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A p-Laplacian system with resonance and nonlinear
boundary conditions on an unbounded domain

D.A. KANDILAKIS, M. MAGIROPOULOS

Abstract. We study a nonlinear elliptic system with resonance part and nonlinear bound-
ary conditions on an unbounded domain. Our approach is variational and is based on
the well known Landesman-Laser type conditions.

Keywords: quasilinear problem, p-Laplacian system, Landesman-Laser condition, reso-
nance

Classification: 35D05, 35J45, 35J50

1. Introduction and statement of results

Let © be an unbounded domain in RN, N > 3, with a noncompact and smooth
boundary 0f2. In this paper we consider the following quasilinear elliptic system

0 —Apu = Aa(z)|uP~2u + Alb(:v)|u|°‘|v|ﬁv +g1(x,u) — hi(x), z € Q
—Apv = Ad(2)[v]P~20 + Mb(@)[ul*[v]Fu + g2 (2, u) — ha(z), = € Q

subject to the nonlinear boundary conditions

{ VulP=2Vu -y + 1 (@)|uf2u =0, z €I

(2) —2 —2, _
|[VulP~2Vuv -1+ co(x)[vP~2v =0, =z €N

where Apu = div(|Vu[P~2Vu) and 7 is the unit outward normal vector on 9Q.
On a single equation level with 2 bounded and Dirichlet boundary conditions,
the problem has been studied by Arcoya and Orsina [1] taking into consideration
the well known Landesman-Laser type conditions for the resonance part. The
extension to the case of a system, again with €2 bounded and Dirichlet boundary
conditions, was first considered by Zographopoulos in [7].

In order to confront with our problem we need a suitable space setting which
we describe next.

For £ € R, we set wg(x) := and assume that the space L (wg, ) :=

1
(1+2])s”
{u: [qwe(x)|ul” < +oo}, r > 1, is supplied with the norm

g, = (/Q w§($)|u|’")1/r.
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Let C5°(Q2) be the space of Cg° (RN)-functions restricted on Q. For p € (1, +00),
the weighted Sobolev space Ej, is the completion of C5°(Q2) in the norm

ey = ([ 1our+ | wp<x>|u|p)” ’

By Lemma 2 in [5], we see that if ¢(-) is a positive continuous function defined on
RY such that
kwp—1(z) < ¢(x) < Kwp—1(x),

for some positive constants k and K,

then the norm
- 1/p
||u||1,p—< [var+ [ @ )
Q o0

is equivalent to || - [||p-
We will consider our system on the space I = E, X Ep, supplied with the norm

[[(w, )| = [lull1p + [[l[1p-
The following lemma is useful for our compactness arguments.

Lemma 1. (i) If

N —
and N>a>N —r p,
—p p

p<r<

then the embedding E C L"(wq, Q) is continuous. If the upper bound for r in
the first inequality and the upper bound for « in the second are strict, then the
embedding is compact.

(ii) If
pV=1) and N>52N—1—m—N_p,

N-—-p

then the trace operator T': E — L™ (wg,0) is continuous. If the upper bound
for m in the first inequality and the lower bound for (3 are strict, then the trace
operator is compact.

(ii) If

p<m<

- N
1<q¢<p and a >£

ag— N~ q’
then the embedding LP(wq,, ) C LY(wq,, ?) is continuous.

PRrROOF: The first and second part of the lemma is Theorem 1 in [5], while the
third is a consequence of the following inequality

p—aq q

i < Qﬁd) U ateee)”
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_ azp—aig -
where d = =25—"41. Note that the integral Jo (

1 d .
——— dx converges since d > N.
1+al)? 8

O

We study (1)—(2) in connection with the eigenvalue problem

(3) { A= Ara(@) ulP~2u + Mb(a) ul],

—Apv = Ad(x)[v[P~ 20 4+ A\ b(x) [u|®|v|Pu,

subject to the boundary conditions (2), which was considered in [4] under the
following set of assumptions, also needed for the present problem:

<p <N, «q, with « =p—2and o+ 1, —*,W ere

H1) 2 N 6 >0 with o + 2 and 1 ﬁ—‘r1<1Nj h
* Np

p N_p'

1 ere exist positive constants o with aq € 4
(H2) (i) There exist posit L Awith oy € (p+ G N)
such that 0 < a(z) < Awq, (z) a.e. in Q.
1 ere exist positive constants ag with ag € + e
(ii) Th ist positi . D with (p (a—i—ll)D(N p)vN)
such that
0 < d(z) < Dwqa,(x) a.e.in Q.

