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Cohomology of BO(ny) x - - - x BO(np)
with local integer coefficients

RICHARD LASTOVECKI

Abstract. Let Z be a set of all possible nonequivalent systems of local integer coefficients
over the classifying space BO(n1) X -+ x BO(nm). We introduce a cohomology ring
Dgez H*(BO(n1)x - x BO(nm); G), which has a structure of a Z® (Z2)™-graded ring,
and describe it in terms of generators and relations. The cohomology ring with integer
coefficients is contained as its subring. This result generalizes both the description of the
cohomology with the nontrivial system of local integer coefficients of BO(n) in [C] and
the description of the cohomology with integer coefficients of BO(n1) X - -+ x BO(nm)
in [M].

Keywords: singular cohomology with local coefficients

Classification: 55R40

1. Introduction

The cohomology rings of the classifying spaces for the groups O(n) and SO(n)
with Zg and Z[1/2] coefficients were well known very long ago, see [MS]. E. Tho-
mas found the group structure of H*(BO(n)) with integer and Zam coefficients in
1960 [T]. The more complicated cohomology ring structure for integer coeflicients
was described in terms of generators and relations independently by E.H. Brown
[B] and M. Feshbach [F] in 1982.

Since 1 (BO(n)) = Zs2, there are two nonequivalent systems of local coefficients
over BO(n), nontrivial one determined by the first Stiefel-Whitney class of the
universal vector bundle over BO(n). The cohomology ring of BO(n) with both
systems of local coefficients was described by M. Cadek in 1999 [C].

It is easy to show that classifying spaces for the groups O(ny1) X -+ X O(nym,)
and SO(ny) x -+ x SO(ny,) are homotopy equivalent to the spaces BO(n1) x
-+ X BO(ny,) and BSO(ny) x -+ - x BSO(ny,), respectively. Cohomology rings of
these spaces with Zsa coefficients can be easily obtained using Kiinneth formula.
Extending methods of Brown and Feshbach, in 1985 M. Markl [M] described
cohomology rings of BO(n1) x --- x BO(ny,) and BSO(ny) X -+ x BSO(ny)
with integer coeflicients.
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Since m1(BO(n1) X -+« x BO(nym,)) = (Z2)™, there are just 2" systems of local
integer coeflicients over BO(n1) X - -+ X BO(ny,). In this paper we generalize the
result from [C] and describe the cohomology ring of BO(n1) x - - - x BO(nyy,) with
all possible local integer coefficients via generators and relations.

2. Preliminaries

We use the definition of local coeflicients and singular cohomology groups with
local coefficients from [S] (exercises F in Chapter 1 and J in Chapter 5). In [S] there
is also a theorem on the existence of the Thom class with local integer coefficients
and a version of the Thom isomorphism in the context of local coefficients.

In the sequel, by X we denote a connected CW-complex. Let n be a positive
integer and let & = (ELX ) be an n-dimensional vector bundle over X. Denote
E the total space without the zero section, E, = p~!(z) the fiber over z € X, E
the fiber without the zero element and i, : F,——F the inclusion.

Then {Hy,(Ey, Ey)} forms a system of local integer coefficients over X, let us
denote it by Z¢. An element ¢t € H"(E, E;p*Z¢) such that

ixt € H"(Ey, Eg; Hy(Eq, Ex))

corresponds to the identity in Hom(Hy,(Ey, Ey), Hn(Fz, Ez)) for every x € X is
called the Thom class of the vector bundle &.

Lemma 1. Let £ = (ELX) be an n-dimensional vector bundle over X and
let G be an arbitrary system of local coefficients over X. Then there is a unique
Thom class t and it determines an isomorphism

o, : H(X;G)—HI""(E, E;p*G © Z¢)

defined by the multiplication of t as ®(x) = p*(z) Ut.

Let o : (E,0)—(E, E) be an inclusion. Similarly as for group coefficients we
can define the Euler class of the vector bundle { to be a class e € H™(X;Z¢)
such that p*(e) = 0*(t). Using this definition, the Thom isomorphism and the
isomorphism p* induced by the homotopy equivalence p : F— X and substituting
them into the long exact sequence of the pair (E, F), we get the long exact Gysin
sequence with local coefficients

A>Hq_”(X;g®Zg)i>Hq(X;g) p

HY(E;p*G)

|a

HI™" (X6 ® Ze) —>
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Since 71(BO(n)) = Za, we have two nonequivalent systems of local integer
coefficients over BO(n) — the trivial one, denoted by Z, and the nontrivial one,
which we call twisted and denote by Z.

