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On the regularity of local minimizers
of decomposable variational integrals on domains in R?

M. BILDHAUER, M. FUCHS

Abstract. We consider local minimizers u : R? D Q — RN of variational integrals like
Jol+ [81u|?)P/2 + (1 + |82u|?)?/2] dx or its degenerate variant JollO1ul? 4 |92uld] dx
with exponents 2 < p < ¢ < oo which do not fall completely in the category studied
in Bildhauer M., Fuchs M., Calc. Var. 16 (2003), 177-186. We prove interior C1:*-
respectively Cl-regularity of u under the condition that ¢ < 2p. For decomposable
variational integrals of arbitrary order a similar result is established by the way extending
the work Bildhauer M., Fuchs M., Ann. Acad. Sci. Fenn. Math. 31 (2006), 349-362.

Keywords: non-standard growth, vector case, local minimizers, interior regularity, prob-
lems of higher order

Classification: 49N60, 35J50, 35J35

1. Introduction

This paper is devoted to the study of the interior regularity of local minimizers
u:R? 5 Q — RN of anisotropic variational integrals of the form

(1.1) J[u,Q]:/Qf(Vu)d:c,

where ) denotes a bounded open set in the plane and where the energy density
f:RZN — R satisfies the estimate

(1.2) alZIP —b < f(Z) < A|Z|9+ B forall Z e R?N

with exponents 2 < p < ¢ < co and constants a, A > 0, b, B > 0. Due to (1.2) it
is natural to discuss J on the local Sobolev space WI} 1OC(Q;]RN) (see, e.g., [Ad]

for a definition of these spaces) and to call a function u from this class a local
J-minimizer iff J[u, Q'] < oo and J[u, Q'] < Jv, Q] for all v € Wg},loc(QRN)
such that spt(u —v) C €, where €’ is any subdomain of { with compact closure
in Q. As a matter of fact, (1.2) is not sufficient for building up a regularity theory
for locally J-minimizing functions, in place of (1.2) a suitable ellipticity condition

is needed: for example, the validity of

(13)  AL+|X) V2 < DEA(X)(Y,Y) <A+ |[X[2) T Y2
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for all X,Y € R2V with constants A\, A > 0 guarantees the strict convexity of f
and clearly implies (1.2). Then, if u is a local J-minimizer and if for the moment
Q is a domain in some R™, n > 2, (1.3) ensures the following regularity results:

(i) (full interior regularity in the scalar case) If N = 1, then u is of class
cLe(Q) for any a < 1.

(ii) (partial regularity in the vector case) If N > 1, then there is an open
subset Qg of Q such that « € C%(Qg; RY) for any 0 < a < 1. Moreover,
Q — Qg is of Lebesgue measure 0.

We refer the reader, for instance, to the papers of Marcellini [Mal]-[Ma3], of
Esposito, Leonetti and Mingione [ELM1]-[ELM3], of Acerbi and Fusco [AF], of
Fusco and Sbordone [FS] and of the authors [BF1]. We also mention the mono-
graph [Bi], where one can find further references. We wish to emphasize that all
these results are valid either under a condition of the form

(1.4) g <c(n)p, c(n)—1 as n— oo,
or they require bounds like
(1.5) g<p-+2

together with the assumption u € Lfg’c(Q;RN ) and with additional structural
hypothesis imposed on f. It is also important to remark that counterexamples
of Giaquinta [Gi2] and (later) Hong [Ho| show that the smoothness of local min-
imizers can only be expected if ¢ and p are not too far apart, i.e. some variant
of (1.4) is necessary for local regularity. Of course the “two-dimensional vector
case” (i.e. n =2, N > 1) is included in (ii) but for this particular situation we
proved in [BF2].

(iii) If n = 2 and N > 1, then (1.3) together with ¢ < 2p implies u €

oL RV), 0 < a < 1.
The counterexamples of Giaquinta [Gi2] and Hong [Ho] as well as the papers of
Acerbi and Fusco [AF] and of Fusco and Sbordone [FS] also suggest to study
classes of anisotropic integrands, which are in some sense decomposable, which
means that in our two-dimensional case we have f(Vu) = F(d1u) + G(dau) for
functions F, G : RV — R of class C2 which satisfy separately the isotropic ellip-
ticity conditions
p—2 p=2

(16) A1+ [XP) T [Y2 < DXE(X)(Y,Y) < A(1+[X12) T V]2,
(L7) A1+ [XP) T Y2 < D2GX)(Y,Y) < A(L+|X]) 2 V]2

for all X,V € RN. Note that (1.6) and (1.7) imply the (p, ¢)-growth of f stated in
(1.2). Clearly (1.3) does not give (1.6), (1.7), we just get the anisotropic versions
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of (1.6), (1.7) with exponent p on the L.h. sides and exponent ¢ the r.h. sides. If
we start from (1.6) and (1.7), then we arrive at (1.3) but with exponent 2 instead
of p on the Lh.s., and (iii) implies the weak result:

(iv) If (1.6), (1.7) hold with exponents 2 < p < ¢ < 4, then any local minimizer

has Holder continuous first derivatives in the interior of (2.

