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On a construction of weak solutions
to non-stationary Stokes type equations by
minimizing variational functionals and their regularity

HirosHI KAWABI

Abstract. In this paper, we prove that the regularity property, in the sense of Gehring-
Giaquinta-Modica, holds for weak solutions to non-stationary Stokes type equations.
For the construction of solutions, Rothe’s scheme is adopted by way of introducing
variational functionals and of making use of their minimizers. Local estimates are carried
out for time-discrete approximate solutions to achieve the higher integrability. These
estimates for gradients do not depend on approximation.

Keywords: non-stationary Stokes type equations, higher integrability of gradients, Cac-
cioppoli type estimate, Gehring theory, Rothe’s scheme

Classification: 35Q30, 76D05, 35J50, 39A12

1. Introduction

There has been studied the higher integrability, in the sense of Gehring-
Giaquinta-Modica ([1], [2], [3], [5] and [15]), for the gradients of weak solutions to
elliptic and parabolic partial differential equations and minimizers of variational
functionals.

This paper is motivated by the paper [4] due to Giaquinta and Modica, which
has successfully studied the higher integrability for the gradients of weak solutions
to stationary Navier-Stokes equations with bounded and measurable coeflicients
in the second order differential terms. They called these equations stationary
Navier-Stokes type equations.

The main objective of this paper is to establish the regularity theory for weak
solutions to non-stationary Stokes type equations. Based on this paper, we will
discuss this regularity results for weak solutions to non-stationary Navier-Stokes
type equations in the forthcoming paper (Kawabi [10]).

Here we remark that this type non-stationary problem has been studied by
many authors. Especially Kaplicky-Mélek-Stard [9] constructed weak solutions
of Stokes type equations and gave global estimates under quite similar assump-
tions to ours. However their approach is different from ours and we obtain local
estimates for weak solutions. Hence it seems that our result is not included in [9].
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Now we introduce our approach. To construct weak solutions for partial dif-
ferential equations with time-variable, the method of semi-discretization in time
variable, so-called Rothe’s method has been used since about 70 years ago. Our
method is based on the concept of the discrete Morse semiflows, which was first
proposed by Rektorys [16] and which was rediscovered by Kikuchi [11]. This
method is Rothe’s method taking into considerations the variational structure, in
other words it is the semi-discretization in time variable of gradient flows (Morse
flows) of some functionals. Recently Nagasawa [14] constructed weak solutions for
non-stationary Navier-Stokes equations using this method. But he did not study
their regularity property. On the other hand, Kikuchi [12] studied the higher
integrability of the gradients of time-discrete approximate solutions for parabolic
systems corresponding to a certain variational functional. The obtained estimates
are independent of approximation. It enables him to construct Morse flows with
the higher integrability of the gradients. In this paper, we adopt this argument.

First we give some notations and formulate the problem. For simplicity, we
assume the external force term f = 0. Let Q be a bounded domain in R™,
m > 2, with Lipschitz boundary 92 and T" a positive real number. We deal with
non-stationary Stokes type equations with initial-boundary conditions:

O’ = V(A3 (2)Vgul) + Vip, i (0,7) x Q,

(1.1) V-u=0, in (0,7) x Q,
U = up, on (0,7T) x 09,
u = up, on {0} x Q,
where v = (ul,...,u™) is a velocity, p is a pressure, i,j, 0,3 = 1,...,m, © =

(x,...,2™), Oy = 0/0t, Vo = 0/0xq, V - u = divu. Here and hereafter, the
summation convention is used, Greek and Latin letters running from 1 to m.
The coefficients {A%ﬁ ()} are assumed to satisfy the following conditions:

(A1) A; 6( ) : @ — R are bounded and measurable in , i.e.,
|A(.X.ﬁ ()| <L for almost every x € Q.

(A2) Aaﬁ x) are symmetric, i.e.,

Y
x) = Ajia(:zr) for almost every z € ().

(x)
48%(2)
(A3) A ﬁ (z) satisfy the ellipticity condition
(m)f&{é > \¢|? for any ¢ = (£,) € R™” and almost every z € Q
w1th a uniform constant A > 0.

