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n-T-quasigroup codes with one check symbol
and their error detection capabilities

GARY L. MULLEN, VICTOR SHCHERBACOV

Abstract. It is well known that there exist some types of the most frequent errors made
by human operators during transmission of data which it is possible to detect using a code
with one check symbol. We prove that there does not exist an n-T-code that can detect
all single, adjacent transposition, jump transposition, twin, jump twin and phonetic
errors over an alphabet that contains 0 and 1. Systems that detect all single, adjacent
transposition, jump transposition, twin, jump twin errors and almost all phonetic errors
of the form a0 — la, a # 0, a # 1 over alphabets of different, and minimal size, are
constructed. We study some connections between the properties of anti-commutativity
and parastroph orthogonality of T-quasigroups. We also list possible errors of some types
(jump transposition, twin error, jump twin error and phonetic error) that the system of
the serial numbers of German banknotes cannot detect.

Keywords: quasigroup, n-ary quasigroup, check character system, code, the system of
the serial numbers of German banknotes

Classification: 94B60, 94B65, 20N05, 20N15

Introduction

Statistical investigations of J. Verhoeff [17] and D.F. Beckley [1] have shown
that the most frequent errors made by human operators during transmission of
data are single errors, i.e. errors in exactly one component, adjacent transpo-
sitions, i.e. errors of the form ...ab--- — ...ba..., and insertion or deletion
errors. We note, if all codewords are of equal length, insertion and deletion errors
can be detected easily.
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Table 1: Error types and their frequencies ([15]).

error type relative frequency in %
Verhoeff Beckley
single error @ 0b 79.0 86
(60-95)
adjacent transposition | ...ab--- = ... ba... 10.2 8
jump transposition | ...abc---—...cha... 0.8
twin error .o.aa---— ... bb. .. 0.6
phonetic error (¢ >2) | ...a0---—= ... 1la... 0.5 6
jump twin error ...aca---—...beh... 0.3
other error 8.6

The numbers of Table 1 can vary from sample to sample and may depend on
the location of the affected digits; e.g. the rightmost two digits may be affected
by single errors more than the other digits together ([17, p.14], [15], [16]).

It is well known that it is possible to detect some types of the most frequent
errors made by human operators during transmission of data using a code with
one check symbol ([5], [6], [8], [9], [14]-[17]).

To detect single errors and adjacent transpositions one often uses check digit
systems; these usually consist of codewords aj...an41 containing, besides the
information digits aj . ..an, one control character a,1.

Definition 1 ([15], [16]). A check digit system with one check character is a
systematic error detecting code over an alphabet () which arises by appending a
check digit an41 to every word ajasg...an € Q™:

.. { Qn _ Qn+1
ai1as .

..Qp > a1a9 ...apAap+1-

Here the word “systematic” means that the check character is the last symbol
of any codeword of the code €.

In this article we verify that the systematic error-detecting codes constructed
in [12] allow us to detect almost all errors from Table 1 with the exception of
“other errors”.

Asin [12], we use in the present article the “quasigroup”, or, more generally, “n-
ary quasigroup” approach to study error-detecting codes with one check symbol.

n-ary quasigroup codes

We shall use basic quasigroup terms and concepts from the books [2], [3],
[11], [13].



n-T-quasigroup codes with one check symbol ...

Let @ be a non-empty set, and let n > 2 be a natural number. A map f that
maps all n-tuples over @) into elements of the set @) is called an n-ary operation,

ie. f(z1,ma,...,2pn) = Tpyq for all (x1,29,...,2,) € Q™ and 2p41 € Q.
A sequence T, Tip+1, - - -, Tn, Will be denoted by «7},. Of course m, n are natural
numbers with m < n. As usual in the study of n-quasigroups, 1,n = {1,2,...,n}

(4])-

Definition 2. A non-empty set @ with an n-ary operation f such that in the
equation f(x1, z2, ..., Tn) = Tp+1 knowledge of any n elements of x1, x2,...,
Tp, Tn+1 uniquely specifies the remaining one is called an n-ary quasigroup ([4]).

We can view the code € as a mapping over an alphabet ) such that the check
symbol a,41 is obtained from information symbols aj,as, ..., ar in the following
manner: g(al, as, ... 7an) = ap+1, where g is an n-ary operation on the set Q.