The first goal of our paper is to improve (iv) in the spirit of (iii), i.e. we like to
show that even under the new hypothesis on f the condition ¢ < 2p gives the
regularity of local minimizers, more precisely:

Theorem 1.1. Suppose that u € W;},loc(Q; RN) locally minimizes the energy J
defined in (1.1) (with Q C R?) and let

f(X1X2) = F(X1) + G(X2), X1, Xp € RY,

with functions F' and G satisfying (1.6) and (1.7). Then, if 2 < p < ¢ < co and
if in addition

(1.8) q<2p

holds, we have u € CH*(;RN) for all 0 < o < 1.

Remark 1.1. In [BFZ2] we recently showed that this result holds in the scalar
case even if ¢ = 2p, and that the statement also can be extended to domains
Q CR", n > 3, provided we know u € L{S (€2). Earlier results in this spirit are
due to Ural’tseva and Urdaletova [UU]J.

Remark 1.2. It is not hard to prove Theorem 1.1 in the subquadratic case, we
leave the details to the reader.

Remark 1.3. Of course it would also be possible to replace (1.6) as well as (1.7)
by anisotropic conditions with exponents p; < g1 in (1.6) and p2 < g2 in (1.7).
Then appropriate relations between p; and ¢; will imply regularity.

Remark 1.4. In [Mal, Theorem A] Marcellini considers a class of decomposable
integrals defined for scalar functions. Then, if p = 2 and Q C R?, he obtains
regularity without any restriction on ¢. It would be interesting to see if this result
can be extended to two-dimensional vector problems.

Next we formulate an extension of Theorem 1.1 to the higher order case, i.e.
we replace (1.1) by the functional

(1.9) Ju, Q) = /Qf(vku) dx

for functions u: R? 5 Q — RY. Here k > 2 is a fixed integer and VFku depotes the
tensor of all weak partial derivatives of order k. In [BF3] we showed: if f satisfies
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an ellipticity condition analogous to (1.3) and if u is a local J-minimizer (from
the natural class W;floc(ﬂ; RY)), then we have u € CF*(Q; RN) for all o € (0,1)
provided

(1.10) ¢ < min{p + 2, 2p}.

As in [BF3] it is easy to check that it is sufficient to study the case k = 2 together
with N = 1. Then V2u(x) can be seen as an element of R, and we will select
fixed entries, 1 < | < 3, of E € R* and denote this vector in R/ by Ej, whereas
Err € R*~! denotes the vector of the remaining components. Then we assume
that

(1.11) f(B)=F(Er) + G(Brp), EeRY,
with functions F : Rl — R, G : R R of class C? satisfying

(1.12) AL+ |X|2)%IYI2 < D*F(X)(Y,Y) < AL+ X[ ) 7Y,
(1.13) AL+ U SVI2 < DRV, V) < A(L+ [UPR) S [V 2

forall X,Y € Rl UV e R4~ with constants A, A > 0.

Theorem 1.2. Suppose that f satisfies (1 11)—(1.13) for exponents 2 < p < ¢ <
00, and let u € W2loc(Q) denote a local J-minimizer. Then u is of class C>®(Q)
for any o € (0, 1) provided

(1.14) q < 2p.

Remark 1.5. If k > 2, then under comparable conditions on the decomposition
of f, we get u € CF*(Q) if again (1.14) is satisfied.

Remark 1.6. In contrast to (1.10), (1.14) does not require the additional bound
qg<p+2.

Remark 1.7. According to the notation fixed before Theorem 1.2 we do not
require a strict decomposition which means that for the case Er; = 0102u(x)
this derivative also occurs in the part Ej of the matrix E. Of course this can be
excluded by viewing V2u(z) as an element of R3. On the other hand, Theorem 1.1
remains valid if /' depends in addition on Xo.

Our paper is organized as follows: in Section 2 we introduce a suitable local
regularization and recall some results on uniform local higher integrability and
higher weak differentiability, where we can follow the lines of, e.g., [BF1], [BF2]
with minor modifications. Then it is no longer possible to benefit from the paper
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[BF2]: the approach towards regularity based on techniques introduced by Frehse
and Seregin [FrS], which was carried out in [BF2], does not work if (1.3) is replaced
by (1.6) and (1.7). In Section 3 we apply a new tool, namely a lemma on the
higher integrability of functions established in [BFZ1], to overcome this difficulty
and to complete the proof of Theorem 1.1. In Section 4 we briefly indicate how
to adjust the foregoing arguments in order to handle the situation described in
Theorem 1.2, and in Section 5 we give some comments concerning the degenerate
case. In Section 6 we study the non-autonomous case, i.e. we prove Theorem 1.1
for energies of the form [, f(-, Vu) dz with f(x,Z) = F(z, Z1)+ G(z, Z2). In the
appendix we state the above mentioned (Gehring-type) lemma in a form valid for
any dimension.