(iii) m{x € Q: b(z) > 0} > 0 and
0 <b(z) < Bws(z) ae. in Q,

where B > 0 and s € (p, N).

(H3) c1(-) and ¢(-) are positive continuous functions defined on R with
kwp—1(x) < c1(x), ca(x) < Kwp—1(x),

for some positive constants k and K.
Let

I =232 [ vap s et [ @l + 882 [ v+ 282 [ cpp
Q o0 Q o0N

and

J(u,v) = 221 /Q a(@)lup? + E£1 /Q d(z)of? + /Q () [u]*|o]Puv.
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Theorem 2 ([4]). Let Q be an unbounded domain in RN, N > 2, with a non-
compact and smooth boundary 0). Assume that hypotheses (H1), (H2) and (H3)
hold. Then

(a) the system (3) admits a positive principal eigenvalue \1 given by
A1 = inf{I(u,v) : J(u,v) = 1}.

Each component of the associated normalized eigenfunction (uy,v1) Is

positive on Q and of class Cll.gf(ﬂ) for some ¢ € (0,1).
(b) the set of eigenfunctions corresponding to A1 forms a one dimensional
manifold X C E defined by

X ={c(u1, v1); c € R\{0}}.

c) A1 is isolated, in the sense that there exists n > 0 such that the interval
n
(0, A1 + 1) does not contain any other eigenvalue than ;.

We make the following assumptions concerning the resonance part:
(H4) (i) g1(-,), 92(+,-) are Caratheodory functions such that

1 Cy
<——_  and < ——= ___ where
|gl($,5)| = (1 + |£C|)a3 1 |92(I58)| = (1 + |£C|)a4’ wher
as >N — N;al, ag > N — N;az, C1, Oy are positive constants, and
the limits
lim gi(w,s) = g; (z), i=12,
s—+oo

exist for almost every z € .

.. H,
(ii) [h1(z)| < R

constants Hi, Hs.

Hj

.
and |h2((E)| = (1 + |J7 )a4

for some positive

Furthermore, we will need the following inequalities

(4) LT < (a+ 1)/ hi(x)ur + (6 + 1)/ ha(x)vy < L™,
Q Q

(5) L™ <(a+ 1)/ hi(x)ur + (6 + 1)/ ho(z)vy < LT,
Q Q

where (u1,v1) is the normalized eigenfunction of (3)—(2) with positive components
and

Lt =(a+1) /Q g @ur + (B+1) /Q oF (@)or,
L™ =(a+1) /Q o (@ur + (B4 1) /Q 67 (z)vr.
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Inequalities (4) and (5) are the adaptation to the case of systems of the Landes-
man-Laser type conditions for scalar equations.
The energy functional of the problem (1)—(2) is

@(u,v)—a;1/9|Vu|p+Q;I/8901(17)|u|p—)\1a;1/Qa(a:)|u|p
—(a—|—1)/QG1(a:,u)—|—(o¢+1)/Qh1(:c)u

B+1 L, B+1 b, BH1 )

+ 2 /Q Vol + 2= /a cala)ol? =M /Q A

B+ /Q Ga,v) + (B +1) /Q ha(@)o — A /Q ()|l o] Puv,

where

S
Gilw,o) = [ ety i=12
0

In view of (H1)—(H3), the functional ® is well defined and continuously differ-
entiable on E. By a weak solution of (1)—(2) we mean an element of E which is
a critical point of .

The main result of this work is the following theorem:

Theorem 3. (i) Assume that hypotheses (H1)-(H3) and inequality (4) or (5)
hold. Then the system (1)—(2) admits a weak solution.

2. The main result

In view of Theorem 2(a), it is clear that A7 < min{\,, Ay}, where Ay, Ay
are the first eigenvalues of the problems —Apu = Aa(z)u|P~2u and —Apv =
Ad(z)|v[P~2v, with the boundary conditions (2), respectively. The following
lemma shows that this inequality is actually strict.