In the case of the universal vector bundle v, = (E,——BO(n)) over classifying
space BO(n) the system of local coefficients Z,, is equivalent to the system of
twisted integer coefficients Z!. Moreover, Z! ® Z! = Z, Z. ® Z! = Zt. Since E,, is
homotopically equivalent to the total space of the sphere bundle SE,,, which is
homotopically equivalent to BO(n — 1) and the inclusion SE,, — E, corresponds
to ¢ : BO(n—1) — BO(n), we can substitute BO(n — 1) for E,, in the long exact
Gysin sequence for the bundle v, and compute cohomology inductively.

Now we generalize this idea. The twisting of integer coefficients over the space
BO(n1)X---xBO(ny,) is more complicated, having m1 (BO(ny)x- - -x BO(ny,)) =
(Z2)™. Hence there are 2™ nonequivalent systems of local integer coefficients over
BO(n1) x -+ x BO(ny,). For a € (Z2)™ we denote by Z, the system of local
coefficients in which i-th generator of the 71 (BO(n1) x -+ x BO(ny,)) acts as
multiplication by —1 if and only if a; = 1. The formula for the tensor product of
the systems of local coefficients then has a form Z, ® Zy, = Z,1p.

For two systems of local coefficients Gi, Go over a space X there is a cup
product in cohomology with local coefficients defined as follows

U: HoX;G1) x H(X;Go)—H* (X G1 © Go).
Hence we can construct a ring

h*(n1,....nm) = @ H*(BO(n1) x -+ x BO(nm); Za),
aE(Zg)m

which is a Z® (Z2)™-graded ring describing the cohomology of the space BO(n1) x
-++ X BO(ny,) with all possible systems of local coefficients.

We can see immediately, that the cohomology ring with the system of local
coefficients L,...0) 1s isomorphic to the singular cohomology ring. So, we have
H*(BO(ny) X -+ x BO(nm);Z) contained as a subring in h*(nqy,...,nm).

Now let 7y, denotes the universal vector bundle over BO(ny,). Then 7% vn,,
is a vector bundle over BO(ny) x - -+ x BO(n,), where 7y, denotes a projection
on m-th factor. It is easy to show that the system of the local integer coeflicients
Ly An,, 18 equivalent to Zg 1) over BO(n1) X - -+ x BO(nm).

Let us denote by ey, the Euler class of the vector bundle 7, vy,,. In this case
the long exact Gysin sequence for h*(ny,...,nm) can be written in the following
form:

Ue *
—— h9 "M (ng,...,nm) — h9(ni,...,nm) — 5 h9(ni,...,nm—1)

(@) lA

R~ (ny ) ——>

23



24

R. Lastovecki

This long exact sequence is a principal tool for the proof of our main result.

In the description of the cohomology ring h*(nq,...,nm,) the following facts
about Bockstein homomorphisms play a key role.

Let X be a connected CW-complex with m1(X) = (Z2)™. The Bockstein
homomorphism associated with the short exact sequence of local coefficients

0 Zo—2257, Zo 0

denote by 84 : H1(X;Zo)— HIT1(X; Z,) for arbitrary a € (Zg)™.
Write p, : H*(X;Zq)— H*(X;Z2) the homomorphism induced from the re-
duction modulo 2. We get the following induced long exact sequence

(B)  — HI(X;Za) 25 HI(X: Za) D2 HI(X; Zg) 2 HIVL (X, Z,) —

The immediate consequence of this long exact sequence is the following

Lemma 2. Let X be a path connected topological space with m1(X) = (Za)™
and a € (Za)™. Suppose that all elements of finite order in H*(X;Z,) are of
order 2.

Then for x € H*(X;Z9) the equality gz = 0 holds if and only if p, o
dgx = 0. Furthermore, for the torsion subgroup T of H*(X;Zq,) we obtain
T = 0q(H*(X;Z2)) and the homomorphism p, restricted on T is an injection into
H*(X;7Z3).

