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Regular potentials of additive
functionals in semidynamical systems

NEDRA BELHAJ RHOUMA, MOUNIR BEZZARGA

Abstract. We consider a semidynamical system (X, B, ®,w). We introduce the cone A
of continuous additive functionals defined on X and the cone P of regular potentials.
We define an order relation “<” on A and a specific order “<” on P. We will investigate
the properties of A and P and we will establish the relationship between the two cones.
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1. Introduction

Many applications involve semidynamical systems in non locally compact infi-
nite dimensional spaces, for example semidynamical systems generated by partial
differential equations.

So starting from a semidynamical system (X, B, ®,w) (cf. [3], [6] and [13]), we
associate the concepts of additive functionals and regular potentials with respect
to the inherent topology 72 defined on (X, B, ®,w) (cf. [3] and [12]). Note that
the space X is not assumed to be an artificial topological space (L.C.D or not)
nor a Radonian space (cf. [14]) and that the inherent topology is not in general
locally compact neither having a countable base (cf. [2]). Indeed, we assume only
that (X, B) is a separable measurable space and that the semidynamical system
(X, B, ®,w) is transient.

The concepts used in this paper were already introduced in the case of a stan-
dard Markov Process X = (2, M, My, X¢, O, P*) with state space (F, &) which
is locally compact with countable base (cf. [7]).

It is worth mentioning that there is correlation between the inherent topology ’Tq?
and the continuity of additive functionals.

In the preliminary, we will introduce preliminary material and we will establish
some results that will be used in this paper, particularly the fine topology 7% and
the inherent topology qu) which will be used extensively in the sequel.

We will give the definition of additive functionals and regular potentials defined

This paper is in final form and no version of it will be submitted for publication elsewhere.
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on (X, B, ®,w), then we will illustrate with some examples. We show particularly
that any continuous additive functional gives rise to a regular potential on Xjg
(Theorem 3.1) and conversely, every regular potential is associated to a contin-
uous additive functional (Theorem 3.2). In Section 4 we will introduce an order
relation on the cone A of continuous additive functionals, then we will prove in
Theorem 4.1 that two elements A, B € A are comparable if and only if their as-
sociated potentials are comparable with respect to the specific order defined on
E(A). Moreover we will show in Theorem 4.5 and Corollary 4.2 that the Riesz de-
composition holds in the cone of regular potentials P with respect to the natural
and specific order and holds in A (Theorem 4.6). Also, we show in Theorem 4.5
and 4.6 that for any bounded increasing family (f;); in (P, <) ((A%); in (A, <)
resp.) we have sup;, f; € P (sup; A’ € A resp.). Similarly, for a decreasing family
(f;); in (P, <) we show that A;f; € P and that for any decreasing family (.A%); in
(A, <) the element A; A’ which is the greatest lower bound in A exists.

2. Preliminary

Definition 2.1. Let (X, B) be a separable measurable space with a distinguished
point w. A measurable map ® : Ry x X — X is called a semidynamical system
with cofinal point w if the following conditions are fulfilled:

(S1) for any x in X, there exists an element p(z) in [0, co] such that ®(¢,z) # w
for all t € [0, p(z)) and ®(¢,x) = w for all ¢ > p(x),
(S2) for any s,t € Ry and any = € X we have

D(s,D(t,x)) = ®(s + ¢, 1),

(S3) ©(0,2) =z for all z € X,
(Sg) if ®(t,x) = ®(t,y) for all t > 0, then x = y.

Note that p is called the life time of the semidynamical system (X, B, ®,w).
Next, we will denote by Xg = X \ {w} and by By the trace of the o-algebra B
on Xg. For any € Xy we denote by I'y, the trajectory of z, i.e.:

Iy ={®(t,2);t € [0, p(x))}

and we define the function ®; on [0, p(z)) by ®5(¢) = ®(¢,x). So for any z,y € Xg
we put
r<y&syely,.
P

A maximal trajectory is a totally ordered subset T' of X \ {w} with respect to the
above order, such that there is no zg € X \ I' which is minorant of I" and such
for any x € I', we have I'; C T.

