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Note on countable unions of
Corson countably compact spaces

ONDREJ F.K. KALENDA

Abstract. We show that a compact space K has a dense set of G5 points if it can be
covered by countably many Corson countably compact spaces. If these Corson countably
compact spaces may be chosen to be dense in K, then K is even Corson.

Keywords: Corson countably compact space, G§ point, Corson compact space, Valdivia
compact space

Classification: 54D30

Introduction

Corson compact and countably compact spaces, i.e. compact and countably
compact subsets of the space

) ={z¢€ R suppx = {y €T: z(v) # 0} is countable}

equipped with the pointwise topology play an important role in theory of nonsep-
arable Banach spaces. Functional analytic properties of Corson compacta were
studied for example in [AM], [AMN], [O] or [V1]. In the present paper we study
certain topological properties of these classes of spaces.

It is well known that any Corson compact space has a dense set of G5 points
(an easy proof is given in [K4, Theorem 3.3]). As Corson compact spaces are
stable to continuous images (by [MR] or [G]), the same obviously holds for con-
tinuous images of Corson compact spaces. On the other hand, there are Corson
countably compact spaces with no G points (take for example [0,1]" N X(T") for
I’ uncountable). Corson countably compact spaces are stable to quotient images
by [G] but not to general continuous images (an easy example is the space [0, w1]
which is a continuous image of the Corson countably compact space [0,w;) but is
not itself Corson — for a more general formulation see [K5, Theorem 2.5]). Hence
the following problem [K5, Question 1] seems to be quite natural.
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Problem 1. Let K be a compact space which is a continuous image of a Corson
countably compact space. Does K have a dense set of G§ points?

We do not know the general answer to this problem but our Theorem 1 gives
a partial positive answer for compact spaces which are finite unions of Corson
countably compact spaces. The stated question is natural in itself but moreover
it is related to problems concerning the structure of open continuous images of
Valdivia compacta. Let us recall the definition of Valdivia compacta.

Let K be a compact space and A C K. We say that A is a ¥-subset of K if
there is a homeomorphic injection h : K — RL for a set I with A = h~1(X(I)).
A compact K is Valdivia if it has a dense X-subset. Recall also that a dense set
A C K is a ¥-subset if and only if A is a Corson countably compact space and K
is the Cech-Stone compactification of A (i.e., K = BA), see [K4, Proposition 1.9].
Valdivia compact spaces are not stable to continuous images (see [V2], [K1] or
[K4, Section 3.3]). However, the following question remained open until recently.

Problem 2. Let ¢ : K — L be an open continuous surjection between compact
spaces. Suppose K is Valdivia. Is L Valdivia as well?

A counterexample was recently found in [KU]. A partial positive answer is
given in [K2, Theorem 4.5] (see also [K4, Theorem 3.24]). It is proved there that
the answer is positive provided L has a dense set of G5 points. In fact, it is
proved slightly more — if L has a dense set of G5 points and A C K is a dense
Y-subset of K, then ¢(A) is a dense X-subset of L. This more general result does
not hold without the assumption on L (an easy example is given in Remark after
Theorem 4.5 in [K2], see also [K4, Remark 3.25]). It follows that the positive
answer to Problem 1 would give positive answer to the following question.

Problem 3. Let ¢ : K — L be an open continuous surjection between compact
spaces. Suppose A is a dense Y-subset of K such that ¢(A) = L. Is L Corson?

This problem may look a bit artificially in itself but the answer to it may help
to better understand Problem 2. (Note that the counterexample of [KU] uses
cohomology theory.)

Main results

Our main results are the following two theorems.

Theorem 1. Let K be a compact space such that K = |J;2, B; where B; is a
Corson countably compact space for each i € N. Then K has a dense set of Gg
points.

Theorem 2. Let K be a compact space such that K = |J;2, B; where B; is a
Corson countably compact space dense in K for each i € N. Then K is a Corson
compact space.
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Note that Theorem 1 yields a partial positive answer to Problem 1. Compact
spaces which are finite unions of Corson countably compact spaces form a subclass
of continuous images of Corson countably compact spaces (as finite union is a
continuous image of a finite topological sum; cf. [K5, Lemma 2.2]). It follows
from [S] that a compact space from Theorem 1 need not be a continuous image of
Corson countably compact space. (In fact, the quoted paper contains an example
of a compact space which is a countable union of Corson (even Eberlein) compact
subspaces without being Corson. It is easy to check that this space is not even a
continuous image of a Valdivia compact space.)