In the case of A%ﬁ(x) = vdyp30;;, the equations (1.1) are the usual non-
stationary Stokes equations. Here ¢;; is the Kronecker delta. We emphasize
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the fact that Rothe’s method is well adapted to such kind of problems with non-
smooth coefficients.

We denote by whkp (©Q,R™) the usual Sobolev space. In this paper we write
H*(Q,R™) := Wk2(Q,R™) for simplicity. We also denote by HY(Q,R™) the
closure of C§°(€,R™) in H'(Q,R™), which is equipped with the scalar product

(u,v)(1) ::/(Vu(:v),VU(:v)) dx :/ Vo'l (2)Vov' (z) de.
Q Q
The space V() denotes the closure of the space
Coo () ={u e Cg°(Q,R™) | V-u =0}

in the space H}(Q,R™).
Let ug be a map from H(£2), the closure of the space

C(Q) :={ue C®QR™) |V -u=0}

in H 1((2, R™), which plays a role of the initial-boundary data. We use the set of
functions

Vi () = {u e HY(Q,R™) | u—ug € V(Q)} .
Abridged notations of bilinear forms
A)(Vu, Vo) = AY (2)Vau'V gu?
A(z)(Vnu, Vi) = A%ﬁ ()VanVgn - ul

will be adopted for a scalar-valued function 7, which may arouse no confusion of
the understanding.
A weak solution to the problem (1.1) is defined as a mapping

u € L(0,T; Viio () N H'(0,T; L*(Q, R™))
such that

li t) = trongly in  L2(Q, R™
t{%u() ug  strongly in L=(Q2,R™)

and for any ®(z) in V(Q),

/Q{(atu(t, x),®(z)) + A(x)(Vu(t,z), Vo(x))} de = 0

holds for almost every ¢t € (0,T).



164 H. Kawabi

To construct such a weak solution, we use Rothe’s method for parabolic differ-
ential equations. Take a positive integer N such that N > T and put h = % and
tp, =nh,n=0,1,...,N.

An approximate solution to the problem (1.1) is, by definition, an Vi, (€)-
valued function uy(t), —h < t < T constructed by

Up, Tfor tn,_1<t<tp,n=1,...,N,
uQ, for —h<t<O,
where {un}_; C Vi (Q) is a family of functions such that

(1.2) /Q {(“"(x) _h“"—l(x) , q»(x)) + A2)(Vun (), vq»@))} dz =0

for any ® € V() and n = 1,2,..., N. We note that {un}iyzo is a weak solution
in H 1((2, R™) to difference partial differential systems of elliptic-parabolic type:

up(t) =

un_;:'nfl — VCV(AZQ(.I)VQU%) + (len)7
V-up =0,
un |pn= 0,

wheren=1,...,N.

Here we shall display the notations used in this paper:
Up — Unp—1
h
Opup,(t) := Ogun, tho1 <t<tp, n=1,...,N.
ap(t) := up(t —h), t € (0,7].
Q== 0T)xQ={z=(t,2) e RxR™ |t € (0,T), z € Q}.

For zg = (tg,z9) € R x R™,
Ag(to) :== {t € (0,T) | to — RP<t< to} ,
Bgr(zg) := {z € R™| |z — x| < R},
Qr(20) := Agr(to) x Br(o).

For v € L1(Q,R™), we define

Ty = ]év(z) dz = ﬁ/Av(z) dz,

where m(A) is the Lebesgue measure of A C Q.

The symbol [a] means, by convention, the greatest integer not greater than the
number a, Gauss’ symbol of a. C' = C(x) denotes a positive constant depending
on the quantities * appearing in the parenthesis. The constants C appearing
in the argument may depend on m, A, L, T or (), particularly not on h, unless
otherwise stated.

We are now in a position to state our main results.

