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Existence of a classical solution for linear
parabolic systems of nondivergence form

MASASHI MISAWA

Abstract. We prove the unique existence of a classical solution for a linear parabolic sys-
tem of nondivergence and nondiagonal form. The key ingredient is to combine the energy
estimates with Schauder estimates and to obtain a uniform boundedness of a solution.

Keywords: linear parabolic system, nondivergence, nondiagonal form, L°°-estimate,
Schauder estimate

Classification: 35B45, 35K40, 45, 50

1. Introduction

Let T be a positive number and 2 be a bounded domain in the m-dimensional
Euclidean space R with smooth boundary 0. Put @ = (0,7) x © and 9,Q =
{t =0} x QU [0,T) x 99 referred as the parabolic boundary of Q. Then we
consider the parabolic system with zero initial and boundary conditions:

(11) O’ — AT DaDgul — B Dgul — Cyjud = f* n Q, i=1,....n,
(1.2) u=0 on JpQ,

where the summation notation over repeated indices is adopted and we assume
that A%-ﬁ, Biﬁj, C;j and fiooa,B=1,...,m;i,j=1,...,n, are uniformly Holder
continuous functions defined on ) with a Hoélder exponent §, 0 < § < 1, on the
parabolic metric and the matrix (A%-ﬁ ) is symmetric, A%ﬁ = A]ﬁla , and that there

exist positive numbers A\ and p, A < p, such that
(1.3) e <A (2)€heh < ple? forany z = (t,2) €Q

and ¢ — (gg) e R™.
where the notation |¢|? = ¢%¢2, is used for any & = (gg) Also suppose that f
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satisfies the compatibility condition:
(1.4) f=0 on {t=0}x0Q.

The purpose of this note is to show the existence of a classical solution to the para-
bolic system (1.1) with (1.2). Parabolic systems of the type (1.1) naturally appear
when one considers gradient flows associated with variational problems and, in
particular, linearized parabolic systems of gradient flows (see [5]). For elliptic
and parabolic systems of non-diagonal form as (1.1), we can apply Campanato’s
method to make Schauder and LP estimates. For elliptic systems, this is discussed
in the books [2], [3] and, for parabolic systems, in [1], [6]. For Campanato type
estimates for nonlinear parabolic systems, we can refer to [7] and [4]. However,
the complete proof of the existence of a classical solution of (1.1) and (1.2) does
not seem to be given in the previous literature. Since a maximum principal is
not known to hold for (1.1) and (1.2), we have to take care to make estimation
in L™ of a solution. In this paper, we use the L2-estimate of the spatial second
derivative to make some energy estimate for (1.1) and (1.2) and, combining it
with the Schauder estimate, we derive the L°°-estimate for a solution and then,
we establish the unique existence of a classical solution of (1.1) and (1.2). As
application of these arguments, we can prove the existence of a classical solution
to the linearized parabolic system of gradient flows for p-harmonic maps between
Riemannian manifolds (see [5]). We will state this result in the last section.

Now we recall the notation which we will use in the following. Let us define the
parabolic metric dist(z1, z2) = max{|t; — to|}/2, |a1 — x|} for any z; = (t;,z;) €
(0,00) x R™, i = 1,2. Let C%29(Q,R™) be the space of uniformly Holder
continuous functions defined on @ with exponent §, 0 < § < 1. It holds that
[v]s,Q < oo for any v € 9729 (Q,R™), where we set

ls.o = Ivloo + [Wls.gr [vlo.g = sup{|v(t,2)] : (t,2) € Q},
15 v r)—v(s
(15) W50 = sup{L“y%s (L), (5,y) € Q}.

(dist((¢,2),(s,9)))

We also denote, by C’é 2 (Q,R™), the functions which are twice differentiable in
space and once in time and the partial derivatives of which are uniformly continu-
ous in @) and, by ng (Q,R™), the functions in 05’2 (Q,R™), the partial derivatives
of which are in C9/29 (Q,R™).

Then our theorem is the following:

Theorem 1. There exists a unique classical solution u € C;’%Q,R") to (1.1)
and (1.2).
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2. Schauder and energy estimates

In this section we use the L?(W?2?2)-estimate for solutions to (1.1) to obtain
some energy inequality and then, we use it in the Schauder estimate to have the
uniform estimates in C;’z for solutions to (1.1).

Let us suppose that, for a positive number A
(2.1)

(0%

|4z o

B
ij

fi

<A, apf=1,...,m;i,57=1,... n.

