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The Dirichlet problem for elliptic equations in the plane

Paola Cavaliere, Maria Transirico

Abstract. In this paper an existence and uniqueness theorem for the Dirichlet problem
in W 2,p for second order linear elliptic equations in the plane is proved. The leading
coefficients are assumed here to be of class VMO .
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1. Introduction

Consider the Dirichlet problem

(1.1)







u ∈ W 2,p(Ω) ∩
◦
W 1,p(Ω),

Lu = f, f ∈ Lp(Ω),

where Ω is an open subset of R
n, n ≥ 2, with a suitable regularity property,

p ∈ ]1,+∞[ and L is the uniformly elliptic differential operator defined by

(1.2) L = −
n

∑

i,j=1

aij
∂2

∂xi∂xj
+

n
∑

i=1

ai
∂

∂xi
+ a.

Suppose that the coefficients aij satisfy the requirement

(1.3) aij = aji ∈ L∞(Ω),

and that suitable summability conditions hold for the coefficients ai and a. If
n ≥ 3, p < n and Ω is bounded, it is well known that (1.3) is not enough to
ensure the uniqueness for the problem (1.1). For this reason, problem (1.1) has
been studied by several authors under various additional hypotheses on the aij ’s.
In particular, a relevant existence and uniqueness theorem has been obtained in
[4] and [5], under the assumption that the aij ’s are of class VMO and ai = a = 0;
this latter condition has been removed in [11] and [12]. Recently, these results
have also been extended to the case of unbounded open sets (see [2] and [3]).
If n = 2 and Ω is bounded, a classical theorem by Talenti [9] shows that for

p = 2 the condition (1.3) on the aij ’s is enough to obtain an estimate for the
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solutions of (1.1) and so to prove an existence and uniqueness result. It is known
that this theorem also holds when p lies in a certain neighborhood of 2 (see for
instance [7]), and this interval has recently been determined in [1]. Observe that
the lower critical exponent here is precisely the one conjectured by Pucci [8], who
also proved that if p is smaller than this exponent, then the uniqueness of the
solution of (1.1) cannot be proved.
The aim of this paper is to study problem (1.1) when n = 2, Ω is bounded

and p is an arbitrary real number > 1. The above considerations show that some
additional requirement on the aij ’s is necessary, and it looks natural to impose
that such coefficients belong to VMO (Ω).

2. Some notation

Let Ω be an open subset of R
n, and let Σ(Ω) be the collection of all Lebesgue

measurable subsets of Ω. For each A ∈ Σ(Ω), we denote by |A| the Lebesgue
measure of A. Moreover, put

A(x, r) = A ∩ B(x, r) ∀x ∈ R
n, ∀ r ∈ R+,

where B(x, r) is the open ball of R
n of radius r centered at x.

If Ω has the property

(2.1) |Ω(x, ρ)| ≥ C ρn ∀x ∈ Ω, ∀ ρ ∈]0, 1],

where C is some positive constant independent of x and ρ, one can consider the
space BMO (Ω, t), t ∈ R+, consisting of all functions g in L1loc(Ω̄) such that

(2.2) [g]BMO (Ω,t) = sup
x∈Ω

r∈]0,t]

∫

Ω(x,r)
|g −

∫

Ω(x,r)
g| < +∞,

where
∫

Ω(x,r)
g = |Ω(x, r)|−1

∫

Ω(x,r)
g.

If g ∈ BMO (Ω) = BMO (Ω, tC ), with

tC = sup
t∈R+

(

sup
x∈Ω

r∈]0,t]

rn

|Ω(x, r)|
≤
1

C

)

,

we say that g is in VMO (Ω) if

lim
t→0+

[g]BMO (Ω,t) = 0.
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Moreover, a function η[g] : R+ −→ R+ is called a modulus of continuity of g in
VMO (Ω) if

η[g](t) ≥ [g]BMO (Ω,t) ∀ t ∈ R+, lim
t→0+

η[g](t) = 0.

If g ∈ Lp(Ω), we put

ωp[g](t) = sup
E∈Σ(Ω)
|E|≤t

‖g‖Lp(E), t ∈ R+;

clearly, limt→0+ ωp[g](t) = 0 and the function ωp[g] : R+ −→ R+ is a modulus of
continuity of g in Lp(Ω).
A more detailed account of properties of the above defined function spaces can

be found in [10].