Definition 3. We shall call the code € with one check character a,41 over an
alphabet @ an n-ary code (Q, g). If in an n-ary code (@, g) the operation g is an
n-ary quasigroup operation, then this code will be called an n-quasigroup code

(Q,9).

We shall say that codewords aj ...ap4+1 and by ...b,41 are equal if and only
if a; = b; for all i € {1,...,n + 1}. Sometimes a codeword aj ...an+1 will be

denoted as a’lH'l .

By an error in a codeword a?""l of a code € over an alphabet () we mean any
word b’f""1 € Q"1 such that there exists at least one index j € T, n + 1 such that
aj 75 bj.

An n-ary code (Q, g) detects an error in a received transmission word aj ...
anan+1 if and only if g(al') # any1.

Theorem 1. Any n-ary code (Q, g) detects all single errors if and only if it is an
n-ary quasigroup code, i.e. an n-ary operation g is an n-ary quasigroup operation
(9], [6], [12]).

With any n-ary quasigroup (Q, f) it is possible to associate ((n+1)! —1) n-ary
quasigroups, so-called parastrophes of the quasigroup (Q, f) ([4]).

Let 0 be a permutation of the set 1,n+ 1. Operation f? is called a o-
parastroph of the operation f if and only if the following equalities are equivalent:
Fo (201,202, -y Ton) = To(n+1) and f(z1,22,...,2n) = Tpyq for all x’lH'l € Q.

For example, f(132)(:v(132)1,x(132)2) = x(132)3 if and only if f(z1,22) = 23
and we have f(132) (z3,21) = @2 if and only if f(x1,z2) = z3.

Let (@, f) be an n-ary quasigroup, f(z7) = @py1 for all z1,..., 2,41 € Q.
Let m be a natural number, with m < n. If in the last expression we change
elements zy,,...,xy, respectively to some fixed elements ay,...,am € @, then
this expression takes the form

ki1—1 ko—1 n
f(x]_ 7a17xk1+17a27"'7$km+1)7
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i.e. we obtain a new operation (:Ckl_l g2l )
e p 9@y T 1 T

(n — m)-ary quasigroup operation. An operation g obtained in such a manner is
called a retract of the operation f ([4]).

. The operation g is an

Remark 1 ([12]). By using an n-ary quasigroup retract we can fix in the equality
f(x]) = &p41 the last element 2, 1.

PROOF: Recall that from the definition of a parastrophy we have f(z7) = 2,41
if and only if f"(x?_l, Tn41) = Zpn, where the operation f7 is a o-parastroph of
the quasigroup operation f and o = (n,n+1). Then f(2]) = a,1 if and only if
fe (x’f_l, ap+1) = Tp. Since in this case any (n — 1) elements uniquely specify the
remaining one, we also obtain an (n — 1)-ary quasigroup operation g(z?_l) = Tp.
We shall call the (n — 1)-ary operation g an (n+ 1)-retract of an n-ary quasigroup
operation f. O

In order to define a systematic n-ary code € one often uses a check equation
of the following form: f (x’f""l) = ¢ where elements x1,...,x, are information
symbols, element x,,41 is a check symbol, the element e is a fixed element of the
set @ and the operation f is an (n 4 1)-ary operation.

Below we shall suppose that the check equation f (:c?""l) = e of an n-ary
quasigroup code (Q, g) is obtained as an (n+2)-retract of an (n+1)-ary quasigroup
operation f(ac?"‘l) = Tpi2.

The systems most commonly in use ([15]) are defined over alphabets endowed
with a group structure. For a group G = (4, ) one can determine the check digit
ay, such that the following (check) equation holds (for fixed permutations J; of G,
i=1,...,n, and an element e of G, for instance the identity element)

(1) 01(a1)d2(az)...op(an) =e.

Such a system detects all single errors; and it detects all adjacent transpositions
if and only if for all z,y € G with xz # y

o G116y (y) £y 0y (2).
The proofs are straightforward, see [15]. We shall denote this code as €.

We give one more definition from [15]: Let (Q, ;) be quasigroups; then one
uses as check equation

(2) (oo ((xn *n Tp—1) *n—1 Tn—2) ... ) *1 To = €.
In this definition the element e is any fixed element of the set Q). If elements

:1:6‘_1 are information symbols, then element x,, is some check symbol. We shall
denote this code as €.