50 Cijls.0 5.0

Theorem 2 (Schauder estimate). Let u € Cé’z(Q, R™) be a solution to (1.1) and
(1.2). Then there exists a positive constant C, depending only on m, A, u, A, 6,
and T, such that

(2.2) |D?uls.q + |0wuls.q + [Duls o + lulso < Cfls.q-

PROOF: We have the following estimate, which is obtained from [6, Lemma 7,
pp. 1160-61; (44) and (45) in proof of Theorem 1] and the equation (1.1): There
exists a positive constant C' depending only on m, A, i, 4,2 and A, but not on T,
such that

(2.3) |D?uls.q + 0vuls.o + [Dulsg + [ulsg < C (lulo,g + | fls.o) -

Now we derive the L°-estimate for a solution. Let R < min{T% ,diam(2)/2} be
a positive number determined later. For any zg € (), we can choose a parabolic
cylinder Qgr(zp) = (fo —R2,t~0) x Br(ZTg) C Q, zp = (?0,50) € @, such that
20 € QRr(Zp) and then, we have

[u(z0)] < [ulo,@p(z)

07QR(EO) + ‘(U)QR(zo)

1
§ 1 2 2
< R [uls gp(zo) + <|Q—R /QR(Eo) |ul d2> ;

where we denote by (u)g,(

(2.4) < o= oo

%,) the integral average of u in @ Rr(20) and note that

|Qr(Z0)| = |QRr| = wmR™12 does not depend on zy. Take the supremum of the
left hand side on zp € @ from (2.4) to see that

1
2
(2) oo < B luls + gy I i)
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holds for any positive number R < min{T%,diam(Q)/2}. Substitute (2.5) into
(2.3) and choose a positive number R so small that CR? < % to have

(2.6) |D?ulsq + |0rulsq + |Duls,g + ulso < C (C(R_1)|U|L2(Q) + |f|5,Q) :

Here and in the following, we denote by |'|L2(P) the L2-norm in a region P. Now
we make estimation of |D?u|; > and |u| 2. Denote by Agﬁ(O) the integral average

in @ of the coefficients A%ﬁ . We now rewrite (1.1) in the following form

2.7) O’ — A (0) Do Dgu?
- (Aff - A;?f(O)) DoDgud + B Dgud + Cijud + 1, i=1,....n.

We multiply (2.7) by a test function v and integrate the resulting equality in
(to,t1) x Q for any tg,t1, 0 < t9 < t1 < T. Note the zero initial and boundary
condition (1.2) and make routine estimates with (2.1), Holder’s and Cauchy’s
inequalities to see that

sup / |u|? da:—l—/ |Dul? dz < C’(/ u|? da
to<t<ty J{t}xQ (to,t1)x {t=to}xQ

+/ |u|2dz+/ |D2u|2dz+/ |f|2dz)
(to,t1) X2 (to,t1)xQ (to,t1)x Q2

holds for any tg,t1, 0 < tg < t1 < T. Let 7 < T be a small positive number
determined later. Divide a time-interval [0,7] into a family of finite intervals
[kT,(k+1)7], k=0,1,...,[T/7] +1. Here we use the L?(W??)-estimate for (1.1)
in P = (to,t1) x  (see [6, Theorem 2, p.1167]):

(2.8)

(2.9) Brul2(py + 1D?ul 2gpy < C (1f122(p) + luli2gpy)

where a positive constant C' depends only on m, A, u, 2, the L°°-norm of the
coefficients and the continuity of the coefficient Azﬁ . Use (2.8) and (2.9) with
to=kr,t1 =(k+1)r oneach Q] = (k7,(k+1)7) x Q, k=0,1,...,[T/7] + 1,
and combine each resulting inequality to have

sup / |u|2d:c—|—/ |Du|? dz
kr<t<(k+1)7 J{t}xQ Qr

§C</ |u|2d:6+/ |u|2dz+/ |f|2dz)
{t=kr}xQ ar ar

SC(/ |ul? dz + 7 sup / |u|2dx+/ |f|2dz>.
{t=kT}%xQ kr<t<(k+1)7 J{t} xQ Q7
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Choose a positive number 7 to be so small that Ct < % to see that

(2.10) sup / |ul? d:zc—i—/ |Du|? dz
kr<t<(k+1) J {t}xQ or

§C</ |u|2d:v+/ |f|2dz)
{t=k7}xQ 7

holds for any k = 0,1,...,[T/7] + 1. Recall the zero initial condition (1.2) and
use each (2.10), k =0,1,...,[T/7] + 1, successively, to have
(2.11) sup / u|? dz +/ |Du?dz < C / 1f12dz

0<t<T J{t}xQ Q Q

and then, substitute (2.11) into (2.9) with replacing P by @ to have

(2.12) |atu|L2(Q) + |D2U|L2(Q) < C|f|L2(Q),

where the positive constants C in (2.11) and (2.12) depend on T
Finally, by substitution of (2.11) into (2.6), we arrive at the desired estimate
(2.2). O

Proof of Theorem 1. Once we have (2.2) in Theorem 2, the validity of Theo-
rem 1 is shown by the continuation method, the argument of which is standard
and well-known and is thus omitted.