Oy, 1=
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Theorem 1.1. Let ug € H:(Q) and uy, be an approximate solution to the prob-
lem (1.1). Then, there exist positive constants ¢ and C depending only on m, A
and L, not on h, such that

1/(2+¢€) 1/2
(1.3) <][ |V, |2+¢ dz> < c<][ |V, |2 dz>
Qr(20) Q4r(20)

1/(2+
L op®-D)2 (][ By |+E/2DP |y, — gy, |(4+2/DCD) dz> /(2+e)
Qar(zo

holds for any Q4r(%0) C Q, 20 = (tng,x0), no=1,...,N and 1 <P < 2.

Theorem 1.2. For ug € H}(Q), there exists the unique weak solution u to the
problem (1.1) such that

1/(2+4¢) 1/2
(1.4) (][ |Vu|>e dz) < c<][ |Vu|2dz)
Qr(20) Q4r(20)

holds for any Q4r(z0) C Q, zo = (to, o), where C and ¢ are positive constants
depending only on m, A and L.

2. Construction of an approximate solution and preliminary facts

First we construct an approximate solution uj, to the problem (1.1) with the
initial-boundary data ug € H}(Q). We inductively construct two sets of maps
{un})_; and {F,})_; as follows: A variational functional

Fp(u) = /Q (%|u — up_1)? + A(z)(Vu, Vu)) dx

is introduced and wuy is fixed as a minimizer of Fy in V,(2), the existence of
which is assured by the weak lower semi-continuity of F, in V(Q), Vi, () being
convex. Note that u, thus constructed satisfies the identities (1.2) which are the
Euler-Lagrange equations for n =1,..., N.

Upon comparing u,—1 in F;, with the minimizers u,, n =1,..., N, we infer

/ A(z)(Vun, Vuy) dz + h/ By |? do < / A(z)(Vup—1, Vup—_1) dz
Q Q Q

and thus have the following lemma. This plays a key role in the proof of Theo-
rem 1.2.
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Lemma 2.1. Let up, : [—h,T] — V,,(2) be the approximate solution to the
problem (1.1). Then we have the estimates

sup /A(x)(Vuh(t),Vuh(t))d:cS/A(x)(Vuo,Vuo) dz,
—h<t<TJO Q

T
/ /|5tuh|2dxdt§/A(w)(VuO,Vuo) dx.
0 Q Q

Next we state several preliminary facts which will play a central role in the
sequel.

In the study of Navier-Stokes equations, Leray’s projection operator is im-
portant. In this paper, we use the similar projection operator P, defined in
Giaquinta-Modica [4]. Let w be an open subset of Q. We define the continuous
linear operator Ly, : H} (w,R™) — L%(w,R™) by L,® := V- for & € H} (w, R™).
Then we note that V(w) is equal to Ker L,,. See Ladyzhenskaya [13] for the proof.
We define the projection operator P,, : H} (w,R™) — V1 (w) where V+(w) is the
orthogonal complement of V' (w).

The following proposition plays a fundamental role to prove Caccioppoli type
estimate in Section 3.

Proposition 2.2. For all ® € H& (w,R™), we have

/|V(Pw<1>)|2d:c < c/ V- ®|? d,
w w

where the constant C' depends on the domain w; if w is a ball, then C is an
absolutely constant.

Let xg € Q and r be a positive number satisfying B,(zg) C Q and n €
C5°(Br(z0)) a usual cut-off function such that n = 11in B, j5(z0), 0 <7 < 1, and

|Vn| < 4/r. For a mapping v € L'(€, R™) and positive number s < 7, we set

(2.3) Bs = (/Bs(mo)nm)v(x) dx)/(/Bs(

The following property has been effectively used in Struwe [17].

0 (x) dx) .

z0)

Proposition 2.3. There exists a positive constant C' depending only on m such
that
/ lv— 5|2 de < C v — o2 da
By (z0) By (zo)

holds for any v € L2(Q7 R™) and positive number s satistfying r/2 < s < r.
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Finally we recall the fundamental result due to Gehring-Giaquinta-Modica ([1],
[2], [3] and [5]). We, however, need to generalize it so as to be applicable to
difference-partial differential equation. See Haga-Kikuchi [7] and Hoshino-Kikuchi
[8] in this connection.