Let p; s, w; s and es denote the i-th Pontrjagin, the i-th Stiefel-Whitney and
the Euler class of the vector bundle 7}~y over BO(n1) X - -+ x BO(ny, ), respec-
tively. Note that we have p,p; s = w%l ¢ P2€s = Wn, s by the definition of the
characteristic classes. 7

In [C, Lemma 2], it is proved that the system of twisted coefficients over BO(n)
is uniquely determined by the first Stiefel-Whitney class
w1 € HY(BO(n); Zy). Using the obvious generalization of this fact, we can state
following

Lemma 3. The system of twisted coefficients Z, over BO(n1) X --- x BO(nyp,)
is uniquely determined by the sum of the first Stiefel-Whitney classes

> wy s € HY(BO(ny) x -+ x BO(nm); Zo).

as=1

Let 64 : HY(BO(n1) X - -+ x BO(np,); Z2)— HITY(BO(n1) x - -- x BO(nm); Za)
be a Bockstein homomorphism. Then

P20a = (py0q1)T + Sql T
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for all x € H1(BO(ny) x - -+ x BO(nm); Z2) and moreover,

Pr0a1 = Z w1, s-

as=1

So we have a correspondence between Bockstein homomorphisms d, the sys-
tems of local coefficients Z, and the elements ) wy .

Notation. In the sequel we abbreviate 6(g, ) to dg. Note that p,do = Sql.

Denote by M = (1L ,{1,2,...,[(ns—1)/2]} x{s}. We consider this set ordered
by the lexicographic ordering (i,7) < (j,s) iff i <jori=j and r < s.

Denote by ¢y the element of (Z2)™ with 1 at the A-th position and zero oth-
erwise. By the symbol I A J we denote symmetric difference of the sets I and J,
INJT=(IUJ)—(INJ), by the symbol [x] we denote the integer part of x.

Denote for I C M, 1 < s <m by

wos = wy = pos = pp =1, wr = H wo; T pr = H Di,r-
(i,7)ET (i,7)eI
Let ¢* : h(ny,...,nm)—h(ny,...,nm—1) denote the homomorphism induced
by the natural inclusion ¢ : BO(n1)x---x BO(nm—1)—BO(n1) x- - - x BO(nm,).
In the proof of the Theorem we use following statements:
Lemma 4. In H*(BO(ny) x - -+ x BO(np); Z2), the following relations are sat-
isfied:
(5w5w)zzslw- SgrbW ; ;
P2{0aW10pW g A W2i,rP20a+bW(I—{(i,m)}) AT P2P(I—{(i,r)})NJ
(i,7)El
+ (P20a1)p20bwrATP2PINT
(0,600 =03 T (1) Gagreyn) )
ay=1
where I C M and a,b € (Z2)™.
ProOOF: Using the relations
Sq'wrSqtwy = ) Salwair 84" wi—((i,m)p AP {6
(i,7)EI

wrSq'wy =Y Sa wai s w0y AIPP(I—{(ir) AT
(i,m)eJ

proved in [B] and Lemma 3, one can show the first formula. The second one can
be obtained by an elementary calculation. ([
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3. Main result

Theorem. Let ni, ..., ny be positive integers. The cohomology ring
h*(ni,...,nm) is the polynomial ring

Rnv,oinm =2 [p,';r,es,(san | (i, 7) e M, JC M,a€e (Zo)™,s=1.. .m}

modulo the ideal Zp, ... n,, generated by the following relations:

(1) 6ol =0,

(2) 20qwy =0,

(3) es = ¢, Wp,—1,s forns odd,

(4)

Sawrdpwy = Y (00w2ir)P(1—{(1,7)})Oa+bW(I—{(ir) 1) AT + OalSpwrA DI,
(i,m)el

(5) Bal)(@pwy) = Y (Fey1)(Gaybrerws),

ay=1

where I,J C M, I #0, J can be empty.
Moreover, the following relation is satisfied in Rp, ... n,, for ns even:

6) Pn /2,5 = €2
Remark 1. The relations (4) and (5) can be written together as the relation

Sawrdpwy = Y (00W2im)P(1—{(i,r) 1) OatbW(I—{(i,r) ) A
(i,7)ET

+ o X 6o Gurresran)),

ay=1
where both I,J C M can be empty.

