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The Dirichlet problem for elliptic equations in the plane

PaoLA CAVALIERE, MARIA TRANSIRICO

Abstract. In this paper an existence and uniqueness theorem for the Dirichlet problem
in W2P for second order linear elliptic equations in the plane is proved. The leading
coefficients are assumed here to be of class VMO.
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1. Introduction
Consider the Dirichlet problem
[}
ue W2P(Q)NnWhP(Q),

(1.1)
Lu=f, feLP(Q),

where ) is an open subset of R", n > 2, with a suitable regularity property,
p €]1,+oo[ and L is the uniformly elliptic differential operator defined by

1.2 L=- im———— — .
(1.2) z‘jz—l i O0z;0r; + ; i ox; ta

Suppose that the coefficients a;; satisfy the requirement
(1.3) a5 = A5 € LOO(Q),

and that suitable summability conditions hold for the coeflicients a; and a. If
n > 3, p < n and Q is bounded, it is well known that (1.3) is not enough to
ensure the uniqueness for the problem (1.1). For this reason, problem (1.1) has
been studied by several authors under various additional hypotheses on the a;;’s.
In particular, a relevant existence and uniqueness theorem has been obtained in
[4] and [5], under the assumption that the a;;’s are of class VMO and a; = a = 0;
this latter condition has been removed in [11] and [12]. Recently, these results
have also been extended to the case of unbounded open sets (see [2] and [3]).

If n = 2 and Q is bounded, a classical theorem by Talenti [9] shows that for
p = 2 the condition (1.3) on the a;;’s is enough to obtain an estimate for the
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solutions of (1.1) and so to prove an existence and uniqueness result. It is known
that this theorem also holds when p lies in a certain neighborhood of 2 (see for
instance [7]), and this interval has recently been determined in [1]. Observe that
the lower critical exponent here is precisely the one conjectured by Pucci [8], who
also proved that if p is smaller than this exponent, then the uniqueness of the
solution of (1.1) cannot be proved.

The aim of this paper is to study problem (1.1) when n = 2,  is bounded
and p is an arbitrary real number > 1. The above considerations show that some
additional requirement on the a;;’s is necessary, and it looks natural to impose
that such coefficients belong to VMO ().

2. Some notation

Let © be an open subset of R™, and let 3(Q2) be the collection of all Lebesgue
measurable subsets of Q. For each A € X(2), we denote by |A| the Lebesgue
measure of A. Moreover, put

A(z,7) = ANB(z,r) VzeR" VreRy,
where B(z,r) is the open ball of R™ of radius r centered at z.
If Q has the property
(2.1) |z, p)| > Cp" VaeQ, Vpelo,1],

where C' is some positive constant independent of x and p, one can consider the
space BMO (,t), t € R4, consisting of all functions ¢ in Llloc(Q) such that

(22) swown = s £ lo- £ gl <o,
(EGQ Q(CL‘,T’) Q(CL‘,T’)
r€]0,t]

where

R
Q(z,r) Qz,r)
If g € BMO(Q) = BMO (9, t¢), with

’ ( r’ < 1)
c=sup | sup —— < — |,
teR, N zeq 122, 7)]
r€]0,t]

we say that g is in VMO (Q) if

lim =0.
Jim, l9] Mo (,0)
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Moreover, a function 7[g] : Ry — R4 is called a modulus of continuity of g in
VMO () if

nlgl®) = l9lBmo ) Vit € Ry, tli%l+ nlgl(t) = 0.

If g € LP(Q), we put

wplgl(t) = sup  |gllpr(E), t € Ry;
EeX(Q)
|EI<t

clearly, lim; g+ wp[g](t) = 0 and the function wplg] : R+ — Ry is a modulus of
continuity of g in LP(£2).

A more detailed account of properties of the above defined function spaces can
be found in [10].

3. Statements and proofs

Let Q be a bounded open subset of R? with boundary of class C1!, and let
p €]1,4+00[. Consider in  the differential operator

2 2 2 9
3.1 L=-— — =
( ) ijz_l al] axlax] + ; a; ('“)xl + a,

and suppose that the coefficients of L satisfy the following hypotheses:
Qi = aji € LOO(Q) n VMO(Q), i,5=1,2,

(h1) 2

JveRy: Z a”@{j > V|§|2 a.e. in , V¢e RQ,
ij=1

a; € L"(Q), i=1,2, where

(ha) r=2 if p<2, r>2 if p=2, r=p if p>2,

a € LP(Q).
Observe that under the above assumptions, the operator
L:W?P(Q) — LP(Q)

is bounded by Sobolev embedding theorem.

Our first result provides an a priori bound.



754 P. Cavaliere, M. Transirico

Lemma 3.1. Suppose that conditions (hy) and (ha) are satisfied. Then there
exists a positive constant ¢ such that

(32)  lullwer) < c(ILullpro) + lullr@) Yue WPQ)NWHP(Q),

where ¢ depends on €, p, v, [laijl| Lo (@), nlp(aij)], llaillzr @), lallzr), wrlal,
wpla], and p(a;j) is an extension of a;; to R? of class L°(R?) N VMO (R?).

