(y)) < €} € p. We know that there is M € N
such that d(z,zy) < ¢ for all M < k € N. Then, for each k € N with k > M,
there is 0 < my < m so that d(z, f™T1(x})) > ¢ and my, is the minimum
positive integer with this property. Without loss of generality, we may assume
that there is [ < m for which mj, = [, for each k € N\ M. Since f is continuous
we can find 0 < § < §_1 < -+ < §y < e such that if d(z,y) < &;, then
d(z, f(y)) < 0j—1, for every 0 <4 < [, and if d(z,y) < dp, then d(z, f(z)) < e.
Choose N € N such that M < N and d(z, z) < 9, for every N < k € N. Then,
we have that d(z, f!(2})) < 8, for each N < k € N. But, this is impossible since
d(z, f111(z1,)) > ¢, for every N < k € N. O

We finish this section with some conditions that are equivalent to the continuity
of all functions fP’s.

Theorem 3.29. Let (X, f) be a dynamical system, where X is a compact metric
space. Let us consider the function F* : N* x X — X given by F*(p,z) = fP(x),
for every (p,x) € NP x X. Then, the following conditions are equivalent.

(1) fP is continuous on X, for every p € N* (that is, F'* is separately contin-
uous).

(2) There is a dense Gg-subset D of N* such that F*|py x Is continuous.

(3) There is a dense subset D of N* such that F*|py x is continuous.

ProOF: The implication (1) = (2) follows directly from Namioka’s Theorem ([2,
Theorem II1.5.5], [12]), the implication (2) = (3) is trivial and the implication
(3) = (1) follows directly from Theorem 3.24. O

4. Dynamical systems and actions of metrizable semigroups

Throughout this section, (X, f) will stand for a dynamical system where X
is a compact metric space. From now on to avoid trivial situations we assume
that X is infinite and that for every couple of natural numbers (n,m) there exists
x € X such that f™(z) # f™(z). Our main goal is to establish that the action
F: ((N) x X — X induced by (X, f) is (in some sense) equivalent to the action
of a metrizable semigroup on X. To do this, let us define an equivalent relation
~ on B(N) by letting p ~ ¢ if and only if fP(x) = f9(x) for every x € X. If d is a
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compatible metric on X, the real-valued function on §(N) x 3(N) defined by

d(p,q) = sup d(fP(z), f4(z))  p,q € B(N),
zeX

is a pseudometric on 3(N) (notice that being X compact, d is bounded). It is

clear that d induces a metric (also denoted by d) on the quotient space G(N)/~.
The following result follows from Theorem 3.3.

Proposition 4.1. 3(N)/~ is a semigroup with the addition + defined as

[p]+[gl=1[p+ql

for each p,q € B(N).

As we deal with actions on metrizable semigroups, a natural question is when
the semigroup (B(N)/~, +) equipped with the topology induced by the metric d
is a topological semigroup; that is, when the operation defined in Proposition 4.1
is continuous. A useful sufficient condition is given in Theorem 4.3 below. Before
the statement of this theorem, we prove a lemma.

Lemma 4.2. Let (X, f) be a dynamical system, where X is a compact metric
space. If the family of functions {f™ : n € N} is uniformly equicontinuous, then
the family {fP : p € N*} is also uniformly equicontinuous.

PrROOF: By assumption, given ¢ > 0 we can find § > 0 such that if z,y € X satisfy
that d(x,y) < ¢, then d(f™(x), f"(y)) < § for all n € N. Let 2,y € X. Assume
that d(x,y) < ¢ and fix p € N*. Choose n € N so that d(fP(z), f"(z)) < § and
d(fP(y), f"(y)) < §. Then, we obtain that

d(fP(@), fP(y)) < d(fP(x), " (@) + d(f"(z), [ (y)) + d(f" (), [P (y))
€€
3

+e
— =€
3

<
3

Therefore, the family { fP : p € N*} is also uniformly equicontinuous. O

Theorem 4.3. Assume that the family {f™ : n € N} is uniformly equicontinuous,
then 3(N)/~ is a topological semigroup with the topology induced by the metric d.