Remark 2. The space BO(0) is homotopy equivalent to the space SE7, the total
space of the associated sphere bundle over BO(1). However, SE(1) is homotopy
equivalent to the contractible space S°°. Hence 71 (BO(0)) = 0 and there is only
one possible system of local integer coefficients over BO(0). Consequently, for
nm = 1 and a € (Z2)™, am = 1 we do not have H*(BO(n1) x -+ x BO(ny, —
1);Zqs). Let us note that its role in the long exact sequence (G) is played by
H*(BO(ny) x -+ x BO(nm —1); Za+e,, ), since for the Bockstein homomorphism
0g : H*(BO(ny) x - -+ x BO(nym); Z2)— H*(BO(n1) X - - - Xx BO(np,); Zq) we have
t* 0 0q = da+e,,- In particular, t* o 6., = do.
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4. Proof

Define a ring homomorphism 0y, .. n,. : Rny,..nm—h*(n1,...,nm) in the
following way: to each formal generator of Ry, ... .n,, We assign the corresponding
characteristic class in h*(ng,...,nm) as follows:

( (”Yns))
9n1,---7nm(pi r) = Di (WT(%LT)) and

enlwwnm(es)

Ony,...nm (bawy) = ( w;ie( ¢ %c)))
(4,9)e

We show by induction on m and n, that 0, .. n (Zng,....nm) = 0 and then we
prove that the induced ring homomorphism gm,...,nm C Roaseenm /I, pm —
h*(ni,...,nm) is an isomorphism.

We start the induction for m = 1 and n; = 0, using Remark 2. Due to the
contractibility of BO(0), an inductive step from m—1 to m, n,, = 1 can be carried
out by considering BO(n1) x -+ x BO(npm—1) as BO(ny) X -+ x BO(nm—1) X
BO(0). Note that the inductive step to BO(ny) x -+ x BO(nm,m—1) x BO(1) is
slightly different from the inductive step for n,, > 1 odd.

Now suppose that Theorem holds for n,, — 1 and ny, is even.
‘We have Rn1,...,nm = Rnl,...,nm—l[em]a Inl,...,nm = Inl,...,nm—h hence

Rnl7---7”77L/In17---7n7n = (Rnl,...,nm—l/Inl,...,nm—l)[em]-

Let ¥ : Rpy....nm—1—Rny,...,nm be the natural inclusion. Then, by the in-
ductive hypothesis, 0, . n,,—1 = t" 00y, .. n, 01 is an epimorphism, hence
*h*(na, ..o, nm)—h"(n1,...,nm — 1) is also an epimorphism and from (G)
we get a short exact sequence
0 q—"nm Uem q Lt q 0
(7) —h (n1,...,nm) —= hi(n1,...nm) — hi(ny,...,nm —1) —
In particular, we get im(¢* 06y, .. n,,) = im¢* and one can show that, under this

condition, y;,... n,, is an epimorphism. Using this condition we will prove later
the surjectivity of 0, ... n,, for the case ny, odd.

Now denote by Tor h*(nq,...,nm) the subgroup of torsion elements of
h*(n1,...,nm). Since the multiplication by e, is injective and 60y, .. n,, is an
epimorphism, we get isomorphism of graded groups

h*(n1,....nm) = Zlpi s es | (i,7) € M,ng even, s < m] @ Tor h*(n1,...,nm).

Since for each a € (Z3)™ we have 2§, = 0, all torsion elements are of order 2.
Using Lemma 4 and Lemma 2 we obtain 0, ... n,, Zns,....nm) = 0.
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So the induced ring homomorphism

n . * . . .
Oni,onm * Roapeonm /Iog,...nm —R" (01, .. ., ) is an epimorphism.

Now since Rny,....nm /Zn1,conm = Rua,...nm—1/Tnn,....nm—1)[€m], we have the
short exact sequence

Uem

—— Rnl,...,nm/Inl,...,nm

o

Rnl7---7nm—1/Inl,...,nm—l >

0
- Rn17~~~7nm/1n17~~7nm

where ¥ = coker(Ue;,). This exact sequence and (7) fit together into diagram
connected by 0y, ... n,, and 5-lemma applied inductively on this diagram yields
that 5n17.,,7nm is an isomorphism for n,, even.

m

The fact that p,,, /2., = e2, can be proved analogously to [C].

Now suppose Theorem holds for n,, — 1 and ny, is odd. By the definition of
Thom and Euler classes, we get p,em = wn,, m. According to Lemma 3,

1
p25cmwnm—1,m = W1,mWn,,—1m + Sq Wnp, —1,m = Wny,m = P2€m-

Let us note that with respect to the notation wq ,, = 1, this equality holds for
nm = 1 as well.