3. Application

As an application of the results from Section 2, we consider the parabolic
system of the form
(31) hyowud = AT DoDgud + B Dgud + Cyjud + f* inQ, i=1,....n,

(32) u=0 ondQ,

where A%ﬁ, Biﬁj7 C;j and ftoa,8=1,...,m; 4,5 = 1,...,n, are functions
satisfying the same conditions as in Sections 1 and 2. Suppose that h;; are
uniformly Hoélder continuous functions defined on ) with exponent 4, 0 < § < 1,
on the parabolic metric and the matrix (hij) is symmetric, h;; = hj;, and that
there exist positive numbers v and k, v < k, such that

(3.3) vy < hij(z)ninj < kn)? forany z=(t,z) € Q and n = (nz) e R™.
Moreover, assume that, for a positive number A

(3.4) \hij\é,QgA, i,j=1,...,n.
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Then, each component A%, i,j =1,... ,n, of the inverse matrix (h”) (h,j)_l
of (hij) is Holder continuous with exponent ¢ and it holds that

(35) £lnl* < B9 ()min; < Slnf® forany z = (t,2) € Q and 1= (n;) € R™.

Note that, if we multiply the both side of (3.1) by the inverse matrix (hij ), then
(3.1) is equivalent to the equation which is of the same form as (1.1)

(3.6) ot = A%ﬁDaDﬁuj + BZDguj + C’Zu’ + f’ inQ, i=1,...,n,
where the coefficients are defined by

37 Ay Ao — = niA??, Bﬁ —WBY, Cyj=n'Cy, Ji=hf
8

« Bl‘y ,

in @ with exponent ¢, the coefﬁments in (3.7) are also uniformly Holder continuous

Since the original coefficients h'/, A C;j are uniformly Holder continuous

in @ with exponent §. Note that the coefficient A%ﬁ is not necessarily symmetric

and uniformly elliptic. To obtain the Schauder estimate for (3.6) and (3.2), we
have to prove that the Campanato type estimates in [6, Lemma 3, pp. 1152-53]
hold for solutions to the following equation with (3.2):

(3.8) ot — AS ﬁDaDgu] fZ inQ, i=1,...,n.

Now we explain how to modify the argument in the proof of [6, Lemma 3, pp. 1152—
53]. For this purpose, we use the same notation as in [6] in the following. Rewrite
(3.8) in the form

(3.9) &gul—AZ_ﬁ(zo)DaDguj = <Az.ﬁ - A?]‘.ﬁ(zo)> DaDguj—FJ?l, l=1,...,n.

By multiplying both sides of (3.9) by the constant matrix (h;;(z0)), we see that
(3.9) is equivalent to the equation

(310)  hy(z0)0u' — ALY (20) Do Dgu?
= hi(z0) (A;‘f - Al“f(zo)> DaDgu? + hy(z0)fl, i=1,...,n.

Noting (3.10), we consider the homogeneous parabolic system with constant co-
efficients
hit(z0)0iu! — A3 (20)DaDgud =0 in Qo

3.11
( ) u=0 onl.
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It immediately follows that the fundamental estimates of Campanato type in [6,
Lemma 1, p. 1146; Lemma 2, pp. 1149-50] hold for solutions to (3.11). Then, use
(3.11) and make the similar perturbation estimations for (3.10) as in [6, the proof
of Lemma 3, pp. 11563-57]. Once we have [6, Lemma 3, pp. 1152-53] for (3.1) and
(3.2), we can argue exactly similarly as in [6, pp. 1157-62] to see that there exists
a positive constant C' depending only on m, A, u, 9, and A, but not on 7', such
that

(3.12) |D2uls.q + 0vuls,g + [Duls,g + [uls,o < C (lulo,g + | fls.0)

holds for a solution of (3.1) and (3.2). For (3.6), make the energy estimates in
the same way as in the proof of Theorem 2. Here, recall (2.7) and rewrite (3.6)
similarly as in (3.10). To obtain the L%(W?22)-estimate (2.9) for (3.6), we have
to make the L2(W?2?)-estimate for (3.8). However, it follows from Campanato
estimates for (3.11) and the perturbation estimations for (3.10), the arguments of
which are exactly similar as in the Schauder estimates above (see [6, Lemma 8,
p.1163; the proof of Lemma 8, pp.1163-65]). Then, we argue similarly as the
case p = 2 in [6, the proof of Theorem 2, pp. 1167-69] to conclude that (2.9) holds
for (3.6). As a result, we arrive at the Schauder estimate (2.2) valid for (3.6)
and (3.2).

Lemma 3 (Schauder estimate). Let u € 05’2(Q,R") be a solution to (3.1) and
(3.2). Then there exists a positive constant C, depending only on m,v, k, \, u, A,
0,2 and T, such that

(3.13) |D2uls g + |0ruls.q + |Dulsg + |ulsgo < Clfls.q-

Finally, we obtain the existence of a classical solution of (3.1) and (3.2).

Theorem 4. There exists a unique classical solution u € C;’%Q,R”) to (3.1)
and (3.2).

PRroOF: For 7, 0 < 7 < 1, consider the following problem, denoted by (Pr),
((1 —7) i + Thij) o? = Lyu' + fl in@, uw=0 indyQ,
(3.14) Loui = (1 - 1)Aw +7 (A%ﬁDaDguj + B} Dgul + Cijuﬂ') ,

t1=1,...,n.

Apply the continuation method to the problem (3.14) with (3.13) in Lemma 3.
(]
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