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Cardinal inequalities implying maximal resolvability

MAREK BALCERZAK, TOMASZ NATKANIEC, MALGORZATA TEREPETA

Abstract. We compare several conditions sufficient for maximal resolvability of topolo-
gical spaces. We prove that a space X is maximally resolvable provided that for a dense
set Xo C X and for each z € X the m-character of X at x is not greater than the
dispersion character of X. On the other hand, we show that this implication is not
reversible even in the class of card-homogeneous spaces.
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1. Preliminaries

The paper is a continuation of studies in [BT]. We will use the following nota-
tion (see e.g. [Hol, [J]). As usual, | X | denotes the cardinality of X and let |R| = c.
Suppose (X,7) is a topological space. Then
e w(X) denotes the weight of X:

w(X) = min{|B|: B is a base of X},
e A(X) — the dispersion character of X:
A(X) =min{|U|:U € T \ {0}},
e x(X,z) — the character of a space X at a point x:
X(X,x) = min{|B(x)|: B(z) is a base of X at =},

e x(X) — the character of X:

X(X) = sup{x(X,z):x € X},
o mw(X) — the m-weight of X:

mw(X) = min{|B|: B is a 7-base of X},

o wx(X, ) — the m-character of a space X at a point x:

ax(X,z) =min{|B|:BC T\ {0} AVUeT,zc€U=3BeB BCU},
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o wx(X) — the w-character of X:
mx(X) = sup{mx(X,z):z € X}.

Let x be a cardinal greater than 1. We say that X is k-resolvable if it can
be decomposed into k pairwise disjoint dense subsets; X is called mazimally
resolvable (in short MR(X)) if it is A(X)-resolvable (see [CGF], [B]); X is called
cardinality-homogeneous (card-homogeneous, shortly) if A(X) = |X|.

All considered spaces are dense-in-itself. We study the following properties of
a space X:

P(X): w(X) < A(X);

P/(X): x(X) < A(X);

P/(X): 3Xo C X (cl(Xg) = X A Va € Xo (x(X,z) < A(X)));
P (X): muw(X) < A(X);

P/ (X): mx(X) < A(X);

P/(X): 3Xo C X (cl(Xo) = X A Va € Xg (mx(X,z) < A(X))).

Some of those conditions were considered in connection with resolvability of X.
For example, the following facts were proved:

Fact 1 ([CGF)). Ifa topological space X is card-homogeneous then P(X') implies
MR(X).

Fact 2 ([CGF], [B]). If X is card-homogeneous then Pr(X) implies MR(X).
Fact 3 ([BT)). If X is card-homogeneous then P”(X) implies MR(X).

It is clear that the statement PZ(X) is the most general among considered
conditions. The aim of this note is to show that P/ (X) implies MR(X), and
that MR(X) does not imply Pr(X) even for card-homogeneous spaces. These
theorems will be proved in the final sections of the paper. We start with some
construction and next we compare the introduced properties.

2. Small ideals with big cofinality

Let x be an infinite cardinal. For E C k define 1E = F and (—1)E =k \ E.
A family A C P(r) is called strongly independent if |(Xye;E;| = & for any
sequence FEy, ..., Ey, of distinct elements of A and any sequence eq,... & of
numbers from {—1,1}. A theorem by Fichtenholz, Kantorovitch and Hausdorff
(see [M]) states that there exists a strongly independent family A C P(k) of
cardinality 2. A family F C P(k) is called a base of an ideal Z C P(k) if F C T
and each set A € 7 is contained in a set B € F. The cardinal cf(Z) stands for
the minimal cardinality of a base of Z.
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Theorem 4. For each infinite cardinal k there is an ideal T C P(k) such that
UZ =« and cf(Z) = 2~.

PRrooOF: Consider a strongly independent family A C P(x) of cardinality 2% and
let Z C P(k) stand for the ideal generated by A. (Thus Z = {F Cc UB:B €
[A]<“}, where [A]<“ denotes the family of all finite subsets of A.) We may
assume that | J A = x (adding « \ A to one of the sets from A). Thus JZ = «.
Suppose that F is a base of Z such that |[F| = A and w < A < 2. For each
F € F pick a family Ap € [A]<¢ with F C [JAp. Thus |Upecr Ar| < A and
since |A| = 2% > A, we can find an Ax € A\ Upcr Ap. Pick an Fi € F such
that A« C Fi. Hence Ax C Fyx C |JAp,. On the other hand, by the strong
independence of A, we have

A\UArl =140 ) (-DAI=~,

A€Ar,

a contradiction. (]
For anideal Z C P(X)andY C X denote Z | Y = {ANY: A € T}.