2. Preparations for the proof of Theorem 1.1

Suppose that the assumptions of Theorem 1.1 are satisfied and consider a local
J-minimizer u. Fix two subdomains €1, 29 s.t. 21 € Q9 € 2, and denote by Uy,
m € N, the mollification of v with radius 1/m, in particular [T, — U”W,}(Qz) —0
as m — oo. We let

2
and introduce the functional

T, Q] = pm/ (1+ |[Vwl2)2 dz + J{w, Qo).
Q

2

Finally, we consider the sequence u,, € qu (Qa; RN ) of solutions of the minimiza-
tion problem

1 N
Im[ Q2] — min in Ty, + Wy (Q2;RTY).
The following facts have been established for example in [BF1]-[BF3]:

Lemma 2.1. We have as m — oo:
(i) um — u in WZ}(QQ;RN),
(i) o / (1+ [Vum[2)9/2 do — 0,
Q2

(iii) /Q f(Vug) de — . f(Vu) de.

From [BF1, Lemma 2.3], we deduce:
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Lemma 2.2. Let P € R*V and define u},(z) := um(z) — Px. Then, for any
n € C§°(Q2) and for v = 1, 2, it holds that

D2 frn (V) (8 Vi, ('“)»YVum)n2 dx
Qo

<c Dgfm(Vum)(Vﬁ ® 8«/114:,1, Vn® 8‘/’“:)1) d,
Q2

(2.1)

¢ being a positive constant independent of m.
In (2.1) ® denotes the tensor product of vectors. We use (2.1) to prove

Lemma 2.3. For any finite t we have that V., € L{ _(Qs; R2N) uniformly w.r.t.
to m.

PROOF: We use the interpolation and hole-filling trick originating in [ELM1]. Let
him = (1+ [01um )P/, By = (1 + |02um[*)?/4, fix a disc By = Bag(wo) €
Qg, select radii r € (R, %R), p € (0,1/2) and choose € C5°(B,yp/2), n =1
on By, |[Vn| < ¢/p, 0 <n < 1. Finally, we let a := Sy with y sufficiently large.

Then, if we take the sum w.r.t. v in (2.1) and choose P = 0, we get (by Sobolev’s

inequality with ¢ € (1,2) defined through 2y = %)

/(1+|81um|2)°‘dx+/ (1+ |Ogum|2) da
B, B

< / (nﬁl,m)%‘ dx + / (nﬁg,m)%‘ dx
Bag Bar

2x 2x

< C:(/Bm |V(nﬁ17m)|tda:>7 + (/Bm IV(nﬁz,m)ltdﬂf)T]

i - - X
<o [ 1vhPars [ V0Pl
L B2R B2R

<c / |V77|2ﬁ%7m d:zc—i—/ |V77|2]~7/%7m dx

Bar Baogr
- . X
+/ n2|Vh1,m|2d:c+/ 772|Vh27m|2d:c}
Bar Bar
1 79 79
< C[—g/ (R 4 + h3 ) dx
P” JBap

X
+ / |D? i (Vi) (V1) @ Oytim, V) @ Oyt dx} .
BT+P_BT'

If we estimate fBr+p_Bp ... roughly through p% fBr+p_BT (14|Vum|?)4/? dz, then
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we have shown that

/ (14 |Vum|?)* dz

(2.2)

1 . - 1 X
< c[—z / (13 o + 13 ) dz + — / (14 [Vum[2)2 dz| .
P” JByr P" JByy,—Br

By Lemma 2.1 the first integral on the r.h.s. of (2.2) can be estimated by a local

constant independent of m. If we choose x to satisfy px > ¢, then with © € (0,1)
[S) 1-©
p=4 + =
P

A hence

we can write % =

(S 1-06
[Vumllra < ||V“mHLPHVUmHpr )

where the norms are calculated w.r.t. T} , := By4, — By, and therefore
(2.3)

1 1 Oq/p (1—@)£
— [Vum|Tde < — </ |V, |P d:z:> </ |V, |PX da:) '
p™ Ty, P T, T,

TP P

Now from (1.8) it follows that (1 — @)% < 1, provided we choose x > p/(2p — q).

Then we can apply Young’s inequality on the r.h.s. of (2.3) with the result (s1, s2
denoting positive exponents)
(2.4)

1 82
= / |Vum|qd:v§cp—31{ / |Vum|”dx} +c[ / |VUm|dex]
P= T Bsyr Trop

Using (2.4) in inequality (2.2) and “filling the hole”, it follows that Vu,, €

L%OOé(QQ;RzN ) uniformly in m. But « can be chosen arbitrary large, and

Lemma 2.3 is established. O

1/x

From Lemma 2.3 combined with (2.1) (and the choice P = 0) we immediately
deduce that

(2.5) fLLm, }~L27m € W21710C(Qg) uniformly w.r.t. m,

since by (2.1)
/ 772 [|Vﬁ17m|2 + |V]~”L27m|2} dx
Q2
2 2\ 4 2 2
< | Vnl2 [pm [+ 1Vun) e+ [ 02RO [Vl da
(92 spt n

[ 10O [V P < clo) <
spt 1
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Clearly the same argument gives in addition to (2.5)

1 ~
(2.6) pm (1 + |Vum|2)% =:h3m € Wzl,loc(92) uniformly w.r.t. m.

