Commentationes Mathematicae Universitatis Carolinae

Tamés Matrai
Covering Y:-generated ideals by TI{ sets

Commentationes Mathematicae Universitatis Carolinae, Vol. 48 (2007), No. 2, 245--268

Persistent URL: http://dml.cz/dmlcz/119655

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 2007

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/119655
http://project.dml.cz

Comment.Math.Univ.Carolin. 48,2 (2007)245-268

Covering Eg-generated ideals by Hg sets

TAMAS MATRAI

Abstract. We develop the theory of topological Hurewicz test pairs: a concept which
allows us to distinguish the classes of the Borel hierarchy by Baire category in a suitable
topology. As an application we show that for every l'[g and not Eg subset P of a Polish

space X there is a o-ideal Z C 2% such that P ¢ 7 but for every Eg set B C P there
is a Hg set B’ C P satisfying B C B’ € Z. We also discuss several other results and
problems related to ideal generation and Hurewicz test pairs.
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Classification: Primary 54H05; Secondary 03E15

1. Introduction

Let (X,7) be an uncountable Polish space. For every 0 < £ <wj and P C X
let Sg (P) and Pg(P) denote the collections of 22(7’) and Hg (1) subsets of P. In
this paper we prove in particular the following result.

Theorem 1. Let £ be a successor ordinal such that 1 < { < wy. Let (X, 1) be an
uncountable Polish space and P C X be a Hg(T) and not 22(7) set. Then there

is a mapping ®: Sg (P) — Pg(P) such that for every B, B* € Sg (P) (i < w),

BC®(B) and P\ | J®(B") #0.

<w

At first sight this result may seem not to be informative so we discuss why the
effort is made for it. Our first motivation is the effort itself: the proof is based
on the concept of topological Hurewicz test pairs. The main innovation in this
method is that for every (nice) Hg (1) set P C X we are able to construct a Polish

topology T7p on X such that it is true in particular that every 22(7’) subset of

P is meager in the relative topology 7p|p (compare to a result of S. Solecki [8,
Theorem 2.2, p. 526]). Thus Theorem 1 is plausible in the sense that every Eg (1)
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subset of P, i.e. the kind of subsets B of P that we intend to cover with ®(B),
are small in Baire category relatively to P. In this paper we develop the theory
of topological Hurewicz test pairs; Theorem 1 will be a nontrivial application of
this technique.

The second motivation for Theorem 1 is that we think that it is the best result
one can obtain in ZFC: we conjecture that it is independent whether Theorem 1
fails for limit ordinals or not and that it is also independent whether ®(B) can
be chosen to be Hg(T) for ¢ < £ or not. We will discuss the problem of limit
ordinals at the end of the paper after the proof of Theorem 1. Here we only argue
for the independence of the problem arising from the quest for the optimal Borel
class for ®(B). First we give a definition and two results.

Definition 2. Let 7 be a o-ideal and F C Z. We say that 7 is generated by F if
for every G € T there exist F; € F (i <w) such that G C (J;, F;. We say that
F is cofinal in T if for every G € T there is an F' € F such that G C F.

S. Solecki proved the following result (see [7, Theorem 1, p. 1023]).

Theorem 3 (S. Solecki). In the Polish space (X,7) let T C 2% be a o-ideal
generated by its II(7) members. Let A C X be a £1(7) set. Then either A € T
or there is a TI3(7) set G C A such that G ¢ T, moreover F N G is relatively
T|g-meager in G for every F € T.

It is natural to ask whether the same result holds for higher Borel classes (see
[6, Question 1.9]).

Question 4 (A. Miller). Let (X, 7) be a Polish space and fix an ordinal £ satis-
fying2 < € < wy. Let T C 2% be a o-ideal which is generated by its Hg members.
Is it true that for every analytic set A C X, either A € T or there is a H2+1 set
B C A such that B¢ I?

Before all further comments it is important to point out that this question is
already refuted by the following unpublished result of A. Kechris and M. Zeleny.

Theorem 5 (A. Kechris-M. Zeleny). Assume V = L. Then there is an analytic
set A C 2% and a o-ideal T C 22° such that A ¢ T but T contains every Borel
subset of A and the TI3(row) members of I are cofinal in T.

That is the answer to Question 4 is consistently negative. Moreover, in The-
orem 5 instead of the condition V = L it is enough to assume the Continuum
Hypothesis, which is a consequence of V' = L (see e.g. [1]), and for a consistent
counterexample we do not need one special analytic set (see [5, Theorem 6)).

Theorem 6. Let (X,T) be a Polish space and P C X be a Borel and not £9(7)
set. By assuming the Continuum Hypothesis there is a o-ideal T such that
1. the IIJ(7) members of T are cofinal in Z;
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2. S{(P)CI;
3. P¢1.

Observe that by Theorem 1 for £ = 3 we have in particular that for every
IT)(7) and not £9(7) set P C X the o-ideal

7= {AgX:EIBi e S{(pP) (i<w)<A§ U <I>(Bi))}

<w

satisfies P ¢ Z but for every B € S{(P) there is a B’ € PJ(P) N T satisfying
B C B’. So Theorem 6 strengthens this by providing a o-ideal with cofinal 1'[(2)
members instead of a Hg—generated one. We think that it is consistently true for
every 1 < £ < wi that in Theorem 1, ®(B) can be taken in IIY(7) (B € Sg(P))
Moreover, for this only Theorem 6 should be established for 3 < ¢ < wj; that

is for every Borel and not 22(7’) set P C X we need to construct a o-ideal 7

with cofinal IIJ members such that 82 (P) CZ but P ¢ Z. On the other hand, a
consistently positive answer to Question 4 could give that ®(B) cannot be taken
in II9(7) for ¥ < &, that is ®(B) € Pg(P) is optimal (B € Sg(P)) However, up
to our knowledge these problems are open.

The paper is structured as follows. In Section 2 we recall and introduce some
key notions related to the refinement of topologies in Polish spaces. Next, in
Section 3, we prove Theorem 1 for £ = 2; this case is treated separately because
no Hurewicz tests appear in the proof, moreover the argument which covers the
3 < ¢ < wy case is not applicable for £ = 2. We define our topological Hurewicz
test pairs and discuss their basic properties in Section 3. In Section 4 we obtain
sufficient criteria for sets to be in a topological Hurewicz test pair and we prove
Proposition 34, which is the main lemma toward Theorem 1 but might be inter-
esting on its own right. In Section 5 we construct Hurewicz test pairs, we prove
Theorem 1 for 3 < ¢ < w; and we close the paper with a short analysis of the
proof.

2. Preliminaries

Our terminology and notation follow [2]. As usual, Hg(r) and 22 (1) (0< &<

w1) stand for the fth multiplicative and additive Borel class in the Polish space
(X,7), starting with II{(7) = closed sets, £9(7) = open sets. A set is called
proper Hg(r) if it is 1'[2(7') and not 22(7’) (0 <& <wr).

Let (C,7¢c) denote the Polish space 2% with its usual product topology. For
two finite sequences s,t € w<¥, we write s C ¢t and s C t if ¢ is an extension
of s and if ¢ is a proper extension of s. The length of s is denoted by |s|. If

s=(s081...8p—1) and i < w, then s stands for the sequence (sgsy ... Sp—1%).
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If T C w<¥ is a subtree and s € w<¥ we set Ts = {t € w<¥:s7t € T}. The
terminal nodes of T are denoted by T(T).