The author knows no example of a concrete compact space for which Theorem 1
would yield a non-trivial result. The assumptions are satisfied for example by
Corson compact spaces, by the spaces [0, o] for a < w1 - wy or by the space from
[S]. In all these examples it is easy to check they have a dense set of G points.
However, the real meaning of Theorem 1 is different. Its purpose is to show that
there are no non-trivial spaces satisfying its assumptions.

Remark also that Theorem 2 gives a positive answer to Problem 3 for the
case K = L x C" where C is a countable compact space and ¢ being the natural
projection of K onto L. (The answer to Problem 2 in this case is trivial as L is
homemomorphic to a clopen subset of K.)

Another consequence of Theorem 2 is the following. If K is a super-Valdivia
compact space (i.e. the family of dense ¥-subsets of K covers K), then either K
is Corson or K cannot be covered by countably many Corson countably compact
subspaces.

Theorems 1 and 2 are easily seen to be equivalent. Indeed, suppose Theorem 1
holds and let K and B;, ¢ € N, be as in Theorem 2. Then K has, by Theorem 1, a
dense set of G points. Each B; contains all G points of K (by Lemma 3 below)
and so for any pair 4, j € N the set B; N B; is dense in K, and hence B; = B; (by
Lemma 2). Hence K = B} = By = ... and thus K is Corson.

Conversely, suppose that Theorem 2 holds and let K and B;, ¢ € N, be as in
Theorem 1. Let U C K be a nonempty open set. We can construct by induction
nonempty open sets V;, @ € N such that

UoVioVio>Who...

and that for each ¢ € N the set V; N B; is either empty or dense in V;. Further,
put H = (), Vi- This is clearly a nonempty closed G5 subset of K. Moreover,
H N B; is dense in H whenever H N B; # () (by Lemma 3). Hence H is Corson
by Theorem 2. It follows that H has a G5 point. Such a point is also a G5 point
of K. This completes the proof.

Auxiliary results

In this section we collect some auxiliary results needed to prove Theorems 1
and 2. Most of them are known but we recall their formulation.
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Lemma 1. Let X be a Corson countably compact space. Then the following
holds.
(a) X is Fréchet-Urysohn, i.e. whenever x € X and A C X are such that
x € A there is a sequence z, € A with x, — .
(b) C is compact for any C C X countable. In particular, if Y is a space con-
taining X, then C C X whenever C C X is countable, i.e. X is countably
closedinY.

The point (a) follows from [N, Theorem 2.1], see also [K4, Lemma 1.6]. The
point (b) is obvious.

Lemma 2. Let K be a space, A and B two Corson countably compact subsets of
K and M be any subset of K. If MNANB is dense in M, then MNA=MnNB.

This is an easy consequence of Lemma 1. It was observed in [K2, Lemma 2.15].

Lemma 3. Let K be a regular space and A C K a dense countably compact
subset. Then G N A is dense in G for each Gg set G C K.

This well-known result is proved for example in [K4, Lemma 1.11].

Lemma 4. Let K be a regular space, G a Gg subset of K and x € GG. Then
there is a closed G5 subset H C K such that x € H C G.

This lemma is an easy consequence of the definition of regular spaces.

Lemma 5. Let K be a compact space containing no copy of [0,ws] and B C K
a dense subset which is a continuous image of a Corson countably compact space.
Then for each x € K there is C' C B with cardinality at most Xy such that x € C.

PrROOF: We will use ideas of the proof of [K3, Theorem 1]. Let f: A — B be a
continuous surjection where A C 3(T") is a Corson countably compact space. As,
due to [K4, Lemma 1.8 and Proposition 1.9], A = SA (the closure is taken in R),
there is a continuous extension g : A — K of f. For any uncountable cardinal
number k put

Ag ={x € A: cardsuppx < k}.

Then Ay, = A. We will prove that g(Ay,) = K.
Suppose on the contrary that g(Ay,) & K. Then we can put

7 =min{r: g(Ax,) G 9(4x)}.