Since we assume p > 2, the ellipticity estimates (1.6) and (1.7) imply that
/\fQ2 2 (|VO1um|? + |Vaum|?) dz is bounded from above by the Lh.s. of (2.1),
thus with a repetition of the above argument we get as a further consequence
of (2.1)

(2.7 Um € W22710C(92;RN) uniformly w.r.t. m.

Since we already know uy,, — w in WI} (Q2; RN), we may pass to a subsequence
to deduce from (2.7)

(2.8) Vupy — Vu a.e. on Q.
We wish to remark that (2.8) extends to the case that p < 2. The reader will find
the necessary adjustments in [BF1].
3. Proof of Theorem 1.1
We continue to use the notation introduced in the previous section and recall
from [BF1] the inequality
D2fm(Vum)(8«/Vum, 87Vum)772 dz

Qo

(3.1)
< —2/ ND? fin (V) (9y Vg, Oy, @ Vi) dz, 1 € CF°(Q2),
Qo

where from now on summation w.r.t. to 7 is used. Note that (3.1) implies (2.1)
with the help of the Cauchy-Schwarz inequality applied to the bilinear form
D? fr (V). Let Bap = Bap(xg) € Qo and choose 1 € Cy°(Bag) according
ton =1on Bg, |V <¢/R, 0 < n < 1. We further introduce the following
auxiliary functions:

H2, := D? (V) (9y Vg, 0y V)
= pmD? (V) (85 Vi, 0y Vi) + D2 F(911um) (9y 01 tm, O01um)
+ D2G(9atum ) (Dy Dt Oy Ooum),
where ¢(Z) := (14 |Z|?)%/2 for Z € RN moreover
ham = (14 [Orum[?) T
ham = (1+ [Oyum[?) T

q—2
h3m = (1+ |Vum|2) T /Pm-
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Recalling (2.1) and Lemma 2.3 again, we get
(3.2) Hp, € L2 .(Q9) uniform w.r.t. m,

moreover, the ellipticity estimates (1.6) and (1.7) show that

—2 —2
c1 | pm( 4 [Vum[2) 2 [V2um? + (1 + |01um[?) 2 |Vum|?
(3.3) .
+(1+ |32um|2)q2|V82um|2] < H2 < eal...]

holds with constants ¢, co > 0 being independent of m. With this observation
we deduce from (3.1)

H?n dz < —2/ n[me2g(Vum)(87Vum, Oy, @ V)
Br Bar

+ D2F(911um) (Dy 1, 0110yl
+ DG (Dot ) (D9 Oy, Dandyuly,)] dx
C

IN

-2
7 [ lm( 4 [ Vum?) 7 V| [Vum — P
Bar

(3.4) o p=2
+ (14 |O1um|*) 2 |VOorum||Vum — P

—2
+ (14 |O2um|?) 7 [Voum||Vum — P|] dz

c

< — Hy |V — Pl{h1m + hom + ham} dx
@3) R Jp,p
< < Hmhm|Vum—P|dI,

R Bar

where hy, := (him + h%m + hém)l/z. Let s = 4/3 and apply Holder’s inequality
as well as the Sobolev-Poincaré inequality to the last line of (3.4) in order to
deduce from (3.4)

1 1
(3.5) H2 dz < c[ ][ (Hmhm)® d:c} ) [ ][ V20| d:c} )
Br Bar Bar

Here fBR etc. denotes the mean value, and in (3.4) we take P := fBZR Vum dz.
Finally we observe using p > 2 and (3.3)

V2| = (101 Vum|? + 02 Vum|?)/? < cHy < cHphim,
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thus (3.5) implies

1
(3.6) HZ, d:v] ’ <c

1
][ (hmHm)de] °
Bar

and if for example we require Bog C 1, then ¢ is uniform in Byg and also in m.
In order to apply Lemma A.1 we let d := 2/s = 3/2, f := H},, g := hJ, in this
lemma, so that (3.6) can be rewritten as

i/ _
][ f d:v] <c fgdz.
Br

Bar

Br

From (3.2) we get f € LiiOC(Qz)7 and it remains to check if exp(3g%) € LL (Q2)
for arbitrary 5 > 0, i.e. if

(3'7) exp(ﬁh%n) € L%OC(Q2)

(of course everything is meant uniform in m). To prove (3.7) we let hy, =
(h3,, + h3,, + h3 m)1/2 and observe that