In what follows, we shall suppose that (X, B, ®,w) is a transient semidynamical
system (cf. [3], [11]). It is proved that the map ®, is a measurable isomorphism
between [0, p(z)) and T';; endowed with trace measurable structures.
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Let A be the Lebesgue measure associated with the semidynamical system
(X,B,®,w) given by A(A) = \(®,1(A)) for any = € Xg, A € By and A C Ty,
where ) is the Lebesgue measure on R (cf. [4]). We recall (cf. [1]) that in the
same way A can be defined on the o-algebra By(A) which is the set of all subsets
A of X such that AN M € By for any countable union M of trajectories of Xj.
The resolvent family V associated to (X, B, ®,w) on (Xg, Bp) is given by

()
Vol (2) = /0 " et p(@(t, ) de

for any Bp-measurable function f.
We consider also the arrival time function ¥ : Xg x Xg — R4 given by

tif ®(t,x)=uy, tel0,p(x)]

+oo if not

U(z,y) = {

(cf. [6, Chapter III]).

It is shown that the arrival time function ¥ is measurable if we endow Xy x X

with the product measurable structure of the o-algebra Bg(A) (cf. [1], [4], [5]).
For each x € Xy, let us denote by

Ve ={V C Xo:3a €]0,p(x)[ such that ®(t,z) €V, Vt € [0,a}

and let 73 be the topology for which V, generates all the neighborhoods of .
This topology is called the fine topology (see [3]).

In the sequel, we define the inherent topology ’Tq? as the set of all subsets D of
Xy satisfying the following condition (see [3], [12]):

(Vx € Xo, Vitg € [0, p(x)] such that ®(tp,z) € D)
(3e >0, such that Vit €ltg —e,to + <[N0, p(z)[, (¢, z) € D).

In the next, let £ be the set of excessive functions on Xy with respect to V.
By [3], we have that & is the set of all measurable functions f : Xo — Ry
which are nonincreasing with respect to “<” and continuous with respect to 7g.
(]
Remark. A function f: Xg — R is 7g-continuous (T(g—continuous resp.) if and
only if for each x € Xy, the function ¢t — f(®(¢,)) is right continuous (continuous

resp.) on [0, p(x)].
Notation. In the sequel, we will denote by F(Xg,A) the set of all nonnegative
Bo(A)-measurable functions on Xj.

For any nonnegative By-measurable function f on Xy and V.« > 0, the restric-
tion of V,f on I'; depends only on the restriction of f on I'; and someone can
establish the following results (see [5]).
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Proposition 2.1. For any f € F(Xg,A) and any o > 0 let

~ plx) v
Vaf(@)= [ et @ de = [ e ENG ) 1) drw)
0 z
where L if e
if z <y,
G(z,y) =
(z.9) { 0 if not.
Then, Vo f is Bo(A)-measurable, the family V = (‘N/a)azo is a resolvent of kernels
on the measurable space (X, Bo(A)) and V is an extension of V.
Theorem 2.1. The set £(A) of the V-excessive functions on (Xg, Bo(A)) is iden-

tical to the set of all positive decreasing functions on Xy with respect to the order
“<” continuous with respect to the fine topology 7g and finite at the points
(i3]

x € Xo which are not minimal with respect to the same order.
Thus, the following result holds.

Proposition 2.2. Any function f € £(A) is lower semicontinuous with respect
to TY.
P

PROOF: Since V is submarkovian on (X0, Bo(A)), by Hunt’s approximation the-
orem (cf. [8]) there exists a sequence (fn)n € F(Xo,A) such that

SUP‘N/Ofn = f.
n

Since Vp fp is 73-continuous (cf. [3]), f is lower semicontinuous with respect to
0

7. O
Next, we shall prove the following theorem which will be needed later.

Theorem 2.2. The following properties hold:

(1) every open set in Ty is Bo(A)-measurable,
(2) every decreasing function f with respect to “<” is By(A)-measurable.
(]

PRrROOF: (1) Let O € Tp. Using a result in [3], Ty € 7p, we get that ONT, € Tp
which means that ®71(0 NT,) is an open set with respect to the fine trace
topology on [0, p(z)[. Thus, it is measurable with respect to trace Borel o-algebra.
Using the fact that ®, is a measurable isomorphism, we get that O N T, € By
and therefore O € By(A).

(2) The function g defined by g(t) := fo®,(t) is decreasing on [0, p(x)[ which
is measurable with respect to trace Borel o-algebra on [0, p(z)[. Using the fact
that ®; is a measurable isomorphism, we get that f = go®, 1 is Byp-measurable
and then f is Byg(A)-measurable. O

In the sequel, the extension V will be denoted simply by V.
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3. Regular potentials

In this section, let (X, B, ®,w) be a fixed data transient semidynamical system
and denote by p the life time associated defined on X and taking values in [0, co].