Lemma 4. A\ < min{Ay, Ay}
PrOOF: Let ug > 0 be an eigenfunction corresponding to A\, and vy > 0 an

eigenfunction corresponding to \y. If Ay, = Ay, then

I(ug,vo)

A1 <
J(ug,vo)

< A,

so without loss of generality we may assume that A\, < A,. Let ¢ > 0 be such that

A
(6) FL [ ()P < / b(a) tuo|* [vo | tuguo.
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Then, in view of (6),

I(tuo, UQ)

A <
= J(tuo, vo)

< Ay = min{Ay, Ay}
O

Note that due to assumptions H(1)-H(4), the operators A, N, B, C : E — E*
given by

(Au,v), (0.9) = /Q Vul2uV i+ /Q VP2V vy,
(N (u,0), (9, ) = /Q ()l — /a ol up
2 9

n /Q d() o ~2vrp — /a cala)ol 200,

(Blu,v), (¢, 1)) = /Q ()|l oo + /Q D)l o} P,

(O, ), (,0)) = /Q (91(@,u) — ha (@) o + /Q (g2(,v) — ha(a)) v,

are well defined. Following standard arguments based on the embeddings given
in Lemma 1, we have:

Lemma 5. The operators A, N, B and C' are continuous. Moreover, N, B and
C are compact.

We can now proceed with the proof of the main result:

PROOF OF THEOREM 3: We assume first that (4) holds. We claim that ® satisfies
the PS-condition. Indeed, let {(un, vn)}nen be a PS-sequence in E. Then

(7 —c < P(up,vn) <c
for some ¢ > 0, and there exists a sequence {ey, },,cy converging to 0T, such that
(8) —enl|(u, V) || < @ (un,vn)(u,v) < enll(w,v)| for every (u,v) € E.

We will show that the sequence {(un,vn)}nen is bounded in E. Assume the
contrary, that is ||(un, vn)|| — +o0o. Let

9) Up 1= ——————, Up =
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Since ||un||g, < 1 and ||[Un]|g, < 1, by passing to subsequences if necessary, we
may assume that 4, — % and ¥, — U weakly in E,. Due to our hypotheses on
h1 and g7 we obtain

G1(z,un) hyun

(10) lim ———— = lim

— =0
n—+o0 Jq [[(un,vn)[[P n—too Jo [[(un,vn)|P

and similarly for Ga(-,-) and ho(-). Dividing (7) by ||(un,vn)||P and using (10),

we arrive at

lim sup % {/ | Vi [P + / (w)|@n|¥’_)\1/ a(w)|an|p}
n——+o00 Q
+ B—H { Un P + 02(17)|i)\n|p - /\1/ d(:z:)|i;\n|p}
89 Q

A1 [ Wl Bl 5] <o
Q
and Lemma 1 gives

lim sup

{/ Vi, |p+/ c<x>|an|p}
n—-+400
+%{/ Vil + [ @)
Q o0
<o (e / afz)[ap + 241 / d(z)[5P + / b(z)[a*[o1%ap )
P Ja P Ja Q

The reverse inequality (with the limsup replaced by liminf) also holds due to the
lower semicontinuity of the norms. Thus (u,?) is a nonzero solution of (3) with
(@, ?)|| = 1. In view of Lemma 4, @ # 0 and ¥ # 0. By Theorem 2, @ and ¥ have
the same sign. Suppose that both @ and ¥ are positive, the other case can be
treated similarly. Thus @ = u; and ¥ = vy. If we replace (u,v) by (un,vp) in (8),
write the relation for —®’, multiply the members of (7) by p, add memberwise
the resulting inequalities, and divide by ||(un,vyn)||, we obtain

(a+1)p-1) /Q ha(2)in + (8 + 1)(p — 1) /Q ha ()
“(a+ 1) /Q 31 un)in + (0 + 1) /Q 01, un)in — (8 + 1)p /Q 5a(z, n B

~ C
B+ 1) /Q 422, vn)Bn| < +en,

= [, vn)|
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i=1,2.