Let &,9; (i < w) be ordinals. We write ; — & if £ is successor and ¥; +1 =¢
(i <w)orif ¢ is limit, ¥; <9 (i < j < w) and sup;,, ¥; = &.

For every ordinal £ < w1 we fix once and for all a sequence (¢;);<., such that
¥; — &. To avoid complicated notations, we do not indicate the dependence of the
sequence (9;);<, on &, it will be always clear which pair of ordinal and sequence
is considered.

In this note we will notoriously refine Polish topologies by turning countably
many closed sets into open sets. We do this as described in [2], that is the open
sets of the ancient topology together with their portions on the members of our
collection of closed sets serve as a subbase of the new, finer topology. We will use
that the topology obtained in this way is also Polish.

Definition 7. Let (X,7) be a Polish space, P = {P;:i < w} be a countable
collection of IT{(7) sets. Then 7[P] denotes that Polish topology refining 7 where
each P; (i < w) is turned successively into an open set. For the precise procedure
we refer to [2, (13.2) Lemma and (13.3) Lemma, p. 82].

It is easy to see that the resulting finer topology 7[P] is independent from the
enumeration of P. This will be clear shortly when we fix a base of 7[P]. We also
use the notation 7[P] when the countable collection of not necessarily IT9(7) sets
P can be enumerated on such a way that P, is IIY(7[{P;:i < n}]).

Definition 8. If 7, (n < w) is a Polish topology on some base set X then
V p<w Tn denotes the coarsest topology on X which refines each 7, (n < w).

The resulting topology is also Polish and we will shortly fix a countable base
for it. Before doing this we need a precise notion of basic open sets in our spaces.

Definition 9. Let (X;,7;) (i € I) be Polish spaces; if a basis G; is fixed in the
spaces (X;,7;) (¢ € I), which are meant to be the basic open sets in (X;, 7;), then
the basic open sets of ([[;c; Xi, [[;c; 7)) are the open sets of the form

HGZ'X H XZ',

ie ieI\J

where J C [ is finite and G; € G; for every i € J.

If the family G basic open sets is fixed in the Polish space (X,7) and 7[P]
makes sense for a countable collection P of subsets of X, then the basic open sets
of 7[P] are of the form GNFyN---NF,_1 or Gwith Ge G, F; € P (i <n); a
basic 7[P]-open set is said to be proper if it is not T-open.

If the basic open sets Gy, are fixed for the Polish topologies 7, (n < w) then the
basic open sets for \/n<w Tn, are the sets of the form Gn,; where Gy, € Gy,
(m<w, n; <w (i <m)).

<m
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Observe that the basic open sets defined on this way form a basis of [[;c; 7,
7[P] and \/,, ., Tn, respectively. From now on whenever a Polish space (X,7)
appears we assume that a countable basis comprised of basic 7-open sets is fixed;
and this is done with respect to the convention of Definition 9 if it is applicable.
We take X to be basic 7-open. Basic open sets are assumed to be regular open.
In zero dimensional spaces we assume that our basic 7-open sets are H?(T); note
that our procedure of refinement results a zero dimensional space from a zero
dimensional one with II{(7[P]) basic 7[P]-open sets. If two Polish topologies 7
and 7' are given on the same base set and 7’ is finer than 7 we assume that the
basic 7-open and the basic 7/-open sets are fixed such that the every basic T-open
set is also basic 7/-open.

The closure of a set A C (X, 7) is denoted by cl-(A). We will never have to
fix a special compatible metric on our Polish spaces but we will condition on the
diameter of sets. In this case diam, denotes the diameter in an arbitrary fixed
metric generating 7. We assume that diam(X) < 1.

We recall that a TI9(7) subset G of the Polish space (X,7) is itself a Polish
space with the restricted topology 7| (see e.g. [2, (3.11) Theorem]). In particular,
the notions related to category in the topology 7 make sense relative to G.

We will have to return to the topologies on the coordinates in product spaces.
If (X,0), (Y,7) are arbitrary topological spaces and (X,S) = (X x Y,0 x 1),
then we define Prx(S) = 0. The projection of product sets in product spaces is
defined analogously. If Gx C X and Gy C Y, we say that the set of product
form G = Gx x Gy C X is nontrivial on the X coordinate if Gx # X.

Finally we recall a result which was the strongest motivation for the topolo-
gization of Hurewicz tests and will be used in the proof of Theorem 1 (see [3]).

Theorem 10 (A. Louveau, J. Saint Raymond). Let 3 < ¢ < wj and (X, 7) be a
Polish space. If P; C C is proper Hg(’?'c) and Ay, A1 C X is any pair of disjoint
analytic sets, then either Ay can be separated from Ay by a 22(7’) set or there is a
continuous one-to-one map ¢: (C, 7¢) — X with ¢(P¢) C Ag and p(2*\ P¢) C Aj.

The same conclusion holds for £ = 2 if P» C C is the complement of a dense
countable set.

3. The £ =2 case

From now on (X, 7) denotes a Polish space. In this section we prove Theorem 1
for ¢ = 2. The proof does not use topological Hurewicz test pairs; instead, it is
based on a compactness argument which was pointed out to the author by Zoltdn
Szentmiklossy. The fact that this argument, which brakes down for £ > 2, can be
substituted by a reasoning based on topological Hurewicz test pairs may motivate
other applications of the topological Hurewicz test pairs.

In this section (N, 7pr) stands for w* with its usual product topology. For
f,9 € N we write f < g if the set {n <w: f(n) > g(n)} is finite. We will use the
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following well-known results (see e.g. [2, (7.7) Theorem, p. 37], [2, (4.11) Excercise,
p.20] and [1, Lemma 29.6, p. 575]).

Proposition 11. Let N C C be the complement of a dense countable set. Then
(N, 7¢|n) is homeomorphic to (N, Tar).

Proposition 12. Let K C N be a H?(TN) set. Then K is compact if and only
if K is dominated, i.e. there exists f:w — w such that for every g € K we have

g(n) < f(n) (n <w).

Proposition 13. Let (f;);< € N be arbitrary. Then there exists an f € N
satisfying f; < f (i <w).

PRrROOF OF THEOREM 1 FOR & = 2: Take N C C' to be the complement of a dense
countable set. Then by Proposition 11, (N, 7| ) is homeomorphic to (N, 7pr) so
in the sequel, with a little abuse of notation we identify (N, 7¢|n) with (N, 7p7).

We apply Theorem 10 for £ = 2 with P, = N C C in (X, ) for the IIJ(7) and
not £9(7) set P. We get a continuous one-to-one map ¢: (C,7¢) — (X,7) such
that o~ 1(P) = \.

We define ®: SY(P) — PY(P) as follows. For every B € SY(P) fix a decompo-
sition B = {J;,, Bj where Bj is I)(7) (j <w). Then ¢~ 1(B;) C C is I(7¢)
hence compact (j < w). Since B; C P and ¢~ 1(P) = N, we obtained that
(p_l(Bj) C N is a compact set (j < w). By Proposition 13, for every j < w there
is a function f;:w — w such that for every g € ¢~1(B;) we have g(n) < fj(n)
(n <w). Let fp:w — w be such that f; < fp (j <w) and set

F(B)={9geN:VN <w3In>N (g9(n) < f(n))}.
We define ®(B) = (P \ ¢(N)) U o(F(B)).