Definition 3.1. A family A = {A,t € [0, p[} of functions defined from X to
[0,+00] is called an additive functional of (X,B,®,w) provided the following
conditions are satisfied:

(A1) for each x € X, the mapping : t — A¢(z) is nondecreasing, right continuous
and satisfies Ap(x) =0 for all z € X,

(Ag) for each t > 0, the mapping  — A;(x) is measurable with respect to Bg(A),

(As) for each x € Xg, t,s > 0,

At+s($) = At(fr) + As(Q(tvx))v

(Ag) A¢(w)=0,Vt>0.
If the mapping t — A; is continuous, then A is said to be a continuous additive
functional.

In the sequel, we assume that the map ¢t — A;(z) is continuous.

Notation. We will denote by A the set of all continuous additive functionals
on X.

Remark 3.1. Since the map ¢ — A; is increasing, we denote

A(z) = t_l)i/r)r(lx) Ai(x)

for all t > p(x). Thus, we can set Aoo(z) = A (p)(2) = limy_, ;) A ().
For any measurable function f defined on X, we set

tlim f(@(t,x)) = lim f(P(t x))
—00 t—p(z)

when it exists.

Definition 3.2. Let A be in A. Then, we define
R(z) = inf{t : A¢(z) > 0}
provided the set in braces is not empty and R(x) = oo if it is empty and

A () = 1) p(ay[(R())e ).

It is obvious that R(z) = sup{t: A¢(z) = 0}.
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Proposition 3.1. ¢A(z) = ¢ (),

PROOF: Suppose that p(x) < R(z) < co. By (Ay4), we have
A(®(R(x),2)) =0
for t > p(x). Hence for each t > 0, we have

Aty R(2)(2) = AR(e) (@) + At(®(R(2),2)) = AR(2)(®).

On the other hand, by the definition of R, we have that A;(z) = 0 for every
t < R(z), which gives us that A¢(x) =0, V¢ > 0. Hence R(z) = oo. O

Definition 3.3. Let A be an additive functional. Then, we define

supp A = {z € X : p(z) = 1}.

Proposition 3.2. If A is a continuous additive functional, then

supp A ={z € X : As(x) > 0,Vs > 0}.

Definition 3.4. We say that a real valued map f defined on Xg is a Liapunov
(strict Liapunov resp.) function if f is decreasing (strictly decreasing resp.) and
continuous on each trajectory I' C X with respect to T£ .

Definition 3.5. We say that a real valued map f defined on Xg is a regular
potential if f is a Liapunov function such that lim;—. f(®(¢,2)) = 0 for every
x € Xo. We will denote by P the set of regular potentials.

Definition 3.6. We say that a function f is a potential if f € £(A) and
lim¢—00 f(®(t,x)) = 0 for every z € Xp.

Proposition 3.3. Let f € F(Xg,A). Then, the potential of f defined by

p(z)
Vo) (@) = /0 F(@®(t,2)) dt

is a Liapunov function when the integral is finite.

PROOF: For the proof see Theorem 8 in [3]. O
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Theorem 3.1. Let A € A. If A < oo, then the function Ay is a regular
potential. Moreover it is a strict Liapunov function on supp A and we have that
supp A is the set of strict monotony of Aso.

PrOOF: Let z,y € X such that x < y. Then, there exists ¢ > 0 such that
y = ®(t,x). Since
Asti(z) = Ar(z) + As(2(t, ),

by letting s — oo, we get
(3.1) Aoo(z) = At(2) + Ao (D(t, x)).
Hence, we get that

Aoo(y) = Ao (®(t, 7)) < Aoo(z)

and
Ao (D(t,2)) < Aso(x)

if and only if x € supp.A. Hence, A is decreasing on X and strictly decreasing
on supp A. Moreover, by (A1) and (3.1), we get

girr(l) Ao (D(t,2)) = Aso(2)
which yields that A is right continuous with respect to qu). Now, let us consider

xg € Xo not minimal and let y < zg, then there exists tg € [0, p(y)[ such that
xg = D(tg,y). Thus, from (3.1), we get that for every 0 < ¢ < ¢

(3.2) Aco(®(t,)) — Aco(®(to — 1, ®(£,y))) = Atg—t(B(t, 1)),
(3.3) Ao (®(t,y)) = Aco(®(t0,)) = Atg—t(2(t, y))-

On the other hand, by (A3) in Definition 3.1, we have
Atg—t(2(t,y)) = Atg(y) — At(y)-
Since the map t — A is continuous, we get that

(3.4) Jim Aty —4(2(t,y)) = 0.