Obviously such a 7 exists, 7 > Ny and 7 is not a limit cardinal. Hence 7 = 771 for
some cardinal 7 > No. Let x € g(A+) \ g(Ay,) and y € A_+ satisfy g(y) = .
Then clearly y € A_+\ Ar, i.e. cardsuppy = 7. Let ¢: [0,7] — A be a continuous
injection satisfying conditions

(i) cardsupp ¢(a) < max{card o, Rg} for all o < 7

(i) (1) =y.
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Such a mapping exists due to [K3, Theorem 2].
If 7 is singular, then there is an infinite cardinal A < 7 and cardinals (6y),<x

with 6 < 7 for v < X\ and 7 = sup 6,,. By the definition of 7 we have g(¢(6,)) €
<A
g(Ay,). Hence there are z,, € Ay,, v < A with g(2zy) = g(¢(#)). Then clearly

{zy: 7y <A} C Ay+.

The image by ¢ of the set on the left-hand side is compact and hence

z € {9(@)): 7 < A € g (T 7 < AT) € g(Axe).

Moreover, g(Ay+) = g(Ay,), hence z € g(Ay,), a contradiction.

Hence 7 is a regular cardinal. Put h = goy. At first let us note that = h(7) ¢
h([0,7)). Hence h~1(k) is bounded in [0,7) for each k € h([0,7)). Therefore, by
regularity of 7, the set h~1(h([0,7])) is bounded in [0, 7) for each n < 7. So we
can choose by transfinite induction ordinals 7, < 7 for @ < 7 such that

(a) Ta+1 > suph(([0,7a]));

(b) Mo = sup ng for a < 7 limit.

B<a

Now it is clear that K contains a homeomorphic copy of [0, 7] and thus also
that of [0, ws]. But this contradicts our assumptions.

Therefore g(Ay,) = K. Choose € K arbitrarily and find y € Ay, with
g(y) = x. If suppy is countable then y € A, thus x € B and we can take
C = {z}. If cardsuppy = N; then there is (by [K1, Proposition 2.7] or also by
[K3, Theorem 2]) a continuous injection ¢ : [0,w;] — A with ¢([0,w1)) C A and
¢(w1) = y. Therefore we can take C' = g(¢([0,w1))). O

Proof of Theorem 2

Let K be a compact space such that K = (72, B; where B; is, for each i € N,
a dense subset of K which is a Corson countably compact space. If all the B;’s
are equal, K is Corson by definition. Hence suppose that at least two of them are
different, say By # Bs. The proof will be done is several steps.

Step 1. K contains no copy of [0,ws].

Suppose, on the contrary, that there is a homeomorphic copy L of [0,ws]
such that L ¢ K. As K = [J;2, B;, there is some ¢ with the cardinality of
B; N L being Ng. But B; N L is homeomorphic to a Corson countably com-
pact subspace of [0,ws] and hence, by [K5, Theorem 2.5], it has cardinality at
most N1, a contradiction. (Recall the basic idea of the proof of the quoted theo-
rem: Suppose that M C [0,ws] is a Corson countably compact subset of cardina-
lity No. Then it is easy to show that M contains a closed subset homeomorphic
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to M = {a < we; a is either isolated or of countable cofinality}. Hence M’ is
Corson. But this can be easily led to a contradiction.)

Step 2. We can suppose without loss of generality that K has weight Ny.

Put M; = {z}, where z € By \ B;. As K contains no copy of [0,ws], we can,
due to Lemma 5, construct by induction a sequence of sets M}, C K such that each
M, has cardinality at most Ny and My C B; N My for all i,k € N. Put H =
Ure M. Then HNB; is dense in H for all i € Nand HNBy # HNBy. Moreover,
H has weight R;. Indeed, H N B is a Corson countably compact space of density
at most ;. Hence it is homeomorphic to some C' C £([0,w;)) N [0,1]1%%1), Then
clearly C' has weight at most N;. Further C = BC by [K4, Proposition 1.9].
Therefore H is a continuous image of C' and thus the weight of H is at most N;.
On the other hand, the weight of H cannot be countable, otherwise H would be
metrizable and hence HN By = HN By = H.