Using the Thom isomorphism and the definition of the Euler class, we get
2e, = 0.

Now using the long exact sequences (G) and (B) one can show

(8) €m = 5menm_17m'

To prove that 0p, .. n., * Raq,..onm—h"(n1,...,7n) is an epimorphism we
show that im(¢* 0 O, p,,) = ker A =1im ™.

Let ny, > 1 and consider a € (Z2)™, s < m, ns even and I C M such
that ((nm — 1)/2,m) ¢ I. Since the elements py, es and dgwy are contained in
Rni,....nm—1 by the inductive hypothesis, they are contained in im(c* 0 py ... .n,,)
as well.

Denote by e the Euler class of the bundle 775,7v,,—1 over BO(ny) x -+ %
BO(nm —1). We have

L*enh---mm(5a(w1wnm—1,m)) = dqwy Ue,

9) VOny,conm (p(nm—l)/2,m) =é?,

VOny,.nm (em) = tem = " (LU em) =0

by the description of h*(n1, ..., nym — 1) and Lemma 2, hence e ¢ im(t*00p, ... n,, )-
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Since ey, # 0 and 2ey, = 0, exactness of (G) yields Ae = +2. So every
element of h*(ni,...,nm — 1) has the form © = x; + x2 U e, where x1,29 €
im(e* © Ony,...nm ). Thus Az = £229. Hence € ker A if and only if 229 = 0,
which implies ker A = im(c* 0 Opy ... 0y, )-

Let ny, = 1. Due to Remark 2, the Euler class e of the 0-dimensional vector
bundle 77,70 over BO(ny) x - - - x BO(nm,m—1) x BO(0) is equal to +1 and the first
relation of (9) has the form

L*em,...,nm (dawr) = Satemwr

for a € (Z2)™, am = 1. By the same considerations as above we obtain im¢/* =
ker A =im(c* 0 0y, ....n,, ) as well.
Hence 0n;....npm * Rna,...nm—h* (1, ..., ) is an epimorphism.

Using (9) and inductive hypothesis we get isomorphism of graded groups
h*(n1,....nm) = Zlp;r,es | (i,7) € M,ns even, s < m] @ Tor h*(n1,...,nm).

By the inductive hypothesis and (8), each torsion element of h*(n1,...,nm) is
of order 2. Applying Lemma 4 and Lemma 2, we obtain 0, ... n,, (Zni,....n.m) = 0.

The induced ring homomorphism gm,...,nm "R,/ Iog e —
h*(ni,...,nm) is an epimorphism.

To complete the whole proof, it suffices to show that gm,...,nm :
Ro,.onm/Ins,.onm —h*(n1, ..., np) is a monomorphism. Immediately we get
that it is injective on the free part of Ry, .. n, /Zny,...nm generated by p; » and
es for (i,7) € M, ng even and s < m.

To prove injectivity of?n1 ... ON the torsion subgroup of Ry, ....nm /Iny,...nm >
we describe an additive basis of Tor R, .....n,,. /Zns,... nm and show that p2§n1 T
is injective on each part of the graduation of Tor R, .....nym /Iny,....nm, Which proves
the injectivity of gm,...,nm due to Lemma 2.

Consider the following slight modification of the Stiefel-Whitney classes intro-
duced in [B]. Let

V1,7 = Wi,r,s V24,7 = W24 1, V2i+1,7r = W2i+1,r + W1 7 W2% 7
for (i,7) € M, so we have

1 2 1 1
Sq”vi,r =01 5 Sq” v2iq1,r =0, Sq” v2ir = V2417

The monomials [](; - e Ufff obviously form a basis of H*(BO(n1) x --- X
BO(nm); Z3). For I C M put vy = wy and particularly vy = 1.
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Then the torsion part of the group h*(ni,...,nm) contains elements
m—1
Xi, T s
(10) > IT #5711 e Il ouvn
(i,7)eEM s=1 l

for x; r and vs nonnegative integers, y; in (Z2)™, I} € M such that if each y; = 0
then at least one of I; is nonempty.

