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A note on paratopological groups

CHUAN Li1u

Abstract. In this paper, it is proved that a first-countable paratopological group has
a regular Gs-diagonal, which gives an affirmative answer to Arhangel’skii and Burke’s
question [Spaces with a regular Gs-diagonal, Topology Appl. 153 (2006), 1917-1929].
If G is a symmetrizable paratopological group, then G is a developable space. We also
discuss copies of S, and of S2 in paratopological groups and generalize some Nyikos
[Metrizability and the Fréchet-Urysohn property in topological groups, Proc. Amer.
Math. Soc. 83 (1981), no. 4, 793-801] and Svetlichnyi [Intersection of topologies and
metrizability in topological groups, Vestnik Moskov. Univ. Ser. I Mat. Mekh. 4 (1989),
79-81] results.
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Classification: Primary 54H13, 54H99

1. Introduction

Recently, paratopological groups have been studied by many topologists ([3],
[4], [19]). It is natural to ask what results on topological groups are valid on
paratopological groups. In this paper, by discussing copies of S,, and of S2 on
paratopological groups, we generalize some results from [14], [15] and [18]. We
also discuss first-countable paratopological groups and prove that a first-countable
paratopological group has a regular Gs-diagonal, and give an affirmative answer
to a question from [3].

Recall that a paratopological group is a group with a topology such that the
multiplication is jointly continuous.

All spaces are regular 77 unless stated otherwise. N denotes natural numbers
and e denotes the neutral element of a group. We refer to [6] for notations and
terminology not given explicitly.

2. Main results

A space X is said to have a reqular Gg-diagonal if the diagonal A = {(z,z) :
x € X} can be represented as the intersection of the closures of a countable family
of open neighborhoods of A in X x X. According to Zenor [21], a space X has
a regular Gg-diagonal if and only if there exists a sequence {Gy, : n € w} of open
covers of X with the following property:

633



634

C. Liu

(*) For any two distinct points y and z in X, there are open neighborhoods Oy,
and O, of y and z, respectively, and k € w such that no element of G,, intersects
both O, and Oy.

In [3], Arhangel’skii and Burke proved that every Hausdorff first countable
Abelian paratopological group G has a regular Ggs-diagonal. We sharpen the
result by showing the following

Theorem 2.1. Let G be a Hausdorff first-countable paratopological group. Then
G has a regular Gg-diagonal.

PrOOF: Fix a countable base {V;, : n € N} at the neutral element e in G with
Vn2+1 C V. Let x € G; then 2V}, Vyx are open for n € N since G is a paratopo-
logical group. For z € G, n € N, let Wy (z) = 2V, N Vpz. Then Wy(x) is a
neighborhood of . Let G, = {Wy(z) : ¢ € G} for n € N. Then {G,, : n € N} isa
sequence of open coverings of G.

By Zenor’s characterization of regular GGs-diagonal, we only prove the following

Claim: For y,z € G, y # z, there is k € N such that no element of Gy, intersects
both yV}, and zV,.

Suppose not; for any n € N, there is an element Wy, (z,) € G, such that
yVo "Wy (xn) # 0 and Wy (zp) N2Vy, # (. Then there are ap, by, ¢p, dp, and fy, in
Vi, such that yan, = nbn, Tnen = dpTn = 2fn, yan = d;ldn:vnbn = d;lzfnbn.
Since a, — e, we have ya, — ¥y, hence d;lzfnbn —y. dp — esince dp € Vp, G
is a paratopological group, then dndglzfnbn — ey =y, hence z fnb, — y. Notice
that fy,bn € Vy, thus frby, — e, hence zd,b, — z. G is Hausdorff, then y = z,
this is a contradiction.

Therefore, G has a regular Gs-diagonal. O

A subset A of a space X is said to be bounded [3] in X if every infinite family
& of open subsets of X such that VN A # @, for every V € £, has an accumulation
point X. If X is bounded in itself, then we say that X is pseudocompact.

Notice that a pseudocompact or bounded subset of a regular space X is metriz-
able if X has a regular Gg-diagonal [3]. We have the following

Corollary 2.1. Let G be a regular first-countable paratopological group. Then
every pseudocompact subspace of G is a metrizable compactum.

Corollary 2.2. Let G be a regular first-countable paratopological group. Then
every bounded subspace of G is metrizable.

The above theorem and corollaries give an affirmative answer to Arhangel’skii
and Burke’s question [3, Problem 25].

A space X is an wA-space [8] if there exists a sequence (Gp,) of open covers of
X such that if zp, € st(x,Gy) for each n € N, then the set {z, : n € N} has a
cluster point in X.
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Since a space X with a regular Gs-diagonal has a G}-diagonal, by [8, Theo-
rem 3.3], we have the following

Corollary 2.3. Let G be a first-countable paratopological group. Then G is a
Moore space if G is an wA-space.