Hence using (3.3) we obtain that

t—ty

which implies that Ao is left continuous with respect to qu) .
Again using (3.1), we obtain lim; oo Aoo(®(t,2)) = 0. Hence A is a regular
potential which is a strict Liapunov function on supp A. ([
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Example 3.1. Let f > 0 be a measurable function defined on X and set

t
:C):/O f(®(s,x))ds

If fop(m) f(®(s,z))ds < oo for each z, then the function

z) = /0 F(®(s,2)) ds

is a regular potential which is a strict Liapunov function.

Definition 3.7. For every f € F(Xg,A) we define the potential of f relative
to A by

p(x)
Ua(f) (@) = /0 F(®(t, 7)) dAi ()

when the integral is finite. When f =1 we write u 4.

Proposition 3.4. Let f € F(Xg,A) and let A be a continuous additive func-
tional. Then, U(f) is a regular potentia] if Up(f) < o0.

PROOF: Let us denote By(x fo )) dAs(x). We shall prove that (By)i>0
is a continuous additive functlonal Flrst we shall prove the property (As).
Indeed, let t,s > 0.

t+s
Bipa(z) = /0 F(®(u, 7)) dAy ()
t t+s
- / F(®(u, 7)) dAy(x) + / F(®(u, 7)) dAy (2)
_ By /f (u+ t, 7)) dAuys (1)
_ By /f (u, ®(t, 7)) dAu(®(t, 7))

Next, we claim that for every z € X the map ¢ — By(x) is continuous.
Let t,t9 > 0, then

to
Bi(x) = Bio(z) = | f(®(u,z)) dAu(z).
t
The result follows by using the continuity of A and the fact that U4(f) < oc.

Now, we see that U4 (f) = Boo and the proof is achieved by using Theorem 3.1.
O
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Corollary 3.1. Let A be a continuous additive function and set

p(z)
ug(z) = /0 1dA;

the potential of A. If u 4 < oo, then, u 4 is a regular potential which is a strict
Liapunov function on supp A.

PrOOF: We see that uy = Ao and hence by Theorem 3.1 it is a Liapunov
function which is strict on supp A. O

Theorem 3.2. If f is a regular potential, then there exists an unique continuous
additive functional A such that f = Axo.

PrOOF: Let A be an additive functional such that f = As. Then we get by
(3.1) that Ai(z) = f(z) — f(®(¢,x)) which implies that A is unique if it exists.
Next, set A¢(z) = f(z) — f(®(t,z)). Note that the continuity of A follows from
the continuity of f with respect to Tq?. The properties (Ag) and (A4) are obvious.
It is easy to check that Ag(xz) = 0, f(z) = Aco(z) and that for every ¢ > 0 and
for every x € X we have A;(z) > 0.

The property (A1) holds since for t > s we have

Ag(z) — As(x) = —f(2(t,2)) + f(®(s,2)) = 0.
Finally, we shall prove (A3). Indeed, for every s,t > 0 we have

f(@(t+s,7))
5,2)))

As+i(z) = fx) = f(2(
() = F((t, (s,
() = f(2(

(

f

T t+
t,®

)

— =

f(@(s,2)) + (f(2(s,2)) — f(2(t, 2(s,2))))
s(x) + Ar(D(s,x)).

T

|
b

d

Remark 3.2. Note that this result is not unique in its formulation. In fact,
such result was given for a special class of potentials (see [10]). Moreover, in our
case we formulate the result for regular potentials with respect to the inherent
topology and we proved the continuity of the additive functionals associated.

Definition 3.8. We say that a function h is harmonic if
h(®(t, ) = h(x)

for every t > 0.
We denote by H the set of all harmonic functions on Xj.
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Theorem 3.3. If h € H, then h is constant on every connected component of
Xo with respect to Tq?.

PrOOF: Let C be a connected component of Xg and let z,y € C. Then there
exists z € C such that < z and y < z, i.e., there exist s,t > 0 such that
P

]
z=®(s,z) and z = ®(t,y). Thus

O

Theorem 3.4. For each s € £(A), there exist h € H, h > 0 and a potential p
such that s = h + p.