Proposition 2.4. Let f € L1(Q) and g € L"(Q), r > ¢ > 1, be nonnegative
h-time step functions. Suppose that there exist two constants 6 and C| with
0<6<1,Ci>1such that

q
(2.4) ][ fldz < Cq {<]L f dz> + ][ g4 dz}—k@f fldz,
QRr(z0) Q4r(20) Qar(20) Q4r(20)

holds for every Qugr(z0) C Q with zo0 = (tng.%0), no = 1,...,N. Then there
exist two positive constants Co and € depending only on C1,80,q,r, m, such that
g€ LY (Q) forp€[q,q+e)and

loc

1/p 1/q 1/p
(2.5) (][ fP dz> < Cy {<][ 1 dz) + (][ gP dz) } ,
QRr(z0) Qar(20) Qar(20)

holds for every Q4r(z0) C Q with zp = (tng,20), no=1,...,N.
3. Local estimates for the approximate solution

In this section, we derive the Caccioppoli type estimate which is the key lemma
to get the higher integrability of gradients. In this lemma, we use the cut-off
function 7 defined as follows: Let k and [ be positive numbers satisfying R < k <
I < 2R for any positive number R. We define n(x) := n, ;(x) € C§°(B;(z0)) by
(31)  n@) =1 in By(so), 0<n(x) <1, and [Vn()| < 20— k),

We also set
(3.2) ’tthR(t) i=fdipogr for t, 1 <t<tp, n=1,...,N.
Using the notations (2.3) and (3.2), we have

Lemma 3.1 (Caccioppoli type estimate). Let uj, be an approximate solution to
the problem (1.1). Then there exists a positive constant C depending on A, L
such that

/ |Vup|?dz < CR™2 up, — p 2r|* dz
r(z0) Q2r(20)

(3.3) - B -
+ Chp_I/ |ﬁtuh|p|uh - ﬂh|2_p dz
Q2r(z0

holds for any Qar(20) C Q, 20 = (tng,20), no =1,...,N and for any 1 <p < 2.
Furthermore, for each 1 < p < 2, |Oyup|P|uy, — @ip|>~P belongs to LP(Q) for any
l1<p<m/(m—2+D).

The proof of the lemma is based on the following assertion.
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Lemma 3.2. For {un})\_; C Vi (Q) defined in Section 1, the equality
(3.4) / (un — Up—1, PBl{nz(un — ﬁnJ)}) dr =0
Bi(zo)

holds for any n =1,...,N. Here Pp, : HY(By(0)) — VL (By(x0)) is the projec-
tion operator defined in Section 2.

ProoOF: First, we show
3.5 / Pp 172 Up — Upg)p,w ) dr =0,
( ) Bl(mo) ( l{ ( n n, )} )

for any w € C§%, (Bj(20)). Here 4, is defined by (2.3). We want to represent w
as AU. Let w € C§, (Bi(z0)) be fixed. We consider

(3.6) { AU =w in By(zo),

U=0 on OBy(xg),

where supp(w) CC Bg(zg) C Bj(zg). Generally, there exists a solution U €

C*°(Bg(xg)) of (3.6). In the sequel, we extend U to a function defined on B;(xq)
and vanishing identically outside By, (zg). We call it U again. For any € < [ — k,
we denote by Uz and w, a mollification of U and w, respectively. Then U, €
C§°(By(xp)) and it satisfies

(3.7) { AU, = we in Byic(20),

U:=0 on 8Bk+5(x0).
We want to show V - Uz = 0. By operating V- to (3.7), we have
AV -U:)=V-(AU:) =V - (we) =0 in By (),

and
V.-U:=0 on 8Bk+5(x0).

Using the strongly maximum principle for Laplace equation, we obtain
V-Us:=0 in Bj(zo).

Hence we obtain U € Cgfa(Bl(:vo)). By recalling lim.|gU: = U strongly in
H}(By(0)), we have shown U € V(B;(z0)).
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Therefore we have

P {n*(un — i)}, w) da
[, (B }w)
= P nz(un—ﬂn,) JAU ) dx
/Bl(:cw( 5 { 0},AU)
- _ VPg {n*(up — d, )}, VU ) dz = 0.
/Bl(wo)( B A0 (Un — Gin ) } ) z

We complete the proof of (3.5).