- 1 /- - - - - -
(V| < == (1l Vsl + hzon| V2 ml + Ram Viam)

m

< |Vﬁ1,m| + |Vﬁ2,m| + |Vﬁ3,m|;

and (2.5), (2.6) give |Vhny| € L%OC(QQ) uniformly w.r.t. m. This implies by
Trudinger’s inequality (see [GT, Theorem 7.15])

(3.8) / exp (ﬁoﬁgn) dz < c(p) < o

P

for disks B, € €2 with §y depending on the W%(Bp)—norm of hy,. From the
definition of the function A, it is immediate that

B2 <. ;L2(1—2/q)

m — m )

so that by (3.8) for any 5 >0

/ exp(Bh2,) da exp (cﬁﬁ%l_z/q)) dx
By

</ p
< /B exp (ﬁoﬁ?n + c(ﬁ)) dr < oo,

P
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and (3.7) follows. Lemma A.1 implies

(3.9) H2,10g%P (e + Hyy,) dz < (8, p).
Bp

Let 01,m := DF(01um). Then

Vorml? = 0, (DF@yun) - S01m
= D2F(81Um)(a'yaluma 67017771)

p—2
< c(l + |81um|2) 2 |V61um| |V017m|
< CHmhl,m|VU1,m|;

and we get [Voi ;| < cHphim < cHphp. But as demonstrated in [BFZ1]
(compare the calculations after inequality (2.11)) the latter estimate together
with (3.9) and the inequality |’ B, exp(Bh2,) dx < c(B3, p) implies

(3.10) / IVo1,m|? log® (e+ |Vor,ml) dz < (o, p),
B,

and (3.10) also holds with o1 ,, replaced by o2, := DG(O2um), where o is
arbitrarily large. If o > 1, (3.10) shows that the vectors o1y, 02,7, are continuous
uniformly w.r.t. m, see, e.g., [KKM, Example 5.3]. Alternatively, we may use
Lemma A.2 (choose E as a disc of radius p and apply a scaled version of (A3))
combined with the variant of the Dirichlet-growth theorem given by Frehse [Fr,
p. 287] to deduce the uniform continuity of o1y, and 3 p,. Since DF' and DG are
isomorphisms RY — RN, we get the uniform continuity of d1um, d2um, hence
the sequence {Vuy,} is uniformly continuous. Recalling (2.8) and using Arcela’s
theorem, we have shown that u is in the space C1(Qg; RN). If we let T = O,
v =1,2, then

0 :/ D2 f(Vu)(Va, V) de for all ¢ e C§O(Q;RY)
Q
is an elliptic system for u with coefficients D2f(Vu) of class C?, thus @ €
CO(Q;RN), 0 < a < 1, follows from classical results (see e.g. [Gil]). O

4. Proof of Theorem 1.2
In accordance with [BF3] we now let

—1
_ _ 2
p = = g | [ @+ 920272

2

7 o 2 2\% T
Tonlw, ] = pm/ (14 [V2w[?)? do + Jlw, Q)
Qo

331
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for functions w € VVq2 (Q), and denote by upy, the Jy[-, Qp]-minimizer in T, +

e]

Wg(Qg), where %y, is defined as in Section 2. Lemma 2.1 remains valid with
obvious modifications and as a substitute for (2.1) we get (compare the inequality
stated in Step 4 of Section 2 of [BF3])

/ 19D fin (V21um ) (95 V2, 0y VU, ) da
(4.1) 22
<- D? (V) (85 V2, V205050, + 2Vn® @ Voul,).
2
Here n € C5°(€2) is arbitrary and uy,(x) := um(z) — k(x), where k(z) is any
polynomial of degree < 2. Choosing k = 0 in (2.1) we can adjust Step 3 in Sec-
tion 2 of [BF3] along the lines of Section 2 to deduce V2uy, € LI _(Q2) uniformly
w.r.t. m for any ¢ < co. During this procedure the quantities 0jum,, 02ty have
to be replaced by (VZum)r, (V2um)sr, respectively, for example we now have
him = (14 |(V2um)[]?)P/4, etc. In the same spirit we deduce (2.5) and (2.6),
(2.7) has to be replaced by u,, € W23710C(Qg) uniformly w.r.t. to m, and (2.8) now

reads V2u,, — V2u a.e. on Q9. In Section 3 we replace the old function H,, by
H2, := D? fin(Vum) (8 V2 tum, 0y V),

and get from (4.1) (with an obvious new meaning of A1 1, h2.ms h3,ms hin)

(4.2) H2 dr<c Hphoy [| V205 |Vt — VE|+ | V°| [V, — V2E|] da.
Br Bsyr

This is exactly (2.18) in [BF3], and with the same calculations as in this paper we

get from (4.2) after appropriate choice of k the validity of (3.6). The hypothesis

of Lemma A.1 are still valid, so that we can deduce (3.9). Next we let o7, :=

Dﬁ((vzum)j),o'[[’m = Dé((v%m)n) and get the uniform continuity of o7 ,,,
O11,m, from which now the continuity of V2u follows. For the higher regularity
of u we can quote Section 2, Step 5, of [BF3].