Clearly, P\ ¢(N) = P\ ¢(C) is a II(7) set. Since F(B) is HO(TN) and
homeomorphisms keep the Borel class of sets we have that ®(B) € PY(P). We
show that B C ®(B); take g € B. If x € B\ p(N) then 2z € P\ (N ) ®(B).
If 2 € BN W), say € Bj Np(N) then [p~(z)](n) < fj(n) (n < w) hence
¢~ 1(z) € F(B) so again 2 € ®(B).

Finally, for i < w let B € SS(P) with its decomposition B* = Uj<w B;,
eventual dominator fg; and covering set F(B*). Take g:w — w such that fgi < g
(i <w). Then g ¢ F(B) (i < w) hence p(g) € (N) \ U,<,, ¢(F(B?)), that is
¢(9) € P\ U;<,, ®(B"). This completes the proof. O

4. Topological Hurewicz test pairs

In this section we construct our Hurewicz test pairs. In order to produce
a sufficiently big family of test pairs we need a machinery which allows us to
condition on the construction of a given Borel set from simpler sets. For this,
we handle a TI2(7) set by coding its construction from closed sets in a tree. The
following inductive definition makes this concrete.
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Definition 14. Let 0 < ¢ < wy and ¥; — &. For & = 1, [P, (Py)] is called a ITY(7)
set with presentation if P = Py is a TIY(7) set.

Suppose that the Hg(’?') sets with presentation are defined for ¢ < £. Then
[P, (Pt)tcr] is a 1'[2(7') set with presentation if T C w<%“ is a subtree such that
{(i):i <w} CT, P = X \Ujcy Py and [Py, (Pimt)tet,,] is a II) (7) set with
presentation (i < w).

It is important to note that a 1_.[2(7) set with presentation is not necessarily a

proper 1_.[2(7) set. For example such a set can easily be empty.
Next we define the test sets and the corresponding topologies.

Definition 15. Let 0 < £ < wj and P C X. We call the pair {P,7p} a Hg(T)
topological Hurewicz test pair in (X, 7) if
1. Pisa Hg(T) set;
2. 7p is a Polish topology on X refining 7;
3. P is a Tp-nowhere dense II{(7p) set;
4. (a) € = 1: if for a 7-open set A C X and a basic 7p-open set G with
GNP # () we have AN P is 7p|p-residual in G N P then A is 7p-
residual in a Tp-open set G’ C G such that GNP C ¢l (G' N P).
(b) 1 < £ is a successor ordinal: if for a ¥ < ¢, a Hg(T) set A C X and
a basic Tp-open set G with G N P # () we have AN P is 7p|p-residual
in GNP then A is T7p-residual in G.
(c) 1 < ¢ is a limit ordinal: for every ¥ < & there is a Tp-open set Hx p(¥})
such that P C Hx p(?') C Hxp() (¥ < ¢ < §) and if for a
¥ < a Hg(r) set A C X and a basic Tp-open set G with GNP # ()
we have AN P is 7p|p-residual in G N P then A is 7p-residual in
Gn HX,P(ﬁ)-

Notice the paradox behavior of a test pair { P, 7p}. Even if P is a 7p-nowhere
dense H?(TP) set, that is it is negligible in the sense of Baire category, from the
information that a set A has a Borel class lower than the Borel class of P and
AN P is big in category relative to P we conclude that A is big in the whole space
X, that is A is of 7p-second category.

Observe also the following fact.

Lemma 16. Let (X,7’) be a Polish space and T be a Polish refinement of 7’.
Let {P,7p} be a Hg(T) topological Hurewicz test pair in (X, 7). If P is also a
Hg(rl) set then {P,7p} is a 1'[2(7") topological Hurewicz test pair in (X, 7).

PROOF: Since every 29(7') set is 9(7) and every II(7') set is II(7) (¢ < &)
the statement follows. O

We associate topologies 755 and 7p to Hg(r) sets with presentation [P, (P;):cr].
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Definition 17. Consider a Hg(r) set with presentation [P, (P;)icr]. For £ =1

we define TI§ =7p=7. If1 <{<w and 7g is defined for H%(T) sets (@ with
presentation for ¥ < &, set

P= {P(n) N )X\ Py)in < w}.

<n
We define 75 = \/; ., TP, and Tp = 75[P].

Note that the topologies Tlf and 7p depend on the presentation of P. However,
we do not indicate this in the notation, the presentation will always be fixed in
advance. Observe also that P is disjoint to the members of P and that the sets
in P are pairwise disjoint.

Next we prove an auxiliary claim on how P is related to the topologies T;, TP.
For its proof we will need the Kuratowski-Ulam Theorem in the following form
(see [2, (8.41) Theorem)]).

Theorem 18 (Kuratowski-Ulam). Let (X,7) and (Y,o) be Polish spaces, let
G = Gx x Gy be a basic T x g-open set in X x Y and consider a Borel set
ACX xY. Set AY ={z € X:(x,y) € A}. Then A is T x o-residual in G if and
only if
{y € Gy: AY is T-residual in Gx}

is o-residual in Gy .
Proposition 19. With the notation of Definition 17 we have the following.

1. PisTIY(75) and 9 (7p).

2. If G is basic Tp-open and G N P # () then G is in fact basic Tﬁ—open.

3. The topologies Tp|p and 75| p coincide.
4. The topologies

PP \Uicn Py 389 7B IPGo\Uic, Py (7<)
coincide.
5. If (Y, o) is any nonempty Polish space and {P,Tp} is a Hg(T) topological
Hurewicz test pair in (X, 7) then {PxY,7px o} isa Hg(r X o) topological

Hurewicz test pair in (X x Y,7 x ¢); and if £ is a limit ordinal then
Hxxy,pxy () = Hx,p(¥) x Y fulfills the requirements.

PRrROOF: We prove the first statement by induction on . For £ = 1 the statement
is obvious. Let now 1 < £ < wj and suppose that the statement holds for ¥ < €.
We have

(1) P=x\{JPn=x\U <P(n)ﬂﬂ(X\P(i))>7

n<w n<w <n
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where P, is IY(75) (n < w) by the inductive hypothesis and Py N Nicn (XN
P;)) is Tp-open (n < w) by definition, so 1 follows.

By Definition 17 proper basic 7p-open sets do not intersect P, which shows 2.
This immediately implies 3.

Since the sets in P are pairwise disjoint, if G is a proper basic 7p-open set
which intersects P,y \ (U;j<p, P(i)) then G = G' N Py \ (U<, Piy) where G” is
basic Tl§—open, so 4 holds.

For 5, let G be a basic 7p X c-open set, say G = G x X Gy where Gy is basic
Tp-open in X and Gy is basic g-open in Y. If { =1, let A be a 7 X g-open set
such that AN(P xY) is (7p X 0)| pxy-residual in GN(PxY) = (GxNP) xGy.
Let

G = U{H C G:H is basic Tp x g-open, A is 7p X o-residual in H}.
Then G’ C G and A is 7p x o-residual in G’ so it remains to show that
GN(PXY)Cclrpxo(G'N(PxY)).

Suppose that K = Kx x Ky C G is a nonempty basic 7p X o-open set such that
KN(PxY)CGN(PxY)\clrpxo(G' N(PxY)).