Then by de-Rham’s theorem ([13]), there exists a scalar valued function ¢ €
H?(By(z0)) satisfying

(3.8) Pp, {nz(un - ﬁn,z)} = Vq.

By virtue of n € C§°(Bj(20)), we have P, {n?(un — ti,,1)} = 0in By(z0)\ supp().
It follows from (3.8) that ¢ is equal to a certain constant Cy in Bj(xg)\ supp(n).
Hence we have yq = C on dB;(xq), where v : H'(Bj(zq)) — L?(dB;(zq); H™ 1)
is the trace operator and H™ ! is the (m — 1)-dimensional Hausdorff measure.
Therefore we have the following calculation for sufficient small ¢ > 0:

/BL(:L‘O) ((un)e — (Un—1)e, PBl{nz(un — ﬁn,l)}) dx
- /Bz(:co) ((Un)s ~ (1), Vq) dz

_ _/ 0 (V- (1)) de +/ 10 ((um)e — (un—1)e, v ) dH™
Bl(wo) € BBl ((E())

_ c*/ ((um)e — Ctns)err) ™,
0By (z0)

where v is the outer normal vector to the boundary 0B;(zg) and we used the
identity V - (up — up—1) = 0 in Bj(zg). Gauss’ theorem leads us to

/Bz(wo) ((Un)e — (up—1)e, PBL{W2(U" — ﬁn,l)}) dzr = 0.

By letting € | 0, we complete the proof. ([l

ProOOF OF LEMMA 3.1: Let k& and [ be positive numbers satisfying R < k <
I < 2R. By introducing the cut-off function n € C§°(B;(xo)) which was defined
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by (3.1), we carry out the following estimation:

Ah / |Vun|? dz
By (o)

<h /B oy A {0 = 0.0} ¥ {0} )
= h/ ( A(x) (Vn(un — ﬁn,l)’ Vn(un — ﬁn,l)) dx

+ h/ A(@) (Vun, V{n?(un — tin ) }) dz
By(zo)
=11 + I>.

For the estimation of the term I7, we use estimate (3.1) to obtain

(3.9) I <Ch(l — k)—2/ |, — iy g|? da.
By(zo)

Next we shall carry out the estimation of the term I2. Consider the function
On = hn2(un — 1p,1). Then &, := ¢, — Pp,ép can be a test function to the

equations (1.2) since this function is of V(B;(zg)). Hence we write the term I
to be

I, = h/ A(z)(Vun, VPg, {772(un — i) }) da
By(wo)
+/ (Un—un—laPBl{n2(un _'&n,l)}) dx
By(xo)
- / 772 (Un — Up—1, up — ﬁn,l) dz
By(zo)
=: I3+ 1y +Is.
Note that V - u;, = 0 implies

VA0 (un — )} = 20(Vn, up — tin ).

Then by using Proposition 2.2, we have

1/2 1/2
I3 < Ch </ |V |2 d:v) (/ IV {0 (un — i) } |2 d:v)
By(wo) Bi(zo)

< ﬁ/ |Vun|2d:c+0(l—k)_2h/ ltr, — fin |2 d.
2 JBy(z0) By (wo)

(3.10)
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By recalling Lemma 3.2, we easily have
(3.11) Iy =0.

For the estimate of the term I5, we follow the following two ways. The first
estimate is of the form

1 1
(3.12) Is < = / [un — tn—1)? dz + = / |tn, — @n7l|2 dx.
By(o) 2 JBy(o)
On the other hand, we have

Iy = _/ 02 |un, — iy, g |* dz + / P (uly g — iy ) (upy — @t ) do
By (wo) By (wo)

(3.13) .