Step 3. We can suppose without loss of generality that for any pair ¢,j € N
either B; = B; or B; N Bj = ().

Let n = (m,m2): N — N2 be a bijection. Due to Lemma 2 we can construct
by induction nonempty open sets V},, k € N such that

o Viy1 C Vg forallk eN;
e BiNBy NV =
° Bﬁl(k) NV, = B772(k) NV or Bm(k) N B772(k) NV, =0 for all k € N.

As Bj # B, it follows from Lemma 2 that By N Bg is not dense in K. Hence we
can choose V] satisfying the appropriate condition. We continue by the obvious
induction using Lemma 2.

Put H = ey Vi- Then H is clearly a nonempty closed G subset of K. Then
B;N H is dense in H for every i € N (by Lemma 3). Moreover, H is the union of
these Corson countably compact spaces, any two of them are either identical or
disjoint and at least two of them are different.

As H C K, the weight of H is at most Ry. As By N By N H = (), H cannot be
metrizable and hence the weight of H is equal to Nj.

Step 4. Assume that K has weight X1 and Bi, Ba,... are pairwise disjoint
dense Corson countably compact spaces. Then K \ ;2 B; # 0.

For i € N let A; C ¥([0,w1)) be homeomorphic to B; and let L; denote the
closure of A; in RY. Then L; is compact and L; = SA; (see [K4, Lemma 1.8
and Proposition 1.9]). So there is a continuous surjection g; : L; — K such that
gi | A; is a homeomorphism of A; onto B;. Then it clearly holds ¢;(A4;) = B; and
9i(Li \ 4;) = K\ B;. .

We put Fp = K. Further we will construct points z%, € A;, nonempty closed
G sets G’;Y C Ly, H,"Y C Kand Fy C K for1 <y < wj and 7 € N and points
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yi/ € L; for 1 <~ < wq isolated and ¢ € N in the following way.

(i) y}H_l € gl_l(Fy) \ Ajp for all v < wy.
() Gl ={zegr (F): 2 10,7 =yl 10,7]

& Ve (0,7]: x [suppx(lg:y,ly_i_l [suppx(ls} for all v < wj.
xﬁ/_‘_lEGﬁ/_,_lﬂA \{336 0<d<~}forall vy <wj and i€ N.

)

iv) gi(x 7+1)€H+1CK\QZ(L \GV—H) for all v < wy and ¢ € N.
)
)

1 .
yfyt_l € gH_l(g,( ’Y+1)) for all v <wy and ¢ € N.

1 ; 1
G ={weg ih(H ) 2 10,9 =423, 110,7] & V6 € (0,7] :
x | supp xf{’_l = yf{"’_;_ll | supp xg"'l} for all v < w1 and i € N.
) Fyp1 =2 H 4 for all v < wy.
(viii) x)\ = lim,, -\ x,y for all A < wy limit and 7 € N.
) G4 =Myer G for all A < wj limit and i € N.
(x) Fx = H} =1yex Hy =(Ny<p Fy for all A < w; limit and i € N.
Let us show that the construction may be done. We can surely put Fy = K.
This is a nonempty closed G5 subset of K.
Suppose that v < w1 and we have already constructed a:f;, g, Hg and Fjy for
0 € (0, ]andiEN'ygforée(O ~] isolated and i € N.
Choose y! Y41 88 in (i). This is possible, as F is a nonempty G5 set and hence
(by Lemma 3) we have Fr, N By # 0, so Fy \ By # () and thus g7 (F«,) \ A1 # 0.
Define G}H_l as in (ii). Then G,ly_,’_l is closed and G in L; as it is of the form
{z € gl_l(Fy): x| C= y“lH-l I C} for a countable set C' and gl_l(Fy) is closed
and Gj.
Further suppose that & € N and we have constructed :c,y 41 and H +1 for
1<z<kandy,y_,’_1 andG,Y_,’_1 for 1 <i<k.

By Lemma 3 the set G,H_1 N A is dense in G,H_1 If this intersection were
countable, we would have G,H_1 C A (by Lemma 1(b)). But y,’j+1 € G,l%_l \ Ag
(this follows from (i) in case £k = 1 and from (v) in case k > 1). Therefore
GE/—H N Ay, is uncountable and we can choose IEH_I as in (iii).