Proor: Let [p],[q] € B(N)/~. We know from Lemma 4.2 that the family
of functions {f’ : ¢t € B(N)} is also uniformly equicontinuous. Hence, given
€ > 0 there is 6 > 0 such that 6 < § and if 2,y € X and d(z,y) < 6, then
d(fH(z), fi(y)) < & for all t € B(N). Suppose that r,s € B(N) satisfy that

d(p,r) = sup{d(fP(z), f"(z)) : 2 € X} <&

and

d(g, s) = sup{d(f?(x), f*(z)) : 2 € X} < 0.
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Then, d(f*(fP(x)), f*(f"(2))) < § and d(f9(fP(x)), f*(fP(2))) < §, for all z €
X. Thus,

d(f4(fP (), (" (2)))

IN

d(f1(f2 (@), f2(fP (@) + d(f*(fP (@), £* (" (2)))
+

A

€ 6_
273" ©

for all x € X. Therefore,

d(p+q,r+ s) = sup{d(f!(fP(x)), [*(f"(2))) : x € X} <e.

This shows the theorem. O

Given a dynamical system (X, f) where X is a compact metric space, and an
ultrafilter p € B(N), fI?] stands for the function from X into itself defined by
fIPl(z) = fP(x), for every © € X. Let F : B(N) x X — X be defined by
F(p,x) = fP(z), for all (p,x) € B(N) x X. We observe that this action F' induces
a natural action F : (B(N)/~) x X — X defined as

F([lpl,x) = flPl)  for each ([p],z) € (B(N)/~) x X.

Although the authors could not find a specific reference, the following result is
probably well known. We include a proof for reader convenience. Given a function
f: X XY — Z we shall denote by f5 (respectively, by f¥) the function fp: Y — Z
defined by the rule fy(y) = f(z,y) for every y € Y (respectively, by the rule
fY(x) = f(z,y) for every x € X). We recall that, if X, Y and Z are topological
spaces, then f is said to be separately continuous if every f, and every fY are
continuous functions.

Theorem 4.4. Let (X,d'), (Y,d?) and (Z,d®) be three compact metric spaces. If
f: X xY — Z is a separately continuous function, then the following conditions
are equivalent.

(1) f is continuous.
(2) The family {f, | v € X} is uniformly equicontinuous.
(3) The family {fY |y € Y} is uniformly equicontinuous.

PRrROOF: Obviously we only need to prove that the clauses (1) and (2) are equiv-
alent.

(1) = (2) Consider the space (C(Y, Z), ||-||) where || || stands for the supremum
norm. It is a well-known fact that f continuous implies that the function g : X —
(C(Y,Z),]| - ||) defined as g(x) = f, is continuous (for a more general result the
reader can consult [14, Theorem 3.3]). Let & > 0. Since X is compact, the
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family g(X) = {fz | * € X} is compact so that there exists a finite subfamily
{f(El;f.’Eg; e ,f;pn} SuCh that

{fo |2 e X} B(fr;2/3).

1=1

Moreover, since each f;, is uniformly continuous, we can choose § > 0 such that

d3(fz;(y1), fz;(y2)) < § whenever da(y1,y2) <9d,i=1,2,... ,n.
Now let € X and consider fg. If fz, satisfies that f; € B(fz;,¢/3), then

d3(fz(y1), fz(y2)) z(Y1), fz;(y1))

< ds(f.
+ d3(fz; (Y1) f2;(y2)) + d3(fo; (y2), f2(y2))
cELELE_,
-3 3 3

whenever da(y1,y2) < ¢. Thus, the family {f; | # € X} is uniformly equicontin-
uous.

(2) = (1). Since the family {f; | * € X} is uniformly equicontinuous it is
apparent that the function g : YV — (C(X,Z),| - ||) defined as g(y) = fY is
continuous. Now to see that f is continuous, consider a point (zg,yg) € X x Y
and € > 0. Since both g and f% are continuous we can choose § > 0 such that

d3(f(@,9). f(a.90)) < 5 and ds(f(z.90). F(x0,00)) <

N ™

whenever dy (x,2) < ¢ and da(y, yo) < J, that is

dg(f(I, y)v f(CCOvyO)) < d3(f($7y)a f(:Z?, yO)) + dg(f(ilf, y0)7 f(xo,yo))

+5=¢

IN

e €
2 2

whenever dy(z,z9) < ¢ and da(y,yo) < 6. Thus, f is continuous at the point

(z0,y0) € X x Y. This completes the proof. (I
The proof of the following theorem is straightforward.