PrOOF: Let x € Xp and let C, be a connected component of Xy such that
x € Cy. Since s is decreasing on I'; and s > 0, we have lim—,o0 s(®(t, 2)) = I5.
So, for any z € I';, we have

lim s(®(t, 2)) = lim s(®(t + V(x,2),z)) = lg.

t—o0 t—o0

Now, let y, € Cz, then there exists z € I';; such that y < z. It follows that
(]

We set then h(x) := lim;— $(P(¢,2)). The proof is achieved by setting p = s—h.
O
4. Specific order for additive functionals

Let A be the cone of all continuous additive functionals on X. Under the usual
pointwise definitions of A + B and a.A for a > 0 the set A becomes a cone.

Definition 4.1. We define an order relation “<” in A as follows:
A < B provided there exists C € A such that A+ C = B.

Definition 4.2. We define a specific order relation “<” on £(A) as follows:
For every u,v € £(A),
u=<v

if and only if there exists s € £(A) such that u + s = v.

Theorem 4.1. Let A, B € A be such that u 4 and ug are finite. Then

A< BS uy < ug.
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PRrROOF: Suppose that A < B. Then, there exists C € A such that A+ C = B
which implies that
up+uec = ug.

Since by Corollary 3.1 u¢ € E(A), we get that ug < ug.

Conversely, assume that u 4 < up. Thus, there exists s € £(A) such that uq+s =
up. Note that he relationship s = ug—u 4 implies that s is continuous with respect
to Tg. On the other hand, by Corollary 3.1

lim ug(®(t,z)) = lim ug(®(t,x)) =0
t—00 t—00

which gives us that lim; .o s(®(t,x)) = 0.
Consequently, s is a regular potential and by Theorem 3.2, there exists an unique
additive functional C satisfying s = C'so = u¢. Since

UA+C = UA T UC = UB,

the uniqueness gives us A+ C = B. O

Definition 4.3. Let f € F(Xp,A) and let A be a continuous additive functional
such that U4 f < co. We write f.A for the family of random variables

t
(fA) = /0 F(®(s,.)) dAs.

By Proposition 3.4 fA is a continuous additive functional.
We recall the following result, namely the Lebesgue differentiation theorem.

Theorem 4.2. Let ;1 be a Radon measure on Ry and let A\ be the Lebesgue
measure on Ry such that u is absolutely continuous with respect to A\. Then the
family of functions (¢p)p>0, given by

p(lt, t + h])

on®) = i a)

converges A-a.e. to a Borel function w such that
b
(.t = [ wit dr)
a

The less conventional forms assert that the same result is true if A is replaced
by any Radon measure on R4 not charging points and not vanishing on non-empty
open intervals.
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Proposition 4.1. Let A,B € A be such that By < A; for allt > 0. Then there
exists 0 < f <1 such that B = fA.

PRrOOF: For each n € N*, the family of functions
t
"={C]'= A+ .t >0}
n

defines a strict continuous additive functional.
Let 0 <a < b < oo. Then

b
[ dBi@) = Bufa) - Bule)

which implies that
dB; < dC{',¥n € N*.

Hence, for every x € Xy and for every n € N* | there exists a Borel function
defined on R by
B (®(t,z))
n t — 1' M f m

0= O @)
with B(x fO VR (s)dCT ().
Since By S Cl', we get that o7 (t) € [0,1], Vt > 0.
Let us denote

B (z)

z) = ©?(0) = liminf ——=—— 2 € Xj.

m

Then by (A2), fn is a Bg(A)-measurable function on Xy. On the other hand,
using the additivity of A and B, we get g (5,2) (t) = ¢ (s+t) which implies that

/fn s,x)) dAsg( /fn (s,x))dz, Va € Xg,Vt > 0.

Since (fpn)n is nondecreasing and is dominated by 1, we conclude that (fpn)n
converges on X to a By(A)-measurable function f By the Lebesgue dominated
convergence theorem, we deduce that Bi(z fO ))dAs(x), ie., B= fA.

O
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Corollary 4.1. Let A,B € A. Then, B < A if and only if there exists a By(A)-
measurable function f on X such that 0 < f <1 and B = fA.

Proposition 4.2. Let A € A be such that ugq < oo and let f € £(A) be such
that

(1) [ <ua,
(2) f(x) = f(P(t,x)) < A¢(x) for all t > 0, x € Xg.

Then f is a regular potential on Xj.