Consider the following elements of Tor h*(ny,...,nm):

m m—1
XA KT Ral)=[[6a0™ [ v [Let TI (Govayo)i<savr,
A=1 (i,r)EM s=1 ( Q)eM
m
Y(AbET)= [[6a)™ @) [[ o H els
A=1 (¢,7)EM s=1
m m—1
Z(Ava T) = 1_[(56)\1)06A H p?f;—‘r H eis

A=1 (i,7)eM s=1

where a), are nonnegative integers, a, b € (Z2)™, b different from any c) and
nonzero, I C M nonempty, A, K, T, R are ordered systems of the powers of ., 1,
Di,rs €s, 00V2; ¢ respectively, satisfying following conditions: ts = 1 or 0 for ns even
and ts = 0 for ns odd. Moreover, in X (A4, K,T, R,a,I) we have max I > (jo, (o),
where (jo, (o) € I is the highest index in M such that r;; , > 0. In Y/(A,b, K, T)
we suppose ay, = 0 for each x > max{\ | by = 1}.

Now we prove that these elements form an additive basis of Tor h*(ny, ..., nm).

One can decompose a polynomial of the form (10) by successive use of the
relations (3)—(6) to show that the monomials X (A, K, T, R,a,I), Y(A,b,K,T)
and Z(A, K, T) are generators of Tor h*(ny,...,nm).

To show linear independence of these generators of Tor h*(ni,...,ny,) it is
sufficient to prove that the images in the reduction modulo 2 of the elements with
the same graduation are linearly independent in H*(BO(n1) X - - - x BO(ny,); Z2).

The group homomorphism p, maps X (A, K,T, R, a,I) into

m ok m—1

A 0T ts T5,¢
[Tt TI v ILvms TI v3jiac pedavr
A=1 (i,7)eEM s=1 (4,0)EM

Denote (ig, 79) the highest index in I and let Iy = I — { (g, 70)}. Then we have
P20avy = (py0al)vr + v2i0,70 S v1y + V2i041,70 01,

= (py0a1)v2ig, 7 V1, + U2io;ro( > U2i+1,’r”10—(i,7—)) + V2i9+1,70 V1o
(ivT)EIO
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where the last monomial contains v2;, 41,7, and does not contain vo;, -, the other
monomials contain vg;, -, and do not contain vo;,41 r,-

Then the last monomial of p, X (A, K, T, R,a,I) has the form

m ~ m-—1

(11) A TT waid I os T1 waitag

A=1 (i,7)EM s=1 (4:C)eEM

where EET = 2k; ; + 1 for (i,7) € Io, k\i,r = 2k; r otherwise, 7; - = 7; - except
?io,To = Tig,mo T 1.

The powers of v; -, (i,7) € M, of the monomial (11) determine the sets A,
K, T,R,Iof X(A,K,T,R,a,I). One can show by comparing the powers that
X(A,K,T,R,a,lI) is determined uniquely up to graduation, hence the elements
X(A,K,T,R,a,I) form a linearly independent set.

Since p,Y (A,b,K,T) and p,Z(A, K,T) have no nonzero powers of vg; i1 -
for i > 0, (i,7) € M, they cannot be any linear combinations of the elements
P, X (A, K, T,R,a,I) and vice versa.

Hence it remains to show linear independence of the elements Y (A,b, K,T)
and Z(A, K, T). We get

m m—1
2k;,r ts

sz(Aa bv Ka T) = H 1)?3\ Z U1,k ’ H UQZ,T H Ns,87?

A=1 b=1 (i,7)EM s=1

ks s T

T,T ts
pra = 11n 1 3 Tl
A=1 (i,7)EM s=1

Obviously, the elements Z (A, K, T) are uniquely determined by the monomials
p,Z (A, K,T), hence they form a linearly independent set.
Set Ag = max{\ | by = 1}. Then the last summand of p,Y (A, b, K, T) is

41 Ao—1 ok m—1

a)\o o QT ts

(12) vy I ot IT wer - IT i
A=1 (i,7)EM s=1

which cannot be reduction modulo 2 of any Z(A, K,T) with the same graduation
as Y(A,b, K, T).

By comparing appropriate powers of the monomial (12), one can prove that
the elements Y (A, b, K, T) form linearly independent set.

So the elements X (A, K,T,R,a,1), Y(A,b, K,T) and Z(A, K,T) form a basis
of the group Tor h*(nq, ..., nm) and the ring homomorphism §n17.,,7nm is injective
on Torh*(ny,...,nm).

This completes the proof that §n17---7nm : Rnl,,,,,nm/Inl,,,,,nm—>
h*(ni,...,nm) is an isomorphism.
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