5. Remarks on the degenerate case

In order to simplify our exposition and to benefit from our earlier work we
have stated our results for the non-degenerate case by the way excluding the
example [q[|01u[P 4 |dou|?dz, 2 < p < ¢ < 0o, or more general densities f(Vu) =
F(01u) + G(Oou) for which

—2
(5.1) AXPZ2YP < DPR(X)(Y,Y) < AL+ ]XP) Y],
q—2

(5:2) ANX[T2)Y 2 < D*GX)(Y,Y) S AL+ [XP) 2 [V

is true with constants A\, A > 0 and for all X, Y € RY. Under these assumptions
we have a regularity result which is slightly weaker than the conclusion formulated
in Theorem 1.1:
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Theorem 5.1. Suppose that u € WIIOC(Q;]RN) locally minimizes the energy J
from (1.1) and let f(X1X2) = F(X1) + G(X2), X1,Xo € RN, with F and G
satisfying (5.1) and (5.2) for exponents 2 < p < g < oo. Then, if (1.8) holds, u is
continuously differentiable in €.

Remark 5.1. Of course, a corresponding version of Theorem 1.2 is valid, if we
replace (1.12) and (1.13) by their degenerate variants.

SKETCH OF THE PROOF OF THEOREM 5.1: The following calculations have to
be made precise by approximation, which we leave to the reader. We have (com-

pare (3.1))
(5.3) / D2 f(Vu)(0yVu, 0y Vu)n? dz < —2 / D2 f(Vu)(0y Vu, dyu* @ Vi) dz
Q Q

for any n € C3°(Q2). Again we use summation w.r.t. . In (5.3) u* denotes the
function u — Pz for a matrix P € R2YV. We let

H? := D2 f(Vu)(dyVu, d,Vu),
2\ P—2
hi:= (1—|— |81u| ) 4
2, 4=2
ho := (1—|— |82u| ) 4
1
hi= (B} +h3)>

and get from (5.3), if n = 1 on a disc Bg = Bgr(xg), 7 = 0 outside of By € Q,
0<n<1land|Vn|<c/R (see (3.4))

(5.4) H%dy < < Hh|Vu — P|dz.
Br R /B,

Clearly (5.4) implies the “starting inequality” (compare (3.6))
3
1

(5.5) [ o hig dm]% < c[]gm(hﬂ)é d:z:] ,

and in order to combine (5.5) with the lemma from the appendix we have to check
the validity of (3.7) for the function £ in place of A,. Introducing hy = |81u|p/ 2
hg := |82u|?/? and h := (h? +h3)'/? we have as before |Vh| < |Vhy|+|Vha|, and
since the functions hy, hy are of class W2 loc» We arrive at (3.8) for the function h,
which implies (3.7) with minor changes in the calculation. The same arguments
as used in Section 3 then give continuity of dju and dsu, so that we deduce
ue CHO;RY). O
Remark 5.2. Due to the degeneracy of the problem we cannot use the hole-
filling argument originating in [FrS| and successfully applied in [BF4] in order to
deduce from Vu € CO(Q;R?YN) the local Holder continuity of the gradient for
some exponent 0 < o < 1.
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6. Comments on non-autonomous problems

In this section we discuss a variant of Theorem 1.1 for energy densities depend-
ing additionally on = € © € R2. To be precise we consider an integrand

f=flz,X1X2), 2€9Q, X, X,eRY

of splitting type
f(x,Xng) = F(:Z?, Xl) + G(:C,XQ)

with functions F, G : @ x RN — R for which the following hypotheses are satisfied
with exponents 2 < p < g < oo and with constants A\, A, ¢1, cg >0

6.1)  AQL+[zP) 7 |Y|2<D Flz, 2)(Y,Y) < A1+ |22 "2 [V ]2,
(6.2) DDy F(x, 2)| < er(1+ 213",
(63)  A1L+|ZP)" V2 < DEG, 2)(V,Y) < AL+ |22 Y,
(6.4) 1DaD Gz, Z)| < ea(1 + |Z2) 5.

Here z € Q and Z, Y € RY are arbitrary, and we require that D%F , D%G,
DyDyF, DyDyG are at least continuous on Q x RN, Note that (6.1) and (6.3)
imply the estimate (1.2) with f(z, Z) in place of f(Z) so that the definition of a
local minimizer u : © — R of the functional Jo f(z, Vu(z)) dz is the same as in
Section 1. The growth conditions (6.2) and (6.4) are motivated by the examples

p
2

Folz,Z) == alz)1 +|Z)2)%, Golz,Z) = b(z)(1+|2})2

for which (6.2) and (6.4) hold provided that the first derivatives of a(z) and b(x)
are bounded functions. We have the following result:

Theorem 6.1. Suppose that u € WIIOC(Q;]RN) locally minimizes the energy

Jo f(z, Vu(x)) de under the conditions (6.1)~(6.4). Then, if 2 < p < g < o0
satisfy the relatlon

(6.5) q < 2p,

the function u is of class CH*(; RYN) for any o € (0,1).