3. Statements and proofs

Let Ω be a bounded open subset of R
2 with boundary of class C1,1, and let

p ∈]1,+∞[. Consider in Ω the differential operator

(3.1) L = −

2
∑

i,j=1

aij
∂2

∂xi∂xj
+

2
∑

i=1

ai
∂

∂xi
+ a,

and suppose that the coefficients of L satisfy the following hypotheses:

(h1)



















aij = aji ∈ L∞(Ω) ∩ VMO (Ω), i, j = 1, 2,

∃ ν ∈ R+ :

2
∑

i,j=1

aijξiξj ≥ ν|ξ|2 a.e. in Ω, ∀ ξ ∈ R
2,

(h2)















ai ∈ Lr(Ω), i = 1, 2, where

r = 2 if p < 2, r > 2 if p = 2, r = p if p > 2,

a ∈ Lp(Ω).

Observe that under the above assumptions, the operator

L :W 2,p(Ω) −→ Lp(Ω)

is bounded by Sobolev embedding theorem.

Our first result provides an a priori bound.
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Lemma 3.1. Suppose that conditions (h1) and (h2) are satisfied. Then there
exists a positive constant c such that

(3.2) ‖u‖W 2,p(Ω) ≤ c
(

‖Lu‖Lp(Ω) + ‖u‖Lp(Ω)

)

∀u ∈ W 2,p(Ω) ∩
◦
W 1,p(Ω),

where c depends on Ω, p, ν, ‖aij‖L∞(Ω), η[p(aij)], ‖ai‖Lr(Ω), ‖a‖Lp(Ω), ωr[ai],

ωp[a], and p(aij) is an extension of aij to R
2 of class L∞(R2) ∩ VMO (R2).

Proof: Consider a function ζ such that

ζ ∈ C∞
0 (]− 2, 2[), 0 ≤ ζ ≤ 1, ζ|]−1,1[ = 1.

Put Ω̃ = Ω×]− 2, 2[ and fix an element u of W 2,p(Ω) ∩
◦
W 1,p(Ω). It can be easily

shown that the function
v(x, t) = u(x)ζ(t)

is of class W 2,p(Ω̃) ∩
◦
W 1,p(Ω̃). Let

L0 = −
2

∑

i,j=1

aij
∂2

∂xi∂xj

and consider the operator

L̃0 = L0 −
∂2

∂t2
.

An application of Theorem 5.1 in [10] (see also the proof of this result) yields that
there exist extensions p(aij) of aij to R

2 (i, j = 1, 2) of class L∞(R2)∩VMO (R2).
It follows that the functions p̃(aij), defined by the position

p̃(aij)(x, t) = p(aij)(x), x ∈ Ω, t ∈ ]− 2, 2[ ,

belong to L∞(R3) ∩ VMO (R3) and η[p̃(aij)] = η[p(aij)]. Thus by Theorem 4.2
of [5] there exists c1 ∈ R+ such that

(3.3) ‖v‖
W 2,p(Ω̃) ≤ c1

(

‖L̃0v‖Lp(Ω̃) + ‖v‖
Lp(Ω̃)

)

,

where c1 depends only on Ω, p, ν, ‖aij‖L∞(Ω), η[p(aij)]. By easy computation, it

follows from (3.3) that there exists a positive constant c2, depending on the same
parameters as c1 and on the function ζ, such that

(3.4) ‖u‖W 2,p(Ω) ≤ c2
(

‖L0u‖Lp(Ω) + ‖u‖Lp(Ω)

)

.
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On the other hand, by using Theorem 3.2 in [6], we obtain that for any ε ∈ R+

there is c(ε) ∈ R+ such that

(3.5)
∥

∥

∥

2
∑

i=1

aiuxi + au
∥

∥

∥

Lp(Ω)
≤ ε‖u‖W 2,p(Ω) + c(ε)‖u‖Lp(Ω),

where the constant c(ε) depends on ‖ai‖Lr(Ω), ‖a‖Lp(Ω), ωr[ai] and ωp[a]. The

statement follows now directly from (3.4) and (3.5). �

Our next two lemmas are regularity results for the operators L0 and L, respec-
tively.

Lemma 3.2. Under the hypothesis (h1), if u is a solution of the problem

(3.6)







u ∈ W 2,q(Ω) ∩
◦
W 1,q(Ω),

L0u ∈ Lp(Ω),

with q ≤ p, then u belongs to W 2,p(Ω).