. 1 .
< 5/ [t —1 — un—l,l|2 dx — 5/ |tn — un,l|2 dr,
By (zo) Bi(zo)

by noting

/ 77211271(1% — ﬁiu) dr = ﬁiul/ n?(ul, — ﬁiu) dr = 0.
Bi(zo) Bi(zo)

Gathering the estimates (3.9), (3.10), (3.11), (3.12) and (3.9), (3.10), (3.11),
(3.13) respectively, we achieve the estimate of two type

h/ |Vun|? dz
By (o)

h
(3.14) < —/ IVun|2dw+C(l—k)_2h/ fn, — i g |? da
2 JBy(zo) B (xo)
1 a2 B 2
+ / [un, — Gy g|* dz + C |tn, — up—1]* dx
2 JBy(wo) Bi(w0)

and

h/ |Vun|? d
By (zo)

h _ A
3.15) < 5/ Vg |* de + C(1 - k) 2h/ |, — iy | da
By (xo) By(zo)

1 N .
+§</ 772|un—1 _un—l,l|2d‘r—/ 772|Un—un,z|2d$>-
By (xo) By (o)

For k,l and h, two different situations can occur, namely

1) (I—k)? < 4h, an (I —k)% > 4h.

171
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As we shall see, the estimate (3.14) will be applied when treating the case (I)
meanwhile in the case (II) we will use the estimate (3.15).
First we deal with the case (I). It reduces (3.14) to

h/ |Vun|? dz
Bi(zo)

h - .
(3.16) < 5 / |Vun|? dz + C(1 — k) 2h/ lun — un,2R|2 dx
By (xo) By(xo)

+ Chﬁ/B B |P [, — up—1|?7P da
1(zo

for each 1 < p < 2, where Proposition 2.3 is applied in deriving the second term
of the right hand side. Taking summation of the inequalities (3.16) over n from
no — [k2/h] 4+ 1 to ng and multiplying both sides of (3.16) by n = ng — [k?/h] by
(k% — [k%/h]h)h ™1, we sum up the two resultant estimates to have the estimate:

/ |V, |? dz
Qx(20)

1
@1 =5 [ VulPdrc@-07 [ - e ds
Qi(20) Qi(zo0)

+ Chﬁ_l/ |Oup[Pluy, — tpor* P dz
(20
forany 1 <p<2and R<k<l<2R.

Next we deal with the case (II). We shall introduce the following time discrete
cut-off function ([11)):

(3.18)
1, for n > ng — [k2/h),
n—(no—[12/h]+1
Cn = (no—[kz/h(]—ol)[—(fzo}—[lz)/h]—i-l)’ for ng — [lz/h] +1<n<mng-— [kz/h] -1,
0, for n < ng — [12/h).
We note

(319) 0<(n—Cuo1 <4h(l—k)72 for 0 <k <l with (I—k)? > 4h.

Multiplying (3.15) by ¢, and taking summation over n from ng — [I2/h] + 1 to
ng, we obtain, noting (3.18) and (3.19), that

/ |vuh|2dz+c 772|un0 _ano,ll2 dx
Qr(20) By (zo)

(3.20) )
< —/ |Vuh|2dz+C(l—k)_2/ lup, — tip, op|? dz.
2 JQu(z0) Qi(=0)
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Combination of two estimates (3.17) and (3.20) implies that

/ |V, |? dz
Qx(20)

1
G2y =5 [ VulPdrc@-07 [ - e ds
Qi(20) Qi(zo0)

+—cw?—1j/ By Plus, — |27 d=
1{z0

holds for any 1 <p<2and R< k <[ < 2R.
Then by using Lemma 1.1 in Giaquinta-Giusti [3], we have the Caccioppoli
type estimate: For every 1 <p < 2

/ |Vuh|2 dz S OR_2/ |uh - ﬁh,2R|2 dz
Qr(z0 Q2r(20)

(3.22) i . i
+ Chp_l/ Oup|Plup, — > 7P dz,
Q2r (20

where C' should be noticed to be a positive constant independent of A and R.
Finally we have that, for each 1 < p < 2, the term |Dyup|P|uy, — iy, |> P belongs
to LP(Q) for any 1 < p < m/(m — 2 4+ p), which can be verified by making use
of the estimates obtained in Lemma 2.1. See the proof of Lemma 1 in [12] for
details. (]

Next we present the following lemma to obtain the reverse-Holder estimates.