Remark 6.1. As explained in [ELM3] the relation between the exponents under
which one can expect regularity for anisotropic problems in general becomes more
restrictive if the non-autonomous case is considered. If for example we replace
(6.1) and (6.3) by the non-autonomous variant of (1.3), and if (6.2) and (6.4)
are replaced by |DyDyf(z, Z)| < e3(1+ 220 1/2 2 € Q, Z € RV, then
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in [BF5, Theorem 1.1, ii)] we could only prove the result of Theorem 6.1 under
the additional assumption Vu € L?OC(Q;RzN ) together with ¢ < 3p/2 in place
of (6.5). Theorem 6.1 however shows that for decomposable, non-autonomous,
anisotropic energies the higher-integrability assumption is superfluous and that

the natural relation for the exponents is sufficient for regularity.

PROOF OF THEOREM 6.1: As outlined in [ELM3], a Lavrentiev-phenomenon has
to be expected for the general non-autonomous, anisotropic case which might
destroy the convergences stated in Lemma 2.1. But since F' is of p-growth and
since G is of growth order ¢, we may argue as in [BF5, Lemma 2.1] to see that
(as m — o0)

F(-,01Tm) de — F(-,01u) dx,
92 Q2

/ G(-, 0oiyy) dx — G(-,0qu) dx,
Qz Q2

which is a consequence of 01Uy, — Oiu in LfOC(Q;RN) and Oy, — Jou in

LI (©;RY). Thus we still have Lemma 2.1 for the situation at hand. In order to

loc

get a substitute for inequality (2.1) we make use of inequality (2.6) from [BF5] with
the result (after application of the Cauchy-Schwarz and the Young inequality)

A D%fm(-, V) (0y Vi, &,Vum)nz dx
2

< c[ D%fm(-,Vum)(Vn(X)Byum,Vn@)&yum) dx
Q2
+ ‘ / OyDz fm (-, Vum) : Oyum @ Vnnd:z:’
Qo

+ ’/Q OyDz frm (s Vum) : 87Vum772 da:”,
2

v = 1,2, ¢ > 0 being independent of m. Taking the sum w.r.t. v and observing
(6.1) as well as (6.3) we get

2 2\ 22 2
Lh.s. of (6.6) 2/\[/ (1 + |91um|2) 2 [V 01 um|? da
Qo

6.7)
2 9, 4=2 2
+ 7 (14 |Ooum|®) 2 |VOoum|* dx|,
Qo
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whereas by (6.2) and (6.4) (from now on summation w.r.t. 7)

‘ /Q OyDz fm (-, Vum) : Oyum @ Vi dx
2
-1
< e Vnlloo / Vit (14 [Vt 2) 7" d
spt n
< Villso [ (1+|Vum|?)? dr,
spt n
moreover
A OyDz fm (-, Vum) : 87Vum772 dx
2

2\251 2
<ec (1 + |Orum|®) 2 |VOLum|n* dx +
Qo

Qo2

-1
(1 + |0oum[®) 2 [VOoum|n? d:z:]

-2 -2
< 5[/ (1+ |alum|2)%n2|valum|2d$+/ (1+ |82um|2)q7772|va2um|2 d‘r]
Qo Q

2
ya
2

+e(e) /Q 72 [(1+ 101w + (1 -+ [Dgum[?) 2] da.

For e small enough the e-term can be absorbed in the r.h.s. of (6.7), and if we
specify 7 as in the proof of Lemma 2.3, we get from (6.6), (6.7) and the previous
calculations the estimate

/ 772|V}~11,m|2d33—|—/ 772|V}~l2,m|2 dx
Bar Bar
< c[/ |D2me(~,Vum)(Vn®8fyum,Vn®8«/um)|d:c
Bryp—Br
e [ @+ [Vum)E do
spt Vn

+/ [(1+|31um|2)%+(1+|(92um|2)%}dx}
Bop

Assuming R < 11it is immediate that (6.8) implies inequality (2.2), and as demon-
strated in the proof of Lemma 2.3 we get for any finite ¢

(6.9) Vum € L, (Q2; R*V)  uniformly in m.