A space X is quasi-developable [8] if there exists a sequence (Gy,) of families of
subsets of X such that for each = € X, {st(z,Gpn) : n € N} is a base at z. Recall
that a topological space is said to be symmetrizable if its topology is generated
by a symmetric, that is, by a distance function satisfying all the usual restrictions
on a metric, except for the triangle inequality [1].

Theorem 2.2. Every symmetrizable paratopological group G is a Moore space.

PrROOF: We fix a symmetric d on the paratopologcial group GG generating the
topology on G. Since G is weakly first-countable [1], by a result of Nyikos [15],
G is first-countable. Put B(z,1/n) = {y € G : d(z,y) < 1/n}, and fix an
open base {V,, : n € N} at e with V,, C int(B(e,1/n)) and Vr?+1 C Vn. Let
Ajj ={x e G:Vix Cint(B(x,1/4))} and G;; = {Vix : x € A;;} for i, j € N. Since
{Viz :i € N} and {int(B(x,1/j)) : j € N} are bases at z, G = [J{A;; : 4,7 € N}.
We prove that {st(z,G;;) : i,j € N} is a base at * € G. Let U be an open
subset of X with € U. There exists k € N such that z € int(B(z,1/k)) C U
and pick m,n € N such that m < n, Voo C Ve C int(B(x,1/k)). We choose
k' such that B(z,1/k') C Vyx since {B(z,1/i) : i € N} is a weak base at x.
For x € Vpy € Gupr, since Viy C B(y,1/K), d(z,y) = d(y,z) < 1/K', hence
y € B(z,1/k') C Vpz. Vpy C ViVax C Vipz C int(B(z,1/k)) C U, hence
x € st(xz,G,) C U. Therefore G is quasi-developable.

G is symmetrizable and first-countable, hence G is semi-stratifiable [8, Theo-
rem 9.8], thus every closed subset of G is a Gg-set. Therefore G is a developable
space [8, Theorem 8.6]. O

We cannot replace “symmetrizable” with “first-countable” in Theorem 2.2,
Sorgenfrey line is a first-countable paratopological group but not a Moore space.

Let Sk be the quotient space obtained by identifying all limit points of the
topological sum of x many convergent sequences. S, is called sequential fan. The
Arens’ space Sy = {00} U{zy : n € N}U{zp(m) : m,n € N} is defined as follows:
Each x,(m) is isolated; a basic neighborhood of x, is {xp} U {xn(m) : m > k,
for some k € N}; a basic neighborhood of oo is {oo} U (J{V : n > k for some
k € N}), where V;, is a neighborhood of zp,.

In [14], it was proved that a topological group contains a (closed) copy of S, if
and only if it contains a (closed) copy of S2. We do not know if the result is still
true for paratopological groups, but we have the following theorem by modifying
Lemma 2.1 in [14].
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Theorem 2.3. Let G be a paratopological group. Then G contains a (closed)
copy of S, if G has a (closed) copy of So.

PrOOF: Let A = {e} U{xn : n € N} U {zn(m) : m,n € N} be a closed copy of
S, where e is the neutral element of G. For n,m € N, let y,,(m) = x,,; L2y (m).
Then yn(m) — e as m — oo for n € N. For each n, let Sy, = {yn(m) : m €
N}. Then F = {n : Sy, NSy, is infinite } is finite (otherwise, pick distinct
x;l_lzzrm (my;) € Spm, N Sy, for n; € F with n; < njyq, x;l_lzzrni (m;) — e, xn, — e,
hence zp,(m;) — e, a contradiction). Without loss of generality, we assume
SiNS;=0ifi#j. Let B = {e}U{yn(m):n,m e N}

Claim: B is a closed copy of S,,.

Suppose B is not closed. Then there is 2 € X\ B with 2 € B. Since A is closed,
there exists an open neighborhood V' of the neutral element e such that Vx meets
{zn(m) : m € N} for at most one n. Let U be open neighborhood of e with
U? C V; Uz contains an infinite subset {yn,(m;) : i € N} of B. Since 2, — e,
without loss of generality, {zy,; : ¢ € N} C U. {&n,yn;(m;) : 1 € N} C UUx C Vz,
it means {zp,(m;) : ¢ € N} C Vz, a contradiction.