Then AN(P xY) is (tp X 0)| pxy-residual in (Kx N P) x Ky, so by Theorem 18,
W ={ye Ky:AYNP is 7p|p-residual in Kx N P}

is o-residual in Ky. Since {P,7p} is a II(7)-topological Hurewicz test pair,

by Definition 15.4(a), for every y € W there is a 7p-open set K (y) C Kx

such that AY is 7p-residual in K’ (y) and Kx N P C cl (K’ (y) N P). Since

(X, 7p) has countable base there is a basic 7p-open set KS( C Kx such that

{y € Ky: K C K'\(y)} is o-nonmeager, hence residual in a basic o-open set
K3, C Ky . Thus we obtained that

{y € Ky,: AY is 7p-residual in K }

is o-residual in Ky,. Then by Theorem 18, A is 7p X o-residual in K/ = K’ x K,
that is K’ C G, a contradiction.

Let now 1 < £ < wjy be a successor ordinal, ¥ < £ and A be a Hg(T X o) set
such that AN (P xY)is (p X 0)| pxy-residual in (Gx N P) x Gy. We show that
Ais 7p X o-residual in G. By Theorem 18,

W={yeGy:AYNP is 7p|p-residual in Gx N P}
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is o-residual in Gy. Since {P,7p} is a Hg(T)—topological Hurewicz test pair, by
Definition 15.4(b), AY (y € W) is 7p-residual in G x. Then again by Theorem 18,
A is Tp X o-residual in G, as stated.
Let now 1 < £ < w1 be a limit ordinal. We show that

Hxxy,pxy (@) =Hx p(¥) xY (9 <&)

fulfills the requirements. Let ¥ < £ and A be a Hg(r x o) set such that AN(PxY)
is (1p X 0)|pxy-residual in (Gx N P) X Gy. By Theorem 18,

W ={yeGy:AYNP is 7p|p-residual in Gx N P}

is o-residual in Gy. Since {P,7p} is a Hg(T)—topological Hurewicz test pair, by

Definition 15.4(c), AY (y € W) is 7p-residual in Gx N'Hx p(¥). Then again by
Theorem 18, A is 7p X o-residual in

GNHxxy,pxy(W) = (Gx NHx, p(¥)) x Gy,

as stated. This completes the proof. O

The following claim describes the behavior of a topological test pair with re-
spect to 22(7) sets. Compare it to Definition 15.4(a).

Proposition 20. Let 0 < { < wy and let {P,7p} be a Hg(r) topological Hure-
wicz test pair. If for a 22(7) set W and Tp-open set G with GNP # 0 we
have W N P is 7p|p-residual in G N P, then W is Tp-residual in a Tp-open set H
satisfying that GNP C cl, (H N P).

PrROOF: For £ =1 the statement follows from the definition. Let now 1 < £ < wy
and write W = J;,, Q;, where Q; is Hgi (r) and ¥9; - & IFWNGNP is
7p|p-residual in G N P then let H; denote the maximal 7p-open set in which Q;
is Tp-residual (i < w). By Definition 15.4, the T7p-open set H = | J,;_,, H; meets
every Tp|p-open set intersecting G N P, which proves the statement. ([l

In the following theorem we give a method allowing to build up inductively a
topological Hurewicz test pair from simpler test sets.

Theorem 21. Let 0 < § < wy, ¥; — & and let [P, (P;)cr] be a nonempty
Hg(r) set with presentation. If { =1 and P is T-nowhere dense then {P,7p} is
a topological Hurewicz test pair.

For 1 < ¢ < wy suppose that ;. F(;) is 75-dense in X and {P(i),’?';} is a
Hgi (1) topological Hurewicz test pair in (X, 7) (i <w). Then

1. Pis Tl§ -residual;
2. {P,7p}isa 1'[2(7') topological Hurewicz test pair.
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PROOF: If £ = 1, G’ = ANG does the job. Let now 1 < ¢ < wy. Since {P(n),’?';}
(n <w)isa Hgn () topological Hurewicz test pair, P,y (n <w) is 75 -nowhere
dense so statement 1 follows from equation (1).

For 2 we have to check the conditions of Definition 15; 1 holds by the choice
of P, 2 follows from Definition 17.

For 3, by Proposition 19.1 it remains to show that P does not contain any
nonempty basic Tp-open set. Suppose that G C P and G is nonempty basic
Tp-open. Then by Proposition 19.2, G is basic T;—open, we have |J;,, P(i) is
75-dense hence Py NG # 0 for some n < w, a contradiction.

Let now 9 < £, A C X be Hg(r), G be a basic Tp-open set with GNP # () and
suppose that AN P is 7p|p-residual in G N P. By Proposition 19.2, G is actually
Tl§—open while by 1 and Proposition 19.3, A is T;—residual in G.

Set G' = G if € is a successor. If ¢ is limit let /] < w be minimal such that
9 < Jp, set ’HX’p(ﬁ) = mz’<IX \ P(z) and ¢/ = G ﬂHXJD('l?) = G\Uz<IP(2)
We have

PCHxp(®) CHxp®) (0 <9 <)

by Definition 14. It remains to show that A is 7p-residual in G’. Note that G’ is
75-open and that A is 7;5-residual in G’.

Suppose that A is not 7p-residual in G’; that is we have a nonempty basic 7p-
open set G C G’ such that AN G is Tp-meager in G. By passing to a nonempty
basic 7p-open subset we can assume that

G= Go ﬂP(n) n ﬂ (X\P(Z)) =Gy ﬂP(n) \ U P(z)
<n <n

where G is basic Tﬁ—open and n < w. Note that if £ is limit then I < n by the
choice of G". So we can assume Go N (), (X \ P;)) € G".

We obtained that the 2?9(7') set X \ A is TP|P(7L)\Ui<n P(l_)—residual in the
Tp-open set P,y N Go N ()<, X \ Py). Thus by Proposition 19.4, X \ A is
T1§|P(n)\Ui<n py-residual in the Tl§|p(n)—open set Py N Go N Ny X\ Py-
Since ¥ < ¥y, we can apply Proposition 20 for the Egn(’?') set W = X\ A,
the HIO% () topological Hurewicz test pair {F,), 75} and the 75-open set G =
Go NNi<n X \ Py satistying G N P,y # 0. We get X \ A is 75 -residual in a
Tg—open set H such that GNP,y € clT; (HﬂP(n)), in particular H' = HNG # ()
and H' C G'. Thus both A and X \ A are Tg—residual in the nonempty Tg—open
set H, a contradiction. This completes the proof. ([

Remark 22. It is very important to note that for the topological Hurewicz test
sets P satisfying the conditions of Theorem 21, Hx p (1) (¥ < &) does not depend
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on the topology 7, it is a function of the presentation of P and . Moreover,
Hx,p(¥) (9 < &) is a 75-dense 75-open set.

The conditions of Theorem 21 concern the presentation of the Hg(T) set P
instead of P itself. This handicap seems to be inevitable. First, because up to
our knowledge there are no results providing some method to build up 22(7) sets
from simpler sets on a canonical way, there is not even a canonical decomposition
of Eg (7) sets into H(l) (7) sets. It is easy to see that by taking a wrong presentation
the topology 7p becomes wrong either, that is we cannot just condition our test

set to be proper Hg(’?'), a suitably chosen, not necessarily natural presentation

must be involved. Second, because the only way to build up a proper 1'[2(7')
set for £ > 4 is to use induction, so in view of our first reason one could hardly
imagine Theorem 21 without some inductive condition on the presentation. Even
if well explained, this handicap remains painful and this is responsible for most of
the complication we have to face later. We close this section with some corollaries
of Theorem 21, and in fact the first four statements can be considered as its
reformulation. The fifth statement points out an obvious fact for every set P of
a topological Hurewicz test pair {P,7p}.