ProOF: Since f € &(A), it is continuous with respect to 7 and decreasing.
Moreover, by (1) we get that lim;_.o f(®(¢,z)) = 0. Now, we should show that
it is continuous with respect to Tq?. So, let y < x and tg be such that x = ®(tg, y).
Then, for every t € [0, tg],

0 < f(2(t,y) = f(2(to,y)) = [(2(t,y)) — f(D(to — 1, D(t,))) < Atg—t(D(L,1))-
Now, using (3.4) we get

Jim f(2(t,y)) = f(2(t0, y))-
° m

Theorem 4.3. Let A € A be such that uy < oo and let f € E(A). Then, the
following assertions are equivalent:

(1) there exists a By(A)-measurable function 0 < g < 1 such that f = U4(g),
(2) f<uy and f(z) — f(P(t,z)) < Ag(z),Vt > 0,Vz € Xp.

PRrOOF: We start to prove (1) = (2)

Indeed, we have f(z fo ) dAs(x) < fo dA¢(x) = uyg(z). Now,
using the fact that t—|— p(®(t, )) = p( ) we get

(ug — [)(®(t,x

p(2(

)(B(t, 7)) = /0 — g)(@(t + 5, 7)) dA(B(t, 7))
B t+p(P
-/
B t+p(®(t,z
-/
S/Op(:v)(1

(

)
(1-9)
(t,z))
(1= 9)(®(u, z)) dAu—t(D(t,2))
(t,z))
(1= g)(®(u, z)) dAy(x)
— 9)(®(u,z)) dAy ()
= (ua — f)(=).

Hence, u 4 — f is decreasing. Using Proposition 4.2 and Corollary 3.1, we get that
uy — f it is continuous with respect to 79 and limi—.oc(ug — f)(®(t,2)) = 0.
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Hence, it is a regular potential. Since u 4 is a regular potential, the relationship
f+ (ug — f) =uy and Theorem 3.2 imply the existence of continuous additive
functionals B and C such that f =ug, uq — f =uc and B+C = A.
Consequently

f(@) = f(@(t,2)) = Bi(x) < Ai(x)

Vt>0,Vz e Xp.

Conversely, we shall show that (2) = (1). Under condition (2) and using Propo-
sition 4.2, f is a regular potential, thus by Theorem 3.2 there exists a continuous
additive functional B such that

f(@) = f(2(t, ) = Bi(x)

for each t > 0, x € Xj.
Using Proposition 4.1, we get the existence of a By(A) measurable function g on
Xp, 0 < g <1 such that

t
f(@) = f(@(t,2)) = Bi(x) :/0 9(®(s, ) dAs(z).

Now since f(®(t,x)) — 0 as t — oo, we obtain

()
f(z) = /0 ™ 9@ (t,x)) dAs(a).

Next, we recall the following result from [9].

Proposition 4.3. The set £(A) is an H-cone of functions on Xy with respect to
the pointwise algebraic operations and order relation in the sense of [8].

Proposition 4.4 (cf. Proposition 2.1.6 in [8]).
(1) Let F C E(A) be specifically increasing and dominated in £(A). Then

YF =VF

where YF (VF resp.) is the least upper bound for the specific order
(natural order resp.) in E(A).
(2) Let F C E(A) be specifically decreasing. Then, we have

AF = AF

where AF (AF resp.) is the greatest lower bound for the specific order
(natural order resp.) in E(A).
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Theorem 4.4. (1) Let (f;);cr be a family of elements of £(A) which is increas-
ing to a function f. Then f € E(A).

(2) Let (f;);cr be a family of elements of £(A). Then, f = inf;c; f; is super-

median. Moreover, if f: sup,>g &Va f is the excessive regularization of

f, then f = A fi.

PrOOF: (1) By Proposition 2.2, f = sup;¢; f; is lower semicontinuous with re-
spect to T£ and decreasing which yields that it is continuous with respect to 7.
Thus, f € E(A).

(2) Since f = inf;cs f; is decreasing, by Theorem 2.2 it is Bg(A)-measurable
and therefore AV f is well defined. Since

)\V,\(Zi.gf,fi) < AWA(f5) <[5,V 5,

we get that
AVy(inf f;) <inf f;
A(; Ifz) _21, Ifz

which yields that f is supermedian. On the other hand, the fact that inf/i;fi <
[j = f; gives us that

(4.1) f

IN

A S

il
Now, let t € £(A) be such that t < f;,Vi. Thus, ¢ < inf;c f; and therefore
(4.2) t=t</.