In order to continue we observe that (2.5)—(2.8) clearly remain valid and that
according to (2.6) from [BF5] inequality (3.1) has to be changed by adding the
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terms

T) = _2/ N0y Dz fm (-, Vum) : Oyuy, @ Vidz,
Qo

T, ;:_/Q 120507 fon -, Vim) = 85V tum dt
2

on the r.h.s. Thus (3.4) is replaced by
(with HZ, := D% f (-, Vum ) (04 Vum, 0y Vi)

(6.10) / PH2 de < < [ Hphm|Vum — Pldz + |[T1] + | T3,
Bar R /B
and for any € > 0 we have

|Ty| < 5/ n?H2, dx + c(a)/ n?h2, de,
Bar Bar
whereas
p—1 q—1
|T1| < c/ n|Vum — P| [(1 + |O1um|?) 2 4+ (14 |Goum|?) 2 ||V d,
Bar
thus for ¢ small enough we deduce from (6.10)

(6.11)

Hgldzzrg £ Hmhm|Vum—P|d:c+c/ Bgnd:c
BR B2R B2R
a

c 2,21 2\ 41
) A | (R T o R (R T D 2
R JBog

The first term on the r.h.s. of (6.11) is handled exactly as before (see the calcula-

tions after (3.4)), and by abbreviating O, := (14 |91um|2) 2 + (14 |Baum|?) *z
we get from (6.11)

2
s c
H2 dx <c ][ (Hmhm)de} + ﬁ/ |Vt — P|O, da
Br Bar Bagr
—I—C][ ﬁ?n dz
Bar
< c[]L (Hmhm)® d:c}
Bar

1 1
C 4 4 s s 72
+ﬁ{/ |Vt — P| d:v] @mdx} —I—C][ hz, dx
Bagr Bsogr Bop

2 1 1
< c[]L (Hmhm)sd:c} ) —l—c[][ |V2um|sd:c} ) [][ @fnda:] )
Bsyr Bar Bsyr

+ c][ ﬁ%n dz.
Bar
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Using the inequality stated before (3.6) as well as Young’s inequality it is shown
that

2 2
H,%]d:cgc{][ (Hmhm)sda:]s+c[]L @fnd:c}s—kc][ R, da,
Br Bar Bar Bar

thus

s
2

2 N
[ H,%Id:c} §c][ H,snhﬁnd:r—l—c]L @fnd:c—kc{][ hgnd:c} ,
Bpgr Bagr Bapr Bar

and since

67 dr<c
Bar

02, dx} ’

Bsr
we finally arrive at

5 ~ 3
(6.12) { H%dx] gc][ anhfnd:c+c[][ (O + )2 da| "
BR B2R B2R

Letting h := (O, + hyy)® in Lemma A.1 (all other quantities are as in Section 3)
we deduce from (6.12) the validity of (3.9) by recalling that (6.9) implies all
the required uniform local bounds which are used to carry out the calculations
leading to the conclusion (3.9). In order to continue we proceed similarly to
[BFZ3, Section 3]. Let 01 5, := Dz F(-,01us,). Then

IVo1m|? = 0y(DzF (-, 01um)) - 0y01,m
= D% F (-, 01um)(Dy 1 tm, Oyo1m) + (03 Dz F) (-, Drum) - Dyo1.m
—1
< C[Hmhl,mlvol,m| + (1 + |81um|2)pT |VU1,m|}
and in conclusion
9\ -1
IVo1,m| < c[Hmhm + (1 + [Vum|?) = |.

In [BFZ3] (compare the calculations after (3.9) in this reference) it is shown how
to combine (3.9) with the latter inequality in order to get (3.10) for o1 4,, and of
course the same inequality is true for 09 ,, := DzG(-, Ooum). Therefore we have
the uniform continuity of o1 4y, 02, by using the same argument as done at the
end of Section 3. In order to deduce from this the uniform continuity of d1um,
Ooum,, we may use the implicit function theorem in the same way as in [BF6]. This
implies u € C1(Q;RY), and the degree of regularity of u again can be improved
by applying standard arguments of elliptic regularity theory (see, e.g. [Gil]) to
the system satisfied by 0,u, v =1, 2. O
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Appendix. A lemma on the higher integrability of functions
The following result has been established in [BFZ, Lemma 1.2].

Lemma A.1. Let d > 1, # > 0 be given numbers. Consider functions f, g, h
from a domain G C R™, n > 2, being non-negative and satisfying

TelLl (@), exp(Bgh) e Li (G), helLfl (Q).

loc loc

Suppose further that there is a constant C' > 0 such that

1
][ Ed dx} a4
Bar

holds for all balls Bop = Bop(xg) € G. Then there exists a real number ¢y =
co(n,d,C) as follows: if

(A1) ]é 7 d:v] ‘cod Fgdv+c

Bar

(A.2) 7% 10gB (e + B) € LL (G),

then the same is true for f.
It follows from Lemma A.1 (see Corollary 1.3 in [BFZ1])

Lemma A.2. Suppose that f, g, h are the same as in Lemma A.1, and that
(A.1) is true for all balls Bop = Bog(xo) € B1(0) C R™. Suppose also that

I log®B (e + 1) € L (B1(0)), where cq is as in Lemma A.1. Then

(A.3) /197d dz < clog=“P (e + ﬁ)

for all measurable sets E C By (0), where the constant ¢ depends only on n,

d, C, 3, f, g and h but not on the set E, and L"(E) denotes the n-dimensional
Lebesgue measure of the set E.
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