Corollary 23. For a0 < £ < wy, let {P,7p} be a 1'[2(7') topological Hurewicz

test pair as in Theorem 21. Let G be a nonempty T]§ -open set. Then the following
hold.

1. If9<E ACX s Hg(T) and Tﬁ—residua] in G then A is Tp-residual in
G if £ is a successor, while A is Tp-residual in GN'Hx p(1¥) if § is a limit
ordinal.

2. IfAC X is 22(7’) and of 7'1§ -second category in G then A is of Tp-second
category in G.

3.If9 < AC X is 2%(7) and of Tp-second category in G then A is
of Tlf—second category in G if & is a successor, while A is of Tlf—second
category in G N'Hx p(V) if & is a limit ordinal.

4. If AC X is 1_.[2 (1) and Tp-residual in G then A is Tj5-residual in G.

5. P is a proper 1'[2(7') set.

PrOOF: Let A be 1'[?9(7') and 75-residual in G. By Theorem 21.1 and Proposi-
tion 19.1, P is a 7j5-residual 1'[(2)(7';) set so AN P is 75| p-residual in G N P. By
Proposition 19.3 the topologies 75| p and 7p|p coincide so AN P is 7p|p-residual
in G N P. Thus Definition 15.4(b) or Definition 15.4(c) applies and we conclude
that A is 7p-residual in G if & is a successor while A is 7p-residual in GNH x p (V)
if € is a limit ordinal, which proves 1.

For 2, if £ = 1 the statement follows from 7p = T; =7 Ifl <& <wlet
A = U, A; with Hgi (1) set 4; (i < w) where ¥; - £. By Theorem 21.1 and
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Proposition 19.1, P is a 755 -residual I (75) set. If A is of 7;5-second category in
G then for an i < w, A; N P is Tl§|p—residual in G’ N P for some basic Tl§—open
set G’ C @. Since by Proposition 19.3 the topologies Tl§|p and 7p|p coincide,
we have A; N P is 7p|p-residual in the basic 7p-open set G’ with G’ N P # () so
by Definition 15.4(b) or Definition 15.4(c), A; is 7p-residual in some nonempty
Tp-open set G” C G’ thus A is of 7p-second category in G, as required.

Statements 3 and 4 follow from 1 and 2 by taking complements and using that
Hx,p@) (0 <& isa T;—dense T;—open set, as pointed out in Remark 22.

For 5, suppose that P is 22(7’). From Proposition 20 for W = P we get P
is of 7p-second category in X. But by Definition 15.3, P is 7p-nowhere dense,
a contradiction. This completes the proof. O

There is an asymmetry in our approach to topological Hurewicz test sets: the
test set is of some multiplicative class and the sets tested are of the dual additive

class. The reason for this is that 22 is closed under taking countable union while

Hg is not. However, there is a testing theorem like Theorem 21 for special 22
sets but the statement of this theorem cannot go beyond Corollary 23. So we do
not work for that.

5. Intersection criteria

Toward the proof of Theorem 1 we need to find many topological Hurewicz
test pairs. For this we analyze the conditions of Theorem 21. It turns out that
the conditions of Theorem 21 are combinatorial, they are the same as requiring
that countably many intersections are nonempty. We write up these intersections
in Definition 24. Our purpose is to show in particular that if Theorem 21 proves
that a set P is a topological Hurewicz test set then P remains a test set and
satisfies the conditions of Theorem 21 if the initial topology 7 of the Polish space
is changed.

Definition 24. Let 0 < £ < wy and [P, (P;)¢er) be a Hg(r) set with presentation.
If¢=1,set C1(X, 7, P) ={(X\ P,G): Ger\{0}}. If Cy(X', 7/, P') is defined
for every ¥ < &, Polish space (X’,7') and II)(r) set with presentation P’ then
let ¥; — £ and set

Cg(X,T,P):{(X\P,G):GETS\{@}}UUcﬁi(X, \ TP(WP(@)-

1<w j<w, j#i
We say that [P, (P;)er] satisfies B¢ in (X, 7) if

Y (C,G) € Ce(X, 7, P) (CNG #0).
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Proposition 25. Fix an ordinal € satisfying 0 < £ < wy. If a 1'[2(7') set with
presentation [P, (P;)er) satisfies C¢ in (X, 7) then {P,7p} satisfies the conditions

of Theorem 21, so in particular {P,tp} is a 1_.[2(7) topological Hurewicz test pair.

PROOF: We prove the statement by induction on &. For ¢ = 1, 01 means that P
is 7-nowhere dense in X, that is {P,7p} is a 1'[(1) (1) topological Hurewicz test pair
by Theorem 21. Suppose now that the statement holds for ¥ < £ and let ¥; — £.
By C¢, X\ P = U, Py is 75-dense in X and [Pliy (Pi“t)teT(i)] satisfies Cy, in
the Polish space (X, V., ;4 Tp(j)). By Definition 17 we have

T;_\/TPU)_( V TP(J'))P_’

J<w J<w, jF#i Q)

so by the induction hypothesis {P(,.),r;} is a Hgi(r) topological Hurewicz test
pair (i < w). Thus the conditions of Theorem 21 are satisfied, Theorem 21.2 can
be applied and we conclude that {P,7p} is a Hg(r) topological Hurewicz test

pair. ([

We need that if P lives in a product space but it is nontrivial only on one
coordinate then Eg puts conditions also only on one coordinate.

Proposition 26. Let 0 < ¢ < wy and let [P, (P;)wer] be a Hg(r) set with
presentation in the Polish space (X,7). Let (Y,0) be a Polish space and set
Q=PxY,Q =P xY (teT). Then [Q,(Qt)ier] is a IIY(r x 0) set with
presentation and for every (C,G) € C¢(X x Y, 7 x 0,Q), C is of product form and
it is nontrivial only on the X coordinate, i.e. C = Prx(C) x Y.

PROOF: The statement easily follows by induction on &. (]

The next claim gives that Eg remains true if the initial topology gets coarser.
Compare this with Lemma 16.

Proposition 27. Let 7’ be a Polish topology on X refining 7. If for some 0 <
E<wr a 1'[2(7') set with presentation [P, (P;)icr) satisfies C¢ in (X, 7') then it
satisfies C¢ in (X, 7) as well.

PROOF: We prove by induction on & that C¢ (X, 7, P) € C¢(X, 7', P) (0 < € < wy).
From this the statement follows.

For £ = 1 we have 7 C 7/ and so C1(X, 7, P) C C1(X, 7/, P). Suppose now
that the statement holds for ¥ < & and let ¥; — £. Since 7 C 7/ we also have
5 €75, TP, C T,P(Z_) (i <w) so

{(X\P,G):Gers} C{(X\PG):GeT'5



Covering zg-generated ideals by Hg sets 259

and by the induction hypothesis,

Cai<X, \/ TP(j)vP(i)>§CI9i<X’ V T;’(j)’P(i))'

J<w, j#i j<w, j#i
This proves C¢(X, 7, P) C C¢(X, 7', P) and completes the proof. O

From now on in this section we work to prove the main lemma of Theorem 1.
The technique of the proof is to exploit the low Borel class Hurewicz test sets
appearing in the construction of a Hg(T) test set. For this we need some more
topologies.