Lemma 3.3. Let u;, be the approximate solution to the problem (1.1). Then
there exists a positive constant C' depending on \ and L such that

(3.23) sup / lup, (t, 2) — i, g(1)[* dz < c/ |V, |? dz
teAg(to) Y/ Br(wo) Q2r(20)

holds for any Qar(z0) C Q, 20 = (tng,®0), no=1,...,N.

PrOOF: We exactly follow the argument discussed in [12]. We distinguish into
two cases between h and R:

(1) 4h > R? (1) 4h < R2.

In the case (I), Poincaré’s inequality directly implies the required estimate (3.23).
For the treatment of the case (II), we prepare a cut-off function n(z) :=

nr2r(r) € Cg°(Bar(wo)) with

n(xz) =1 in Br(xo), 0 <n(z) <1, and |Vn(z)| <2/R.
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By putting R, 2R instead of k, [ in (3.15) and using Poincaré’s inequality, we have

(3.24) / 12 un — iy 2g|? do — / 02 un—1 — U1 2r|? do
Bar(z0)

Bapr (o)
< Ch/ |Vun|? de.
Bar(o)

Let ng — [k2/h] < j < ng be fixed. Again, we shall use the time discrete cut-off
function (,. By multiplying both sides of (3.24) by ¢, and summing up over n
from ng — [12/h] to j, we have

(3.25) / uj — iij 0| do < C/ Vuy|? dz.
Br(zo)

Q2r(20)

Applying Proposition 2.3 to the left hand side of (3.25), we obtain
/ | —ﬁj7R|2 de < C \Vup|? dz
Br(zo) Q2r(20)

for ng — [k2/h] < j < ng. This completes the proof. O

4. Proof of Theorems

In this section, we will give the proof of Theorem 1.2. First we prove Theo-
rem 1.1, i.e., we get the higher integrability of gradient for the approximate weak
solution up,. Next, using Theorem 1.1 and letting h | 0, we prove Theorem 1.2.

PROOF OF THEOREM 1.1: Since the proof completely follows the argument in [6],
we only give a sketch of the proof. We apply Poincaré’s inequality and Sobolev-
Poincaré’s inequality to the Caccioppoli type estimate (3.3) with the help of the
estimate (3.23) in Lemma 3.3. Then for each 1 < P < 2, we can choose 0 < 0 < 1
such that the following reverse-Hoélder type estimate holds:

2/«
][ Vup 2 dz < 9][ Vup |2 dz + C(6) <][ |Vuh|°‘dz>
Qr(z0) Q4r(20) Qar(20)

+-C%?-1jg B Ploap — 4277 dz,
4R (20

(4.1)

where « is the exponent conjugate to the Sobolev index, i.e., a := 2m/(m + 2).
Here we set

2 - = = o =y /2
F= IVl qi= = g { WP B Py — a7



On a construction of weak solutions to non-stationary Stokes type equations ...

and apply Proposition 2.4. We also recall that [O¢up|P|uy, — 0p,|> P € LP(Q) for
any 1 <p <m/(m —2+7p). Then we have

a/(2+ae) a2
(][ |V, 2o dz) < C{ (][ |Vup,)? dz>
Qr(20) Qar(20)

S B o a/(24ae)
+ (][ {hp_1|3tuh|p|Uh _ﬂh|2_p}1+( €)/2 dz) }
Q4r(20)

This completes the proof. (I
PROOF OF THEOREM 1.2: For an approximate solution uy,, we define u} by

tn — 1 t—1p—
uj () = Ty + ——
Then it is easily seen that u} € L°(0,T;Vy () N H1(0,T; L%(Q,R™)) and
Opup, = Opuj. By recalling (1.2), the following equality holds for all ®(z) € V()
and ¥(t) € C§°(0,T):

Up, for tp_ 1 <t<tp, n=1,2,...,N.