Proof: It follows from (3.6) that

(3.7)







v(x, t) = u(x)ζ(t) ∈ W 2,q(Ω̃) ∩
◦
W 1,q(Ω̃),

L̃0v ∈ Lp(Ω̃),

where ζ, Ω̃ and L̃0 are those introduced in the proof of Lemma 3.1. An application
of Theorem 4.2 in [5] to the problem (3.7) yields now that v lies in W 2,p(Ω̃) and
hence u ∈ W 2,p(Ω). �

In the following we shall denote with (h′2) the condition obtained from (h2)
requiring that r > 2 also when p < 2.

Lemma 3.3. Suppose that the conditions (h1) and (h
′
2) are satisfied. If u is a

solution of the problem

(3.8)







u ∈ W 2,q(Ω) ∩
◦
W 1,q(Ω),

Lu ∈ Lp(Ω),

with q ≤ p, then u belongs to W 2,p(Ω).

Proof: Obviously, it can be assumed that q < p. By Lemma 3.2 it is enough to
show that L0u belongs to Lp(Ω), so that, since

L0u = Lu −
2

∑

i=1

aiuxi − au,
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we can even reduce to prove that

(3.9) aiuxi ∈ Lp(Ω), i = 1, 2.

Observe that there exist k ∈ N \ {1} and γ ∈ ]1,+∞[ such that

(3.10)







γk = p
q > 1, γk−1 6= 2q ,

1
γ ≥ 1− q

(

1
2 −

1
r

)

.

In fact, if we choose k ∈ N \ {1} such that

(q

p

)
1

k
≥ 1− q

(1

2
−
1

r

)

,
1

k
6= 1− log p

q

2

q

and γ =
(p

q

)
1

k
, we have immediately that (3.10) holds. Put now

(3.11) ph = γhq, h = 0, 1, . . . , k.

It follows from (3.10) and (3.11) that

(3.12)







p0 = q, p1 = γq, . . . , pk−1 = γk−1q 6= 2, pk = p,

1
ph+1

≥ 1
ph
+ 1r − 12 , h = 0, 1, . . . , k − 1.

The relation (3.9) can now be obtained by applying k times Theorem 3.1 of [6].
�

Consider the Dirichlet problem

(3.13)







u ∈ W 2,p(Ω) ∩
◦
W 1,p(Ω),

Lu = f, f ∈ Lp(Ω).

We prove here the following existence and uniqueness result dealing with the case
a = 0.

Lemma 3.4. Suppose that conditions (h1) and (h
′
2) are satisfied, and assume

also that a = 0. Then the problem (3.13) is uniquely solvable and there exists a
positive constant c such that

(3.14) ‖u‖W 2,p(Ω) ≤ c‖f‖Lp(Ω),
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where c depends on Ω, p, ν, ‖aij‖L∞(Ω), η[p(aij)], ‖ai‖Lr(Ω), ωr[ai], and p(aij)

is the extension of aij to R
2 considered in Lemma 3.1.

Proof: Assume that u is a solution of (3.13) with f = 0, so that u belongs to
W 2,2(Ω) by Lemma 3.3. Then u is also a solution of the problem

(3.15)







u ∈ W 2,2(Ω) ∩
◦
W 1,2(Ω),

Lu = 0,

and hence u = 0 by the Pucci-Alexandrov maximum principle. The uniqueness
of the solution of (3.13) follows.
The above uniqueness result and Lemma 3.1 allow to use the same methods of

the proof of Theorem 2.4 in [11], in order to obtain the estimate (3.14) and then
the existence of the solution of (3.13). �

It is now possible to obtain the main result of the paper.

Theorem 3.5. Suppose that conditions (h1) and (h
′
2) are satisfied, and assume

also that ess infΩ a ≥ 0. Then the problem (3.13) is uniquely solvable and the
solution u satisfies the a priori bound

(3.16) ‖u‖W 2,p(Ω) ≤ c‖f‖Lp(Ω),

with c ∈ R+ depending on Ω, p, ν, ‖aij‖L∞(Ω), η[p(aij)], ‖ai‖Lr(Ω), ‖a‖Lp(Ω),

ωr[ai], ωp[a] and where p(aij) is the extension of aij to R
2 considered in Lem-

ma 3.1.

Proof: The proof can be obtained with the same arguments used in [12, Theo-
rem 2.1], replacing Theorems 2.2 and 2.3 of [12] by our Lemmas 3.1, 3.3 and 3.4.

�
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