As G,H_1 is G5 and L, compact, the set K \ gp(Ly \ GﬁH_l) is a Gy subset
of K. Moreover, this set contains g(x ’Y+1) as a:lf/_,_l € ny+1 N Aj. Hence, due to
Lemma 4, we can choose a closed G set H,’YC 1 satisfying (iv). Further, choose

ysii as in (v) and define Gf/ii by (vi). Again Gf/ii is a closed G subset of Ly

k+1
y+1°

We have already constructed :v,]f;_i_l, y,’j_,_l, ij_,’_l and H,];_,’_l for all £k € N.

containing y
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Remark that we have
1 2
(*) B S HL, SH2, S

Next define F, 1 according to (vii). This is clearly a nonempty closed G subset
of K.

Next suppose that A < wy is a limit ordinal and we have constructed :vi/, ny,
Hf/ and Fy for all v € (0,\) and i € n and yfy for v € (0, \) isolated and i € N.

Fix i € N. Let us show that the net {z%: v < A} converges. Let § < wy be
arbitr.ary. If § ¢ Up<y<rsupp a:i/, then xﬁy(d) = O'for v € (0,) and hence the
net z%,(J) converges to 0. Next suppose & € supp?, for some 7o € (0,A). Then
for each v € ('yp,A) we have xﬁy € ny C Géyo—i-l’ and hence xfy(5) = yffo_i_l(d).
Thus the net z%(0), v € (70, A) is constant and so convergent. This completes
the proof that (viii) can be fulfilled. Moreover, :v’)\ € A; as A; is countably closed
in L; (Lemma 1(b)). Further, define G% as in (ix). It is obviously a closed Gy
set. Further, as xfy € G’;Y for all v € (0,A) and the family (Gi/: v € (0,)) is a
decreasing family of closed sets, we get xl)\ € Gg\.

Finally define Hé\ and F as in (x). The definition is correct due to (*). More-
over, we have

g (F) = [ o '(H}) € () 6 =G,
F<A F<A

for all € N.
This completes the construction.

Fix i € N. In the same way as we proved the existence of xl)\ for A\ limit, we
can prove that the net :vif, v < wjp converges to some x* € L;. This time we
have z; ¢ A;. Indeed, the mapping ¢ : [1,w1] — L; defined by ¢(a) = zy, for
a € [1,w;) and ¢(wy) = 2 is continuous and ¢ | [1,w;i) is one-to-one due to
condition (iii). Thus, there is & < wy such that ¢ is one-to-one on [o,w;]. Then
¢([ev,w1]) is homeomorphic to [0,w1] and therefore it cannot be contained in A;.
As ¢([o,w1)) C A;, we get 2 = p(w1) ¢ A;. '

Let us show that the net y3, v € (0,w1) isolated, converges also to z'. Fix
arbitrary 0 < w;. For any v > ¢ we have xfy_,’_l € Gz«/—t—l and hence IZ«/+1(6) =

yfy+1(6)' Therefore 2%(§) = lim., xfﬁ_l(&) = lim, ny_l((S).

Further, we claim that g1(2!) = g2(2?) = .... Indeed, let i € N be arbitrary.
Then . ' ' .
gir1 (@) = limgia (45h) = m gi(a) = gi(a”).

We conclude by noting that g;(z') ¢ B; (as 2* ¢ A;) for all i € N.
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Step 5. Assume that K has weight X1, n > 1 and By, ..., By are pairwise
disjoint dense Corson countably compact spaces. Then K\ (ByU---U By) # 0.

We can perform the same construction as in Step 4 with the obvious changes
— we replace the set N by {1,...,n} (in (iii), (iv), (vii)—(x)) or by {1,...,n—1}
(in (v) and (vi)). In this way we obtain the same result.

The proof is now completed. By Step 2 and Step 3 we can suppose that K has
weight N1, By # B and that for any i, j € N we have B; N B; = () or B; = B;.
Step 5 shows that K cannot be covered by finitely many of B;’s. Therefore we can
suppose that all the B;’s are pairwise disjoint. Step 4 then yields a contradiction.
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