Now combining (4.1) and (4.2), we get that Ajerf; = 7. O

Theorem 4.5. (1) Let (u;);c; be a specifically increasing family dominated
in P, then sup; u; € P and sup; u; = Y;u;.
(2) Let (uj)jer be a specifically decreasing family in P, then Aju; € P and
NiU; = Al
(3) The Riesz decomposition holds in P. i.e. if u,vi,vy € P are such that
u < vy + v, then there exist ui,us € P satisfying

u=uy+uz, up <UL, Uz < U2
PRrROOF: (1) Let v € P be such that u; < v for all i € I. Then there exists v; €

E(A) such that u; +v; = v. It is obvious that sup; u; is lower semicontinuous with
respect to Tq? and decreasing on each trajectory. Since sup; u; + inf; v; = v, using



570

N.B. Rhouma, M. Bezzarga

(1) and (2) in Theorem 4.4, we get that m/fl?l = inf; v; = Av; and sup; u; € E(A)
which implies that
supu; + Av; = v.

7 1
By Proposition 2.2, we get that A;v; is lower semicontinuous with respect to Tq? .
Hence, we get that sup; u; = v — A;v; is continuous. In addition, since sup; u; <v
we have that

lim supu;(®(¢,x)) = 0.

t—oo 4

Thus sup; u; € P.

(2) Set u = Aju;. It is obvious that w is upper semicontinuous with respect to
T£ and decreasing on each trajectory. On the other hand, by (2) in Theorem 4.4
and (2) in Proposition 4.4, we have u = Aju; = mf/l\ul € E(A). Since u < uy,
there exists v; € £(A) such that v = w; — v;. By Proposition 2.2 again, v; is
lower semicontinuous with respect to T£ and thus we get that « is continuous
with respect to Tq()) which yields that u € P.

(3) Let u,v1,v2 € P such that u < v + vy. Then, by [8] there exist uj, ug €
E(A) such that

u=ui +ug, up < vy, ug < V2.

By Proposition 2.2, uj,uo are lower semicontinuous with respect to qu) . Since
u1 = u — u2 and u is continuous, we conclude that u; and ug are continuous with
respect to Tq?. Now, using the fact that uq; < v1, ug < vo and u; = u — ug, we
get that uy,ug € P. [l

Next, we set
Ag ={A € A:uy < oo}

Theorem 4.6. The following assertions hold.

(1) Let (A%);cr be an increasing family in Ag and upper bounded. Then
A =sup; A’ € Ag.

(2) Let (A%);cs be a decreasing family in Ag. Then A = N\;A?, the greatest
lower bound in Ag, exists.

(3) The Riesz decomposition holds in Ag.

ProoF: (1) By Theorem 4.1, the family (uy4:); is specifically increasing and
specifically upper bounded, hence by (1) in Theorem 4.5 sup; u 4i € P. Moreover,
by Theorem 3.2 we can find A € Ag such that sup; u 4i = u4 = Ax. Since by
(3.1) we have

u i (2) = Af(x) +uyi(B(t, 7))
we get '
ua(z) = sup Aj(z) + ua(®(t, 7))

(2
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which yields that '
sup Aj(z) = A (x).
%

(2) By Theorem 4.1, the family (u 4:); is specifically decreasing, hence by (2) in
Theorem 4.5 the function A;u 4i € P and Aju i = Aju 4i. Thus, by Theorem 3.2
there exists A € Ag such that Aju 4i = u 4 = Axo. Hence, it holds by Theorem 4.1
that

(4.3) A< A Vi

Now, let B € Ag be such that B < A for all i € I. Tt follows that up < uyi for
all 7 € I and therefore up < uy which implies that

(4.4) B< A

Finally, combining (4.3) and (4.4), we get that A = A; A
(3) Let A, B,C € A be such that A < B+C. Thus, there exists 0 < f < 1 such
that A= f(B+C). Hence fB < Band fC <C. O

Corollary 4.2. The Riesz decomposition in P is valid for the specific order.

PROOF: Let u,v,w € P be such that u < v + w. Thus, there exist A, B,C € A
such that v = u g, v = ug, w = ue. Hence, by Theorem 4.6, there exist Az, A
such that A; < B, Ag <C and A = Ay + A. It follows that u g4 = ua, +u4,
and uy, <up,ug, < uc. 0
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