Theorem 2. The code € is an (n — 1)-ary quasigroup code and the code €3 is
an n-ary quasigroup code, i.e. the (n — 1)-ary operation (respectively the n-ary
operation) defined by check equations (1) (resp. (2)) is an (n — 1)-ary (n-ary)
quasigroup operation ([12]).
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Totally anti-commutative quasigroups and possibilities of n-ary
quasigroup codes to detect transposition and twin errors

On a fixed place (4,7 + k) in any fixed codeword transposition and twin er-
ror cannot be in the same time. Therefore we can see on transposition, jump
transposition, twin and jump twin errors as on two types of errors on two types of
places, namely, transpositions ab — ba and twin errors aa — bb on places (i,i+1),
(i,7 4 2) for all suitable i € 1,n + 1.

Lemma 1. In any fixed quasigroup codeword (a’f"‘l) there cannot be more than

2n — 1 different transpositions and twin errors ([12]).

We recall that a binary quasigroup (@, -) is called anti-commutative (sometimes
such a quasigroup is called an anti-symmetric quasigroup [6]) if and only if the
following implication is true: -y =y -2 = x =y for all z,y € Q [2].

Definition 4 ([12]). We shall call a binary quasigroup (Q,-) totally anti-com-
mutative if and only if the following implications are true: z -y =y -2 =z =y,
r-x=y-y=>zc=yforalzyecQ.

Definition 5. An n-ary quasigroup (n-quasigroup) of the form vg(z1, zo,...,

Tn) = NP1+ Y2T2+ -+ Yndn, Where (Q,+) is a group, v,71,...,Vn are per-
mutations of the set @, will be called an n-ary group isotope (Q, g).

Definition 6. An n-quasigroup of the form g(z1,x9,...,2n) = @121 + @gza +
c+apry +a =Y 1 az; + a, where (Q,+) is a group, aq,...,ay, are auto-
morphisms of the group (@, +), and the element a is some fixed element of the
set @, will be called a linear n-ary quasigroup (Q, g) (over the group (Q,+)).

Definition 7. A linear n-ary quasigroup (@, g) over an abelian group (@, +) is
called an n-T-quasigroup.

Definition 8. An n-ary T-quasigroup (Q,g) of the form g(z1,z2,...,2,) =
121 + agxy + - - + @y + a and with condition wjo; = oy for all i, j € 1,n
will be called an n-ary medial quasigroup ([4]).

Definition 9. If in an n-ary quasigroup code (Q, g) the operation g or the op-
eration d from the check equation d(x?""l) = e of this code is an n-T-quasigroup

operation, then the code (Q, g) will be called an n-T-quasigroup code (Q, g) ([12]).

Theorem 3 ([12]). A binary T-quasigroup (Q,-) of the form z -y = ax + Sy +a
is a totally anti-commutative quasigroup if and only if the mappings a — 8 and
«a + B are automorphisms of the group (Q,+) (i.e. they are permutations of the

set Q).

Definition 10 ([12]). A retract of the form f(ail_l, x4, agi’f_l,xi_,_k, ai’ py1)s of

i—1 it+k—1

an n-ary quasigroup (@, f) where a7 ", a; 11 afy . are some fixed elements
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of the set Q,i € 1,n — k, k € T, n, is called an (i,i + k) binary retract of an n-ary
quasigroup (Q, f).

Theorem 4. The n-ary quasigroup code (Q,d) detects any transposition and
twin error on places of the form (i,i+k) (i€ l,n—k,keln—1i+k<n)if
and only if all (i,i + k) binary retracts of the n-ary quasigroup (Q,d) are totally
anti-commutative quasigroups.

PRrROOF: If we suppose that all (¢,4 + k) binary retracts of an n-ary quasigroup
(Q, d) are totally anti-commutative quasigroups, then from the definition of totally
anti-commutative binary quasigroups it follows that the code (Q,g) detects any
transposition and twin error in the place (i, + k).
Conversely, if we suppose that there is a place (7,7 + k) and there are elements
~1b, aZIIf Le, ai 41 (b # c) such that

i+k—1 n _ i—1 i+k—1
d( b, a1 56 ai+k+1) =d(a] "¢, a1 ,b al+k+1)

then the binary retract d(a’i , T, a:i]f 1, Y, a?_‘_k_i_l) is not a totally anti-commuta-