Definition 28. Let 0 < £ < wy and let [P, (P;)er] be a Hg(r) set with presen-

tation which satisfies Eg in (X, 7). We define the topologies

(2) 7(n) = \/ TPy V \/ 7';(1_) (n < w)

<n n<i<w
and
_ <
3) Tp(n) = \/ TPy V \/ TPy (n <w).
i<n n<i<w

Lemma 29. Let 0 < £ < wy, ¥; — £ and let [P, (P;)ter] be a 1_.[2(7') set with

presentation satisfying Cg in (X, 7). Then for every n < w, with the notation of
Definition 28, { P, Tp(n)} satisfies the conditions of Theorem 21 in the Polish

space (X,7(n)). Also for every n < w, {P(,),7p(n)} is a Hgn(T) topological
Hurewicz test pair in (X, 7). Moreover we have

p(0)S = \/ Té
i<w
and 7p(n+ 1)< = 7p(n) (n < w).

PROOF: Since [P, (P;)icr] satisfies Ce, [P(n),(Pn“t)teT(n)] satisfies Oy, in the

Polish space
(X, \/ TP(i) > .

<w, i#n

Then by Proposition 27, [P, (PnAt)teT(n)] satisfies 0y, in the Polish space
(X,7(n)). By (2) and (3) we have

— <
mp(n) =7p,,, vV \/ TPy V \/ TPy = T(n)p,,
<n n<i<w
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so by Proposition 27, {P(,),7p(n)} satisfies the conditions of Theorem 21 in
the Polish space (X,7(n)). So it is a Hgn (1) topological Hurewicz test pair in
(X,7(n)) hence by Lemma 16 in (X, 7), as well. Similarly,

p(n+1)< = T;(nH) \Y \/ TPy V \/ T;(i) =7p(n) (n <w)
i<n+1 n+1<i<w

and

< _ < < _ <
PO =75,V VR, =V 7h,
0<i<w <w

which completes the proof. (I
The next lemma is an application of our newly found Hurewicz test sets.

Lemma 30. Let 2 < £ < wy and ¥; — &. Let [P, (P;)ier] be a 1_.[2(7') set with

presentation which satisfies b¢. Fixann <w. If Ais a 2?9(7') set where ¥ < Up41
and A is Tp(n)-meager in a Tp(n)-open set G then

1. Aistp(n+1)-meagerin GNHx P, 1) (9) if & = £ +1 for a limit ordinal &';
2. Ais 7p(n + 1)-meager in G if £ =¢' + 1 for no limit ordinal £’.

PROOF: By Lemma 29 we have {F(,,1),7p(n + 1)} is a Hgnﬂ (1) topological

Hurewicz test pair in (X,7) and 7p(n + 1)< = 7p(n). So by Corollary 23.3 our
A cannot be of 7p(n + 1)-second category in G N HX Pl (9) in case 1 or in G
in case 2. This completes the proof. (I

In order to avoid Hg(T) sets when 3 < ¢ < w1 we have to reduce complicated
sets to II9(7) sets. This is the motivation of the following concept.

Definition 31. Let 7' C w<% be a tree. We say that a subtree 7/ C T is even if

(4) teT, |t odd = {t[y_1 ii<w}nT ={t} &
{tTii<w}nNT#0& {tTii<w}nT C T
We say that T/ C T is even-complete if it is a maximal even subtree of T

If T/ C T is an even subtree, t € T"\ (") with |t| even then t7 € T’ denotes
the unique extension of ¢ with [tT7| = |t| + 1.

Our first observation immediately follows from the definition.

Lemma 32. With the notation of Definition 31, if T' C T is even-complete,
t € T" and |t| is even T} is an even-complete subtree of Tj.
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Lemma 33. For some 0 < & < wy let [P, (P)wer]) be a Hg(r) set with pre-

sentation. If T C T is an even-complete subtree and x ¢ P; (t € T(T")) then
x ¢ P.

PrOOF: We prove the statement by induction on £. For £ = 1 and £ = 2 the
only even-complete subtree of T is 7" = {0} that is ¢ Py = P, as stated.
Suppose now that 3 < ¢ and the statement holds for ¢ < £. By maximality we
have T’ # (), hence there is a unique i < w such that (i) € 7’. By Lemma 32,
TZ’ ~j is an even-complete subtree of T;~; (j < w, i~ j € T) so by the induction
hypothesis © ¢ P;~; (j < w). That is 2 € P;) and so z ¢ P, which completes
the proof. O

Now we can prove the main result of the section.

Proposition 34. Let ¢ be a successor ordinal such that 2 < £ < wy, say £ = &'+1.
Let [P, (Pt)ier) be a 1_.[2(7) set with presentation which satisfies ¢ in (X, 7). For

every n < w let A™ be a Hg,(T) set such that A" N P,y =0 (n < w). Then
P \ Un<w An 3& @

PROOF: Let &, < ¢ be such that we have a presentation [A", (A});e7n] of A™ as

<w

a Hgn(T) set (n < w). Let ¥; - ¢. Take maps n1:w — w and ng: w — w<* such

that
n=(n,m)w— | J{n}xT"

n<w
is a bijection satisfying
(5) tteT tCt! = n7in,t) <n7ln,t') (n <w)
and
(6) m(n) <n (n<w).

We construct inductively a basic 7p(n)-open set Gp, (n < w) and an even-
complete subtree F™ C T™ (n < w) such that

(7) Clrp(n ( n+1) Gn (n < w);
®)  GaNPyy =0(n<w);
9) Gn ﬁA" is 7p(n )meager (n <w);
(10)  if ma(n) € FMOI\ T(FMM) and |na(n)| is even, then
Gn N AZ;EZ; p(n) is 7p(n)-meager (n,i < w);

11)  if na(n) € SFMM) then Gy CX\AZIEZ) (n < w).
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Since the topology 755 is finer than (or equals) 7p(n) (n < w), cl,, n)(Gnt1) € Gn
implies that CIT; (Gnt1) € Gp, (n < w), so we have (), Gn # 0 by (7) and
Np<w Gn € P by (8). By Lemma 33, (11) gives

(N GncP\ | A™

n<w n<w

n<w

To start with, set F™ = {} (n < w). In the following construction we will
successively grow the trees F”, so a node can be terminal after some intermediate
step but not in the final tree. To be concrete, the mth step of the construction
will have two parts: in the first part we grow F™ at () if and only if 2 < &p;
while in the second part, with n(m) = (n,s), we grow F" at s if and only if
s # 0 and [AY, (AY~))ern] is a Hg(r) set with presentation where 2 < . We
will declare when a tree does not grow any more from a node, so that this node
remains terminal.