If f:w— w,then C = U{yn(m): m < f(n),n € N} does not have a cluster
point. Otherwise, there exists x € C'\{z}. Let V be an open neighborhood V' of
the neutral element e such that Vz meets [V N {x,(m) : m < f(n),n € N} < 1.
Let U be open neighborhood of e with U? C V, Uz contains an infinite subset
{yn;(m;) : i € N} C C, hence xn,(m;) = xn;yn;(m;) € UUz C Vz for each i € N,
which is a contradiction. Hence B is a copy of .S,,. O

Nogura, Shakhmatov and Tanaka proved the following corollary as G is a
topological group [14]. By Theorem 2.3, we can see the following corollary is still
true for a paratopological group G.

Note that a sequential space is an A-space! if and only if it contains no closed
copy of S, [20]. By Theorem 2.3, a paratopological group contains no closed copy
of Sy if it is an A-space. A sequential space that each point is a Gg-set or is
hereditarily normal is strongly Fréchet if it contains no closed copy of S, and Sz
[20, Theorem 3.1]. A strongly Fréchet space is an ay-space? [2, Theorem 5.26).

Corollary 2.4. Suppose that G is a sequential paratopological group such that
either (a) e € G is a Gs-set, or (b) G is hereditarily normal. Then the following

LA space X is an A-space if, whenever {4, : n € N} is a decreasing sequence of subsets
of X, and z € X is a point with z € N{An\{z} : n € N}, then for every n € N one can find a
(possibly empty) set B, C Ay such that [J{Bn : n € N} is not closed in X.

2A countable collection {Sy, : n € N} of convergent sequences in a space X is called a sheaf
(with a vertex x) if each sequence S, converges to the same point z € X. A space is called
ay-space, if for every point € X and each sheaf {S, : n € N} with the vertex z, there exists a
sequence converging to x which meets infinitely many sequences Sy, .
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are equivalent:
(1) G is an ay-space;
(2) G is an A-space, and
(3) G is strongly Fréchet.

A paratopological group G is said to have the property (**), if there exists a
sequence {x, : n € N} C G such that z,, — e and x,;! — e. Obviously, every
topological group has the property (**). Not every paratopological group has
the property (**), for instance, Sorgenfrey line S does not have the property (**).
A paratopological group having the property (**) need not be a topological group:
for instance, if (R,+) is the real line with the usual topology, then S x R is a
paratopological group having the property (**) but not a topological group.

Theorem 2.4. Let G be a paratopological group having the property (**). Then
G has a (closed) copy of Sy if it has a (closed) copy of S,,.

ProOOF: Let A = {e} U{yn(m) : m,n € N} be a closed copy of S, for each
n, yn(m) — e as m — oo. Since G has the property (**), there is a sequence
{xy, : n € N} such that z,, — e and :1:;1 — e. Let U, be an open neighborhood
of zy, for each n with U; NU; = 0 if i # j. Let an(m) = zpyn(m) for n,m € N.
For any n € N, we have z,(m) — xz, as m — oo. Without loss of generality, we
assume {zp(m) : m € N} C Up,. Let B = {e}U{zp : n € N}U{xn(m) : n,m € N}.

Claim: B is a closed copy of S>.

Suppose B is not closed. Then there exists z ¢ B,e # x € B\{z}. Since

A is closed, there is a neighborhood of e such that Vo N (A\{z}) = 0. Let U
be a neighborhood of e with U2 € V and Uz contains at most one z,. Uz
contains infinitely many elements of B, since U contains infinitely many z,, bg,
UUx contains infinitely many y,(m). Hence V contains infinitely many elements
of A, this is a contradiction.

If f:w — w, similarly as in the proof of Theorem 2.3, {zy(m) : n > k for some

k,m < f(n)} is closed. Hence B is a closed copy of So. O

Note that a Fréchet-Urysohn space contains no closed copy of Sz, then a
Fréchet-Urysohn paratopological group having the property (**) contains no
closed copy of S, by Theorem 2.4, hence it is a strongly Fréchet space [20] (or
countably bisequential space [13]), therefore it is an «y4-space [2, Theorem 5.23].

Corollary 2.5. Let G be a paratopological group with the property (**). If G
is a Fréchet-Urysohn space, then G is a a4-space.

Corollary 2.5 gives a partial answer to Nyikos’ question [15, Problem 3]: “Is a
Fréchet-Urysohn paratopological group an ay-space?”.

Question 2.1. Can we omit the property (**) in Theorem 2.4 or in Corollary 2.57
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A space X is called weakly quasi-first countable or Rg-weakly first-countable
([17], [18]) if for each i € N, there exists a mapping B’ : N x X — P(X), where
P(X) denotes the power set of X, such that the following (1) and (2) hold:

(1) for i € N, for each n € N and z € X, Bi(n + 1,2) C B'(n,z), and
{x} = N{B%(n,z) : n € N}; and
(2) a subset V of X is open if and only if for each y € V and for each i € N
there exists n(i) with B%(n(i),y) C V.
If B® = B for i € N, then X is called weakly first countable or g-first countable.
Obviously, a weakly first countable space is weakly quasi-first countable.