Corollary 5. There is an ideal Z C P(R) such that |JZ = R, T consists of
nowhere dense subsets of R and cf(Z | C) = 2 for each perfect set C C R.

PRrROOF: Let Cy, a < ¢, be an enumeration of all nowhere dense perfect subsets
of R. By a Bernstein-type construction we find a family {Bg,: a < ¢} of pairwise
disjoint sets such that | J,.. Ba = R and By C Ca, |Ba| = ¢ for each a < ¢. By
Theorem 4, for each a < ¢ pick an ideal Z, C P(By) with cf(Z,) = 2°. Let T
consist of all sets A C R such that AN By € Z, for each a < ¢. SoZ | By = Zo
and thus cf(Z | Ba) = 2° (hence cf(Z | Cy) = 2°) for all a < c. O

3. Relationships between considered properties

Theorem 6. For any dense-in-itself topological space X the following implica-
tions hold

P(X) P/(X) P7(X)

Pr(X) —P7(X) — P (X)
Moreover, all considered implications are not reversible.

Proor: All implications considered in Theorem 6 are obvious. The following
examples show that those implications do not reverse. (Il
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Example 7 (see [BT]). Let D(c) be the discrete space of size ¢ and let Q be the
space of all rationals with the Euclidean topology. Put X1 = D(c¢) x Q with the
product topology. Then w(X7) = mw(X1) = ¢, A(X7) = w, x(X1) = mx(X1) =
w. Hence P/(X) - Pr(X) (and consequently, P”(X) -» Pr(X), PL(X) - P (X)
and P/(X) - P(X)).

Example 8. Let =~ be the equivalence relation on R x Q defined by the for-
mula (z,y) ~ (2/,y) iff (x,y) = (2/,y') or y = ' = 0. Let X5 be the space
(R x Q)/~ with the topology introduced by a complete system of neighbourhoods
(a hedgehog-type space). If y # 0 then define neighbourhoods of (x,y)~ as

Un((zyb=) = {2} x (y=,y+ ), n € N Let T < P(R) be the ideal of

countable sets. Neighbourhoods of the point (0,0)~ are the sets of the form
Ur({0,0)~) = (R\I) x Q/~ U {(0,0)~} where I € Z. Then X3\ {(0,0)~} is
dense in X9 and A(X9) = w. For all (z,y) % (0,0) we have x(Xo, (z,y)~) =
7x(Xo, (z,y)~) = w, x(X2,{(0,0)~) = ¢, mx(X2,(0,0)~) = w1 > w. Hence
P"(X) -+ P/(X) (so PL(X) - PL(X).

Example 9. Let Z C P(R) be an ideal of nowhere dense sets with cf(Z) = 2° (as
in Corollary 5), 7* be the Hashimoto topology on R with respect to Z (see [Ha),
i.e. the family of all sets of the form U\ I where U is open in the Euclidean topology
and I € Z. Let X3 = (R,7*). Then X3 is card-homogeneous, A(X3) = ¢,
w(X3) = 2% 7w(X3) = mx(X3) = w and x(X3,2) = 2° for all z € R. Hence
Pr(X) » P"(X) (so PL(X) - P"(X) and PZ(X) » P"(X)).

Example 10. Let C be the Cantor ternary set, and Z be an ideal of subsets of
C with cf(Z) = 2° (see Theorem 4). Define a topology 7 on R by a complete
system of the neighbourhoods. If € C' then neighbourhoods of « are of the form
(x—0,z+)\I where § >0,and I € Z, z ¢ I. If x ¢ C then the neighbourhoods
of x are of the form (z — §,z + 0) where 6 > 0. Let X4 = (R,7). Then X4
is card-homogeneous, A(X4) = ¢, and the set A = R\ C is dense in Xy. We
have x(X4,2) = w for all x € A, and x(X4,2z) = 2¢ for all x € C. Moreover
mw(Xy) = mx(X4) = w. Hence P”(X) » P/(X).

Theorem 11. In the class of card-homogeneous spaces the following relations
hold

Moreover, the implications P'(X) — P”(X) and P"(X) — PZ(X) do not

reverse.
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PROOF: Example 10 shows that P”(X) -» P/(X), and Example 9 yields P (X) -
P’(X).