For every 0 < n < w after completing the n —
define the ordinal

1th step of the construction we

pn=sup{¥ <wi:Im <nIseF™\ {0}
([AT, (AT~ erm] s a 1Y (7) set with presentation) }

if the sup is taken on a nonempty set, else we set p, = 0. Observe that if
[AT, (AT~ )term] is a IIY(7) set with presentation for some m < n and s €

F™\ {0} then ¢ < 195‘{0} = Ygrrm < &m. Since after the n — 1t step of the
construction F™ # {(} holds only for finitely many m < w and [A™, (A7*)crm]
is a Hsm(T) set with presentation where &, < & (m < w) we get pp, < &

(0 <n<w).
If ¢ is a limit ordinal we will choose Gy, (0 < n < w) such that in addition
to (7) it will satisfy

(12) Gn CGpr_1N HX,P(H) (pn) (0<n<w).
We prove first that for every 0 < N < w,

(13) if k,m < N, se F™\ {0} after the k' step of the construction
and A7 is 7p(k)-meager in G}, then A7' is 7p(IN)-meager in G .

First we show that A" is 7p(k + 1)-meager in G, 1. We apply Lemma 30 for
n==k A=Ay G= Gy If[A], (Af-)term] is a Hg(r) set with presentation

then ¥ < ppi1. Thus if ¢ is limit we have HX, Py (Pr41) € HX Py (0) sO
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by (7) if ¢ is a successor and by (12) if ¢ is a limit we get A™ is 7p(k + 1)-meager
in Gi41. By repeating the argument N — k — 1 times the statement follows.

We turn to the construction. For n = 0, by (5) and (6) we have 7(0) = (0, ().
To find our G observe that X\ A is a Eg,(T) set containing P(g). By Lemma 29,
{P0), 7P (0)} satisfies the conditions of Theorem 21 in (X, 7(0)), in particular it
is a 1_.[2, () topological Hurewicz test pair in (X, 7). By Theorem 21.1, Pgy and
hence X \ A° is 7p(0)<-residual, by Corollary 23.2, X \ A% is of 7p(0)-second
category, that is A? is 7p(0)-meager in some nonempty basic 7p(0)-open set G.

If A0 is 1'[?9(7') with 3 < ¥ < w1 we have A0 = MNi<cw
ko < w and nonempty basic 7p(0)-open set G’ C G we have X \ A?ko) is 7p(0)-
meager in G’. Put k; i € FO (i <w). So if we take Go C G’ then (10) holds for
n =0 and (11) does not apply. Since F(g) is 7p(0)-nowhere dense we can pass to
some basic 7p(0)-open subset Go C G’ such that Go N Pg) = 0; so (8)-(11) are
satisfied for n = 0.

Else we have A° is TI9(7) or IIY(7). Since 7p(0) is finer than 7, the set A,
which is 7p(0)-meager in G, is actually 7p(0)-nowhere dense in G. In this case
choose the basic 7p(0)-open set Go so that Go C G \ (Pg) U A% and FO does
not grow at all, that is 72(0) = 0 € T(F°). Now (10) does not apply and (11)
holds; so we again have (8)—(11) for n = 0. This finishes the first part of the
construction for n = 0 and there is no second part.

Suppose that G, (n < N) is already defined such that (8)—(13) hold for n < N
and (7) holds for n < N — 1; we find our G. If ¢ is a limit ordinal by Propo-
sition 19.2 and Theorem 21.1, Fyy € Hx py, (pn) implies that HX, P, (pN) is
a 7p(N)<-residual 7p(N)<-open set. By Lemma 29, 7p(N)< = 7p(N — 1) so
Gn_1 is Tp(N)<-open hence G_1 N Hx, Py, (pn) # 0. Thus by passing to a

X\ A(()i)’ so for some

basic 7p(N)<-open subset we can assume that Gy_1 C Hx, P, (pn). Then (12)
will hold for n = N if Gy C Gy_1.

Again, X \ AV is a 22, (7) set containing P(). By Lemma 29, { Py, 7p(N)}
satisfies the conditions of Theorem 21 in (X,7(N)), it is a Hg,(T) topological
Hurewicz test pair, 7p(N)< = 7p(N — 1) so Gy_1 is 7p(IN)<-open. By The-
orem 21.1, Py and hence X \ AN is 7p(N)<-residual in Gy_1, so by Corol-
lary 23.2, X \ AN is of 7p(N)-second category in Gn_1, that is AV is 7p(N)-
meager in some nonempty basic 7p(N)-open set G C Gy_1.

If [AN, (AN),epn] is not a II9(7) or a II(7) set with presentation then we
have AN = Ni<cw
set G’ C G we have X \ Aé\lizv) is 7p(NN)-meager in G'. We put kyi € FV,
(i <w). If [AN, (A,{V)teTN] is a II9(7) or a II3(7) set with presentation then we
set G = G, and FV does not grow at all so () € T(FN).

X\ Aé\if). So for some ky < w and nonempty basic 7p(N)-open
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Since Py is T7p(IN)-nowhere dense, we can pass to some basic 7p(N)-open
subset G" C G’ such that G" N Py = 0 and cl,(n)(G") € Gy_1. So (7)-(9)
hold for every basic 7p(IN)-open set Gy C G”. The first part on the N gtep of
the construction is complete. We turn to the second part.

If 7o(N) ¢ T(FMN)) then set G = G”. If [n2(N)| is odd neither (10) nor
(11) apply so the inductive step is complete. If |na(NV)| is even then (11) does
not apply so it remains to show (10). If no(N) = () then after the first part of
the 71 (N)™ step of the construction we had that [AT(N) (A?l(N))teTm(N)] is
neither a II{(7) nor a II(7) set with presentation and

X\ 771(N) =X Am(N)

kny(vy) p+F1(N)

is 7p (11 (N))-meager in G (); hence G (v nA™ 1s 7p(m (N))-meager

n(N)
@+F711(N)
(i < w). By (6) we have n1(N) < N so (13) for k = m = n(N) and s =

F(N) N1 (N)
0t i gives that A@ (V)

_is 7p(N)-meager in G, () hence also in Gy
(i < w), as required. '

If o (N) ¢ T(FMWN) | |ng(N)| is even but 72 (N) # 0 we show that 7y (N) will
never be a node of F"(N) . Let u be the terminal node of F (V) on the branch
of na(N) in TmV), By (5) there is an m < N such that 51 (m) = ny(N) and
na(m) = u. After the m*™ step of the construction u remained a terminal node
of F(V)  that is according to our growing convention F' m(N) pever grows from
u so n2(N) will never be a node of F(), So again neither (10) nor (11) apply
and the inductive step is complete.

If no(N) € T(FM )Y and 73 (N) = 0 then by (6) and by our growing conven-
tion [AM () (A?I(N))te:ml(zv)] is a TI9(7) or a IIY(7) set with presentation, in
the 771 (V) step of the construction by (11) we obtained Gp vy © X\ AT () so
G" € X\ AnW) a5 well. So (10) does not apply and (11) holds, thus Gy = G
completes the inductive step.

If o (N) € T(FMWN)) no(N) # () then we do the following. Let k < w be such
that 71 (k) = n1(N) and n2(k) = 12(N)|j;,(n)|—2- By (5) we have k < N. Since

ma(N) # 0, [AmM) (AT Ny 4] is neither a TT9(7) nor a TI9(7) set with
presentation. We had (10) in the k*™® step of the construction so by (13) for k,
m =n1(N) and s = n2(N), G" C G_1 implies that AZ;E%; is 7p(NN)-meager in

(v
1" m@) o mN) : 0 0 : ;
G". If [Am( N’ (Anz(N) t) T’”((N))] is E; IT) (1) or a IT5(7) set with presentation

then since 7p(N) is finer than 7, A™ E N) is actually 7p(IN)-nowhere dense in G”.