Corollary 2.6. Let G be a Fréchet-Urysohn paratopological group with the pro-
perty (**). If G is Ng-weakly first-countable, then G is first-countable.

Proor: By Corollary 2.5, G is an ay4-space, hence G is weakly first-countable
[10], thus G is first-countable [15, Theorem 2]. O

By Corollary 2.5, we have the following:

Corollary 2.7 ([18]). A Fréchet-Urysohn, Ro-weakly first-countable topological
group is metrizable.

Next, we discuss when we cannot embed a copy of S,,; to some paratopological
group.

A family {By, : a € I'} of subsets of a space X is hereditarily closure-preserving
(weakly hereditarily closure-preserving [5]) (simply, HCP (wHCP)) if

U{C_a aeJ}= (U{Ca o€ J})({zq € J} is closed discrete),

whenever J C I and Cy, C By (zq € By) for each a € J. Obviously, a HCP family
is wHCP. Spaces with a o-wHCP weak base (base) were discussed in [11], [12].
Let P be a cover of a space X. Then P is a k-network for X if whenever K C U
with K compact and U open in X, K C |JP’ C U for some finite P/ C P. A k-
network is a network. A space with a o-locally finite k-network is an N-space [16].
Sw; is a closed image of a metric space, hence it has a o-HCP closed k-network
[7] but it is not an R-space [9].

Theorem 2.5. Let G be a paratopological topological group with the proper-
ty (**). If G has a o-wHCP closed k-network, then G contains no closed copy
of S, -

PROOF: Suppose G contains a closed copy of Sy, = {e}U{zp(a) : @ <wi,n € N},
where e is the neutral element of G and z, (o) — e as n — co. Since G has the
property (**), there exists a sequence {z,, : n € N} C G such that z, — e,
:1:51 — e. G is regular, we take open subsets U, of G such that x, € Up,
UoNUp =0 (n # m) and Uy, N {zp, : n € N} = {z,}. For each m € N,
TmZn(a) = Tm(n — ), {Tmzn(a) : n € N} is eventually in Uy, for a < wy.
Without loss of generality, we assume {xman (o) : n € N} C Upy,.
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Claim: B = {Zp(0)Zm(a)(®) : o < wi} is a discrete subset of G for n(a),
m(a) € N.

Case 1: {n(a): a < wy} is finite.

We rewrite {n(a) : o < wi} = {r1,...7x}. Since {zgy(a) + @ < w1} is
discrete for every g : w1 — N, then {zr,z4)(a) : @ < w1} is discrete for each
i < k, hence B is discrete.

Case 2: {n(a): a < wi} is infinite.

Suppose B is not discrete and let x be the cluster point of B. For every
g w1 — N, there exists an open neighborhood V' of e such that [Vz N {zyq)(a) :

@ < wi} < 1. Let U be an open neighborhood of e with U? C V. Then
C = Uz N {Zp(a)Tm(a)(@) : @ <wi} # 0 for infinitely many n(a). Since ol —
e, {xn : n € N} is eventually in U, {z;! : n > k}C C UUz C Va. Then

|Va: N{Zg(a)(a@) : @ <wi}| > w, a contradiction.

For o < wy, let Cy = {e} U{zn : n € N} U {zpzi(a) : n € Nyi > fo(a)}.
Note that zpzj, () — e(n — oo), where j,, > fm(a). Since every infinite
subset of Cy, has a cluster point in it, Cy is a countably compact. Since every
countably compact space with a o-wHCP network has a countable network [12,
Proposition 6], Cy, is compact [11].

Let P = |U{Pn : n € N} be a o-wHCP k-network consisting of closed subsets.
Then there is a finite P’ C P such that Cy C |JP'. Pick Py € P’ so that P
contains ko = Zy,(0)Z(0)(0) and infinitely many z,’s. We assume that for each
a < (3, there exists P, € P such that P, contains infinitely many z,’s and a
point ko = Zp(q)Tm(a)(@). We have Cg C G\{kq : @ < B}, which is open in G
by the Claim. There is a finite P” C P such that Cg C (JP” C G\{ka : @ < 3},
pick Pg € P” so that Pg contains infinitely many x, and kg = Tn(8)Tm(B) (B)-
By induction, we obtain { Py : @ < w1} C P such that Py # Pg if a # 3 and each
P, contains infinitely many x5, ’s, hence there are uncountably many P, € Py, for
some n € N. Note that Py, is wHCP and there is a subsequence L of {z,, : n € N}
such that L is discrete, which is a contradiction. [l
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