The proof of P/(X) — P(X): Suppose that for each z € X, B(z) is a base of
X at a point  such that [B(z)| < |X|. Then B = (J,x B(X) is a base of X with
|B] < |X|. In a similar way we prove the implication P/ (X) — Pr(X). O

Remark 12. Theorem 11 solves a problem which follows Remark 4 in [BT].

Theorem 13. If X is a dense-in-itself metrizable space then P'(X) is true and
the following relations hold

P(X) P/(X) P"(X)

Moreover, the implications P(X) — P/(X) and P(X) — P/ (X) do not re-
verse.

PROOF: Observe that if X is metrizable and dense in itself then A(X) > w and
X(X) = w. Thus P/(X) holds, and consequently P”(X), P.(X) and PZ(X) hold
too. Example 7 shows that P/(X) - P(X) and P/(X) - P(X) (so PL(X) =
Pr(X)).

To prove the implication Pr(X) — P(X) fix a m-base B of X with |B| < A(X).
For each B € B choose an xp € B. Then the set D = {xp: B € B} is dense in X
and |D| < A(X), thus the family of all open balls with the center at z € D and
radii 1/n, n € N, forms a base of X of size < A(X). O

Corollary 14. In the class of metrizable card-homogeneous spaces all six con-
sidered conditions hold.

4. P/(X) implies MR(X)

Lemma 15 ([BT, Lemma 5]). For every dense-in-itself topological space X with
| X | = k there exist pairwise disjoint open and card-homogeneous sets Gq, o < K,
such that X = cl(Uy<p Ga)-

Theorem 16. For each dense-in-itself topological space X, the condition P! (X)
implies MR(X).

PROOF: The proof of this theorem is analogous to the proof of Theorem 6 in [BT].
Let X be a dense subset of X with mx(X,z) < A(X) for each z € Xy. By
Lemma 15 there exists a family of pairwise disjoint open and card-homogeneous
sets Ga, a < |X]|, such that X = cl(J, Ga). Then P/ (Gq) for each o and,
by Theorem 11, Pr(Gq) holds for o < |X|. By Fact 2, all G, are maximally
resolvable. Note that A(Gy) > A(X), so G, can be decomposed into dense
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subsets D, 3, 8 < A(X). Put Dg = Ua<\X| D, g for 3 < A(X). Then the sets
Dg are pairwise disjoint and dense in X. O

5. MR(X) for card-homogoneous spaces does not imply P, (X)
We shall prove that the implication given in Fact 2 cannot be reversed.

Theorem 17. There exists a card-homogeneous topological space X which is
maximally resolvable but does not satisfy condition Pr(X).

ProOOF: We will construct X as a countable dense subspace of the Cantor cube
{0,1}¢. (The existence of such subspaces follows from Hewitt-Marczewski-Pondi-
czery Theorem [E].) Let B be a countable base of the space {0,1}%, let B be the
family of all finite subsets of pairwise disjoint sets from 5, and let G be the family
of all functions g: A — {0,1}, such that:

1. (3B4€B) A=JByu;

2. (VB € By) g|B is constant.
The family G is countable, so put G = {gn:n < w}. Let {gnm:n,m < w} be
a sequence such that gnm = gn for n,m < w. Fix a bijection p:w — w X w,
© = (1, ¢2), and choose inductively a one-to-one sequence fr:{0,1}* — {0,1}
with

Jo(n) C fn for each n.

Let X = {fp:n < w} and, for m < w, Xy, = {fr € X:pa(k) = m}. Then all
Xm’s are dense in {0, 1}°. Indeed, fix an m < w and a basic open set U C {0,1}°.
There exists a function ¢g: T — {0,1} where T is a finite subset of {0,1}*, with
feUiff vy C f. Since {0,1}% is a Hausdorff space, there is n with ¢y C gp.
Let k = ¢~ (n,m). Then f}, € X,, NU.

Thus X is a countable dense subspace of {0, 1}¢. Moreover X is card-homogene-
ous, A(X) = w, and, since Xy, are pairwise disjoint, X is maximally resolvable.
Finally, observe that X has no countable w-base, thus P,(X) does not hold.
Indeed, suppose that {V;,:n < w} is a 7-base of X. We may assume that all V;,
are of the form U, N X where U, is a basic open set in {0,1}¢ determined by a
function y,: T, — {0,1} with T, being a finite subset of {0,1}* (i.e., f € Uy iff
tn C f). Fix tg € {0,1}* \ U,, Tn- Then H = {f € X: f(tp) = 0} is non-empty
open in X, and no V;, is contained in H. ([
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