So we can find a nonempty basic 7p(NN)-open set Gy C G”'\ AZ;E%; We do not
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grow FV) from the node 79(N), so (10) does not apply and (11) holds.

If [AZ;ENg, (AZ;EN;At)teT;’;((g;] is a Hg(r) set with presentation for some 3 <

. N N .
¥ < & since AZ;ENg =Nicw X\ AZ;EN;“Z" for some [y < w and nonempty basic
7p(N)-open set Gy C G” we have X \ AZ;E%;AZN is 7p(N)-meager in Gy. We
put n2(N) i € FmN) (j < w), then (10) holds and (11) does not apply. This
completes the second part of the inductive step and finishes the proof. O

6. Constructing coverings

In order to proceed we need to construct at least one concrete 1'[2 (1) topological
Hurewicz test pair for every £ < wi. We do this in the Polish space (C,7¢).

Definition 35. We set (C1,7¢,) = (C, 7¢),
Pr={zeCpi:¥Ymew (z(m)=1)},

T; = {0} and Pq)l = Py. Suppose that the spaces (Cy, 7¢,) and the II%(7¢,) sets
with presentation [Py, (Ptﬁ)teTﬁ] are defined for every ¢ < . Then with ; — &

let
Ce =[] Co,. TC, = HTCW
1<w <w
(14) Pr={z € Ce:Vi<w (z(i,.) € Cy, \ Py,)},
(15) Te ={n"t:t €Ty,, n<w},
(16) P =T Cox B’ x [[ Co (teTy,, n<w).
<n n<i<w

Proposition 36. Let 0 < £ < w; and ¥; — &£. The Polish space (CS,TCE) is
homeomorphic to (C,7¢). The Hg(T) set with presentation [P, (Pt5 Jtet,| satisfies
Ce in (C, TC,), SO it is a Hg(rcg) topological Hurewicz test pair in (C¢,7¢, ). We

have T1§€ =Ilicw TPy, and
TP, = Tl§€ HUenin <w}] (1 <& <wr)

where

Uen = H (Co, \ Py,) x Py, x H Co,
(17) i<n n<i<w

- HOﬁi XC&R X H 0792.:05 (I1<&<wi, n<w).
<n n<i<w

265
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PROOF: It is obvious that (Cg, 7¢, ) is homeomorphic to (C,7¢). We prove the
other statements by induction on £. For £ = 1, Pj is a single point so it is 7-
nowhere dense in C1, as stated. Remember that by Definition 17, 7p = 7'; =T.

Let now 1 < ¢ < wy and suppose that the statements are true for ¥ < . Then

by definition,
< _ -
P, = \/ TP(,gi) = H TPy, >
1<w i<w
as stated.
Let now (D,G) € Ce(Cg, 1, FPe). f D = X\ Pe and G € 7';& is nonempty
then G is nontrivial only on finitely many coordinates so it intersects X \ P; =

Uicw Pé.). If for some i < w,

(DuG) Ec’ﬂi (Cﬁa \/ Tpﬁ 7P(£Z))
j<wizi @

then by Proposition 26 for P = P(i.), (X,71) = (Cy,, Tcﬁi) and

(Ya U) = < H C’ﬂj ) H Tng > )
j<wgi j<wnji
D is nontrivial only on the Cy, coordinate and G = Hj < Gj where G = Cﬁj
except for finitely many j < w, G is basic 7p, -open (j € w\ {i}) while G} is basic
J
TC,. -open. Since [Py,, (Ptﬁi)teTﬁ_] satisfies Gy, in (Cy,,7¢, ) by the induction
hypothesis, we have Prc, (D) N Prg, (G) # 0, which implies D NG # 0. So
[Pe, (Pf)teTé] indeed satisfies C¢ in (Cg, TCe)-
Finally we have P(gn) N Ni<n(Ce \P%)) = Ug p, so by Definition 17,

TP, = T;{ [{U§7n:n < w}].

This completes the proof. (Il
Now we have everything to give the proof of Theorem 1.

PROOF OF THEOREM 1 FOR £ > 2: Fix our &, say & = ¢ + 1. First we construct
® = & for (X,7) = (C¢, Tcg) and P = P¢; note that this is a valid setting since
by Proposition 36, [P, (PE)tETg] satisfies C¢ in (C¢, ¢, ) so by Proposition 25,
Corollary 23.5 holds and gives that P is a proper Hg(r) set. For every B € Sg(Pg)

fix a decomposition B = | J;_, Bj where B; is Hg, (t¢,) ( < w). Since the class

j<w
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Hg, (7'05) has the separation property (see e.g. [2, (22.16) Theorem]) we can take
a sequence (Ap(B))n<w C Ag,(rcg) such that

(18) UBicanB) cce\ Pé.) (n < w).

i<n i<n

(19) 2B)= () | AuB).

m<w m<n<w

It is clear that ®¢(B) is Hg(rcg) and (18) implies B C ®¢(B) C Pe. It remains
to show that if B? € Sg (P¢) with its fixed decomposition B' = Bji- (1 <w)
then we can find a point in P \ ;. ®¢(B").

We apply Proposition 34 for A" = (J;,,, An(B") (n < w). We obtain P \

Up<w A™ # 0. Since

j<w

o(BYC |J AnBYC [ A" (i<w),

i<n<w nw

we have P \ U, ., P¢(B") # 0, which completes the proof of the special case.

Let now (X, 7) and P be arbitrary. By Proposition 36, (C¢,7¢,) is homeo-
morphic to (C,7¢) so by Theorem 10 we can take a continuous one-to-one map
¢:(C¢,7¢,) — (X, 7) such that e 1(P) = Pe. Yor B € Sg(P) let

®(B) = (P\ ¢(Pe) U (e~ (B)))-

Since P\ p(Pe) = PN (X \ ¢(Cg)) is a 1_.[2(7) set and homeomorphisms preserve

the Borel class of sets this definition makes sense and fulfills the requirements.
O

As we mentioned in the introduction we think that it is independent whether
Theorem 1 holds for limit ordinals or not. For limit ¢ the argument of the proof
above brakes down in (19) since the ®¢(B) defined there is merely H2+1(TC£).

To have a Hg (T¢,) cover instead, the sets Ay, (B) should be of lower Borel class
than what we get from the separation property. So we get back to the problem
whether Theorem 6 can be extended to the entire Borel hierarchy or the answer to
Question 4 can be consistently positive. As we mentioned above these problems
seem to be open.

Finally we would like to draw the attention of the reader to one more aspect
of Theorem 1. One could say that Theorem 1 is trivial if the 22(7’0‘5) subsets
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of P (which are all P, | pe-meager by Corollary 23.2, Proposition 19.3 and Defi-

nition 15.3) could be covered by a 7p, | p,-meager Hg(Tcé) subset of P¢. Then a
category argument would give that

P\ | ®(B) #0 (B € SY(Pe) (i <w)).

<w

However, this is not the case even for £ = 3 and (X, 1) = (C, 7¢0) as illustrated by
the following result (see [4, Proposition 19]).

Proposition 37. There is a Hg(’?'c) topological Hurewicz test pair {Pr,,Tp, }
and a Eg(TC) set A C Pr, such that if B is Hg(Tc) and A C B then BN Py, is
7p, | p,-residual in Pf,.
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