PRrOOF: Consider a function ¢ such that

CeCy®(]—2,2), 0<¢<L, (oga=1

~ (¢}
Put Q = Qx| — 2,2[ and fix an element u of W2P(Q) N WLP(Q). It can be easily
shown that the function

v, t) = u(z)C(t)

- ° -
is of class W2P(Q) N WLP(Q). Let

3wy
Ly = Q55
i 0z;0z;
and consider the operator
2
Lo=Ly— —.
0= 0 52

An application of Theorem 5.1 in [10] (see also the proof of this result) yields that
there exist extensions p(a;;) of a;; to R? (4, j = 1,2) of class L>(R?)N VMO (R?).
It follows that the functions p(a;;), defined by the position

ﬁ(aij)(xvt) = p(aij)(x)v reQ, te ] - 252[3

belong to L®(R3) N VMO (R3) and n[p(a;;)] = nlp(a;;)]. Thus by Theorem 4.2
of [5] there exists ¢; € R4 such that

(3.3) ||U||W2,p(Q) <c (HLOU”Lp(Q) + ||U||Lp(Q))=
where ¢ depends only on €, p, v, [lajj|| e (), nlp(aij)]. By easy computation, it
follows from (3.3) that there exists a positive constant cg, depending on the same

parameters as ¢; and on the function ¢, such that

(3.4) lullwar) < 2 (1 Loull o) + llull Lr(e))-
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On the other hand, by using Theorem 3.2 in [6], we obtain that for any ¢ € Ry
there is ¢(e) € R4 such that

2
(3.5) | Do aias o, ) < el + @) ulnga).
=1

where the constant c(e) depends on |la;| (@), llallzr(q), wrlai] and wpla]. The
statement follows now directly from (3.4) and (3.5). O

Our next two lemmas are regularity results for the operators Lg and L, respec-
tively.
Lemma 3.2. Under the hypothesis (hi), if u is a solution of the problem

(36) u € W24(Q) N Whi(Q),

Lou € LP(Q),
with ¢ < p, then u belongs to W2P(Q).
PRrROOF: It follows from (3.6) that

(3.7) v(z,t) = u(z)¢(t) € WI(Q) N Whe(Q),

.Z/()’U S LP(Q),

where ¢, Q and L are those introduced in the proof of Lemma 3.1. An application
of Theorem 4.2 in [5] to the problem (3.7) yields now that v lies in W?2P(Q) and
hence u € W2P(Q). O

In the following we shall denote with (k) the condition obtained from (hg)
requiring that r > 2 also when p < 2.

Lemma 3.3. Suppose that the conditions (h1) and (hf) are satisfied. If u is a
solution of the problem

2, a1,
. w e W24(Q) N Wha(Q),

Lu € LP(Q),

with q < p, then u belongs to WP ().

PrOOF: Obviously, it can be assumed that ¢ < p. By Lemma 3.2 it is enough to
show that Lou belongs to LP(2), so that, since

2
Lou = Lu — Z Uy, — OU,
=1
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we can even reduce to prove that
(3.9) ajug; € LP(Q), i=1,2.
Observe that there exist k € N\ {1} and v €]1, +00] such that

F=0>1 2

(3.10)

1
and v = (1—7) * . we have immediately that (3.10) holds. Put now
q

(3.11) on=""¢, h=0,1,... k.
It follows from (3.10) and (3.11) that

PO=q, P1 =G, Pk—1=""1q#2, pp=p,
(3.12)

1 1 1 1 — —
ITHZP_}L—FF_E’ h—O,l,,k 1.

The relation (3.9) can now be obtained by applying & times Theorem 3.1 of [6].
O

Consider the Dirichlet problem

€ W2P(Q) N WLP(Q),
(3.13) u Q) ()

Lu=f, feLP(Q).
We prove here the following existence and uniqueness result dealing with the case
a=0.

Lemma 3.4. Suppose that conditions (hy) and (h}) are satisfied, and assume
also that a = 0. Then the problem (3.13) is uniquely solvable and there exists a
positive constant ¢ such that

(3.14) lullwzp@) < clfllze)
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where ¢ depends on Q, p, v, |laijl| L (), nlp(aij)], llaillzr ), wrlail, and p(a;;)
is the extension of a;; to R? considered in Lemma 3.1.

PROOF: Assume that u is a solution of (3.13) with f = 0, so that u belongs to
W?22(Q) by Lemma 3.3. Then u is also a solution of the problem

€ W22(Q) N Wi2(Q),
- ue W22(0) N WI2(Q)

Lu=0,

and hence u = 0 by the Pucci-Alexandrov maximum principle. The uniqueness
of the solution of (3.13) follows.

The above uniqueness result and Lemma 3.1 allow to use the same methods of
the proof of Theorem 2.4 in [11], in order to obtain the estimate (3.14) and then
the existence of the solution of (3.13). O

It is now possible to obtain the main result of the paper.

Theorem 3.5. Suppose that conditions (h1) and (hf) are satisfied, and assume
also that essinfga > 0. Then the problem (3.13) is uniquely solvable and the
solution u satisfies the a priori bound

(3.16) lullwzp@) < clfllLe@);

with ¢ € Ry depending on Q, p, v, |aij| o). nlp(ai;)], llaillzr @), llallze ).
wy[a;], wpla] and where p(a;;) is the extension of a;; to R? considered in Lem-
ma 3.1.

PROOF: The proof can be obtained with the same arguments used in [12, Theo-
rem 2.1], replacing Theorems 2.2 and 2.3 of [12] by our Lemmas 3.1, 3.3 and 3.4.
O
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