Theorem 4.5. Let (X, f) be a dynamical system, where X is a compact metric

space, and let x € X. For every p € 3(N), the following conditions are equivalent.

(1) fP is continuous at x.
(2) fIP) is continuous at .
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Theorem 4.6. For a compact metric dynamical system (X, f), the following are
equivalent.

(1) The set {f™ : n € N} is uniformly equicontinuous on X.
(2) d induces the quotient topology on 3(N)/~ and F' is continuous.
(3) The action F is (jointly) continuous.

PrOOF: The implication (3) = (1) is trivial.

(1) = (2) We shall prove that the quotient map g : 3(N) — (3(N)/~,d) is
continuous. Indeed, by Lemma 4.2, we deduce that the family {f? : p € N*}
is uniformly equicontinuous. Hence, given € > 0 there is § > 0 such that if
d(x,y) < 0, then d(fP(x), fP(y)) < 5 for all p € 3(N), and Theorem 4.4 tells us
that F: B(N) x X — X is continuous. It is clear that g is continuous at any point
of N. Let p € N*. Then, for every x € X there are A, € p and J; < ¢ such that
if (¢,y) € A} x B(x,dz), then d(fP(x), f4(y)) < 5. Since X is compact, there are
xg,...,x € X such that X = (J,<j, B(24,0z;). Put A =(;<4 Az;- Then, A € p.
Fix ¢ € A* and let € X. Then, z € B(xj, 5xj), for some j < k. Thus,

So, d([p], [g]) < €, whenever ¢ € A*. This shows that g is continuous.
(2) = (3) Since B(N) is compact, Whitehead’s Theorem ([8, Theorem 3.3.17]
and [15]) assures that the function ¢ x idx : S(N) x X — (B(N)/~) x X is a

o~

quotient map. Since F' is continuous and F' = F o (g x idy) is continuous, by

~

Proposition 2.4.2 from [8], we get that the function F' is continuous. O

The previous theorem establishes a necessary and suflicient condition in order
that the induced action F' be continuous. This can be applied to obtain that the
action F is equivalent to the action F in the sense of Definition 4.7 below. If F is
a continuous action of a (compact) topological semigroup S on a compact metric
space, we say that (S, X, F) is a flow.

Definition 4.7. Let S,T be two compact topological semigroups. Two flows
(S, X, F) and (T,Y,G) are said to be topologically conjugate (or equivalent) if
there exists a continuous epimorphism e : S — T and a homeomorphism h :
X — X such that the diagram

sxx Lo x

b,

Txy -S>y

483



484

S. Garcia-Ferreira, M. Sanchis

commutes, that is, h(F(s,z)) = G((e x h)(s,x)) for each (s,z) € S x X.

From Theorem 4.6 we can see that a continuous action of 3(N) on a compact
metric space X is equivalent to a continuous action of a compact metrizable
semigroup.

Theorem 4.8. If X is a compact metric space, then every flow (3(N), X, F) is
equivalent to a flow (S, X, G) where S is compact metrizable semigroup.

PrROOF: By density, the action F' is determined by its restriction to N x X. So,
F is the action induced by the dynamical system (X, f) where f is the function
defines as f(z) = F(1,z) for every x € X. Since F is continuous, Theorem 4.4
and Theorem 4.6 assert that (3(N)/~, X, F) is a flow. Hence, the diagram

5(N)><XL>X

| o, o

Sx X —F o x

commutes, where S = §(N)/~ and g is the quotient map. By Proposition 4.1, g
is an epimorphism. The proof is done by taking (S, X, G) = (B(N)/~, X, F). O

5. Open questions
We end with some open questions that the authors were unable to solve.

Question 5.1. Given p,q € N* such that p +n # ¢, for all n € N, is there a
dynamical system (X, f) and a point z € X such that X is a compact metric
space, fP is continuous at z and f9 is discontinuous at z ?

Question 5.2. Given p,q € N* such that p +n # ¢, for all n € N, is there a
dynamical system (X, f) and a point 2 € X such that X is a connected, compact
metric space, fP is continuous at  and f9? is discontinuous at x ?
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