T
(4.2) /0 { /Q (Opun(t, ), () +A(:v)(Vuh(t,x),V<I>(x))d:v} W(t) dt = 0,

On the other hand, Lemma 2.1 leads us to the estimates
(4.3) / Oyt 2 dz = / Brup? dz < c/ Vo ? de,

(4.4) sup /|Vuh|2dac— sup /|Vuh|2dac<0/ |Vug|? da.
t€(0,T) te(0,T)

Then (4.3), (4.4) and Rellich’s theorem imply that there exist a subsequence
{h1}22; tending to zero and a map u € L°°(0, T} Voo () N H(0, T; L2(Q, R™))
such that

(4.5) Jim Vuj =Vu,  weakly in L*(Q,R™),
—00
(4.6) Jim uj, =, weakly in H'(0,T; L2(Q,R™)),
— 00
(4.7) khrn up, = u, strongly in L2(Q,R™).
—00

Here by recalling (4.3), we have

/Q|Uhk —u;‘Lk|2 dz S/Q|uhk —ﬂhk|2dz

(4.8)
< [ twldrun, ) dz < cnd, [ [Fuol? do.
Q Q
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Then by virtue of (4.7) and (4.8), we have
(4.9) klim up, =u, strongly in L%(Q,R™).
—00

Next we carry out an estimation of the following by dividing it into two terms:
)\/ IV (up, — w))? dz
Q

(4.10) = /QA(:E) (V(up,, —u),V(up, —u))dz

< /QA(:Z:) (Vup,, V(up, —u))dz— /QA(:C) (Vu,V(up, —u))dz
=: Iy + II}.

By recalling the equation (1.2), we have

Ik——/Q(gtuhk,uhk—u)dz

~ 1/2 1/2
< (/ |3tuhk|2dz> . </ |up, —u|2dz> .
Q Q

(4.9) leads us to limy,_, .. I, = 0 and (4.5) gives directly that limy_, .. I, = 0. So
we obtain

(4.11) kli)rrgo up, =wu, strongly in L2(0,T; Vi (2)).

Therefore, in the equality (4.2) with h replaced by hy, we can let k to infinity
in the equality (4.2), so that

/OT {/Q(ﬁtu(t,:v),<1>(:v)) +A(:v)(Vu(t7x)7vq>(m))dw} W(t)dt =0

and hence, for any ® € V(2), the following equality holds for almost every ¢ €
(0,7):

/Q(atu(t,:c), D(x)) + A(z)(Vu(t,x), VO(x)) dz = 0.

It remains to verify the initial condition. By (4.3) and Schwarz’s inequality, we
have

t
lup, (8) — up, (D L2@rm) < /8 10, (7, )| L2 (g emy AT

t\1/2 b 2 1/2
< ([ )" ([ o, (s oy )
<Vt —s- [0, llL2Qrmy < CVE—s
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for any 0 < s <t <T. Letting k — oo, this inequality takes the form

[u(s) = u®)ll L2 rm) < CV]s —

for almost all s,¢ € [0,7]. This means that the limit function u is equivalent in
Q to a function that is continuous in all ¢ € [0, 7] in the norm of L%(Q,R™). In
the sequel, we call it u again. Hence by recalling this and the estimate |[u}, (t) —

uollL2(rm) < C/t for any t € [0,T], we have

(4.12) }i\r%u(t) =ug, in L%Q,R™).

To show the uniqueness of the solution in the class L%(0,T; V4, (2)) N
HY(0,T; L2(Q,R™)), we follow the same argument on page 261 of Temam [18].
Finally, we show the local estimate. For Q4 (20) C @, 20 = (to,z¢), we choose
the subsequence {hj}7°, decreasing to zero such that to/h; € N. Then by
letting k tend to infinity in the inequality (1.3) and taking (4.11) and Lebesgue’s
dominated convergence theorem into account, we obtain
(4.13)

1/(2+¢)
(][ |Vu|>e dz)
Qr(20)

1/2
< C'liminf { <][ |Vup, 2 dz)
k—o0 Qary, (2n;)
N h}gﬁ—l)/2< ]L
Qary, (21ny,)

k

1/2
< C (][ |Vu|2 dz) .
Qar(20)

This completes the proof. (I

_ B 1/(2+¢)
Bpup, |+, — @y, |(1F2/2@D) dz) }
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