Gi(z,s) .
gi(z,8) := { s 570,

gi(@,0) if s=0,

By letting n — 400, we get

n—-4oo

lim {(a+1)‘/Q[gl(£v,un)an—Pﬁl(waun)an]
+(0+1) [ lonto.0n)5i —p@a(x,vn)anJ}
- (a+1)(1—p)/9h1(:v)ﬂ+(ﬁ+1)(1—p)/ﬂh2(w)ﬁ-

By (9), un(z) and vy (x) tend to +o0, so

g1(z,up) — gi"(:zr) and ga(x,vn) — g;(x) a.e. in .

Therefore

lim | (g1, wn)in — pGi(, un)in] = (1 - p) /Q gt @),

n—-400 Q

with a similar relation holding for ga(-,-) as well. In view of (11) and (12), we

(a+1) /Q g (@us + (B+1) /Q gF (@)1 = (a+1) /Q b (e)ur + (B4 1) /Q ha(z)ur,

(a+1) {/ (|Vun|P—2Vun - |vu0|p—2wo) (Vin — Vug)
Q
el 2~ P2 u0) )}
o0
+(B+1) { / (|an|p_2an - |vUO|P—2vUO) (Vo — Vo)
Q

+/8Q c1 (|vn|p_2vn — |’U()|p_2’l}0) (v — vo)} — 0,

Thus {(un,vn)}nen is bounded. Therefore, up to subse-
quences, u, — ug and v, — vg weakly in Ej, and strongly in LP(wq,,) and
LP(wq,, Q), respectively. By taking (u,v) = (un,vn) — (ug, vo) in (8), and using
Lemma 1, we derive that
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which, in view of inequality 2.5 in [2], implies that (un,vn) — (ug,vg) in E.
We show next that ® is coercive. Indeed, if this were not the case, there would
exist a sequence {(un,vn)}nen With ||(un,vn)|] — +oo and

(13) |®(up, vn)| < M, for some M > 0.

Working as before, we get that

atl { [val+ [ a@@P-x a<x>|an|P}
Q o0 Q
s 2 [1wag+ [ a@r - [ domr )
Q o0 Q

—Al/ﬂb(x)|an|a|@n|ﬁan@n} —0,

lim
n—-4oo

where u,, and v, are defined in (9). Thus (ayn,o,) — (u1,v1) or (Un,on) —
—(uy,v1) in E. If (4y, 0y) — (u1,v1), by (13) and the variational characterization
of A1, we obtain

(a+1) /Q gF (2)ur + (B+1) /Q of (@)1 > (a+1) /Q ha (2)ur + (5 +1) /Q ha(z)or,

while if (Up,0pn) — —(u1,v1), we get

(a+1) /Q o7 (2)ur + (B+1) /Q g5 (@)1 < (a+1) /Q ha (2)ur + (5 +1) /Q ha(z)or,

contradicting (4). We can now use Theorem 4.7 in [3] to get a weak solution of
(1)-(2).
Assume next that (5) holds. We split E as the direct sum of the eigenspace

X and Y = {(u,v) € E : [ uull?_l + fa vvf_l = 0}. Then ® has a saddle point
geometry, i.e.,

(i) ®(t(uy,v1)) — —oo if |t| — +00, and

(ii) @ is bounded from below on Y.
Indeed, since

®(t(u1,v1)) = (a +1) [/Q hi(z)tur — /Q Gl(»’cvtm)]

+(6+1) [/Q ho(x)tvy —/QGQ(Q:,tvl)}

— (a+ 1)t [/th(x)ul—/g%’ful)ul}
B+ 1) [/th(x)vl—/ﬂmvl},

tuv1
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by taking the limit as |t| — oo and working as in the first part of the proof, we
can use (5) to get (i). To prove (ii) we exploit the isolation of A1, see Theorem 2,
to derive that there exists A > A1 such that

~  I(u,v)
A< J(u,v)

for every (u,v) € Y. If (u,v) € Y, in view of Lemma 1,

B(u,v) = I(u,0) — M (1, 0) + (@ +1) [/Q I () —/ch(x,u)]

+(B+1) Uﬂhg(:c)u—/QGg(:c,v)]
. (1 _ %) I(,) = (a + Derfullp — (8 + Deallofp,

for some ¢y, cg > 0. Consequently, ® is bounded from below on Y. An application
of the saddle point theorem, see [6], provides a weak solution of (1)—(2). O
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