tive quasigroup, and we have a contradiction. '
If we suppose that there is a place (i,7 + k) and there are elements all_l, b,

i+k—1
aﬁil ) C a?+k+1 (b # ¢) such that

i+k—1 o 7 i+k—1 n
d( b, it b az+k+1) _d(al » Gy vai+k+1)a

then the binary retract d(a’i , T, a:i]f 1, Y, a?_‘_k_i_l) is not a totally anti-commuta-

tive quasigroup, and again we have a contradiction.
O

Theorem 5. Let (Q,d) be a finite n-ary quasigroup of order q. The (n — 1)-ary
quasigroup codes (Q, gj) (j € 1,q) with check equations d;(z}) = e; where the
elements e; are fixed different elements of the set Q) detect any transposition and
twin error on places of the form (i,i+k) (i € l,n—k, k€ T,n—1,i+k <n)
if and only if all (i, + k) binary retracts of (Q, d) are total]y anti-commutative
quasigroups.

PROOF: Proof of this theorem is the similar to the proof of Theorem 4. (]

Theorem 6. The (n—1)-ary quasigroup code (Q, g) with check equation d(x}) =
y1x1+ Yox2+ -+ YnTn = e, where the element e is a fixed element of the set
Q, (Q,+) is a group, detects any transposition and twin error on places of the
form (i,i+ k) (i € 1l,n—k, k€ 1,n—1, i + k < n) with the exception of errors
on place (1,n) if and only if all (i,i+ k) ((i,i+ k) # (1,n)) binary retracts of the
n-ary quasigroup (Q,d) are totally anti-commutative quasigroups.

PRrROOF: If we suppose that all (¢,4 + k) binary retracts of an n-ary quasigroup
(Q, d) are totally anti-commutative quasigroups, then from the definition of totally
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anti-commutative binary quasigroups it follows that the code (Q,g) detects any
transposition and twin error in the place (i, + k).
Conversely, if we suppose that there is a place (i,i+ k) and there are elements

i+k—1
vl ai 41 (b# c) such that

i—1
ay -, b, a; iy

i—1 i+k—1 n _ i—1 i+k—1 n _
d(al ",b, aii1 G aitipy1) = d(a] "¢, a;;1 b ai+k+1) =k,
then, since ¢ # 1 or ¢ + k # n, it is possible to change the element a; or the
element a, in such a manner that

i-1 3 _itk—1 . n _oiel o itk—1 . n _
d(ay™ ", b,a; ¢ aii ) = d(ay e a0y bad ) = e

Therefore the binary retract d(ai_l,x,azi’f_l,y,a?_i_k_i_l) is not a totally anti-

commutative quasigroup, and we have a contradiction. .
If we suppose that there is a place (¢,7 + k) and there are elements all_l, b,

i+k—1
aity s ¢ ap . (b c) such that

i—1 i+k—1 n _ i—1 i+k—1 n _
d(ay™ ", b,a; b ai ) =d(ay a3 T e ) = K,

then, since i # 1, or ¢ + k # n, it is possible to change the element a; or the

element a, in such manner that

—1 i+k—1 i—1 i+k—1
d(ai ", b, a;_i_l Jb,at piq) = d(ai e, a;_i_l LG ) = €,
then the binary retract d(ai_l, x, aﬁff_l, Y, a?+k+1) is not a totally anti-commuta-

tive quasigroup, and again we have a contradiction.

O

Corollary 1. The (n—1)-ary quasigroup code (Q, g) with check equation d(x7) =
Y121+ Yox2+ -+ YnTn = e, where the element e is a fixed element of the set
Q, (Q,+) is an abelian group, detects any transposition and twin error on places
of the form (i,i+ k) (i € I,n—k, k € 1,n—1, i + k < n) if and only if all
(i, + k) binary retracts of n-ary quasigroup (Q, d) are totally anti-commutative
quasigroups.

PrOOF: We only need to prove that anti-commutativity of binary retracts is a
necessary condition to detect any transposition and twin error on the place (1,n).
If we suppose that there are elements ag_l, b, ¢, (b # ¢) such that

d(b,ay b, ¢) = d(c,ay 1 b) = K,

then, since the group (@, +) is an abelian group we have a possibility to change
the element ao in a such manner that

d(b, ag_l, c) = d(c, ag_l, b) =e.
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Therefore the binary retract d(z, ag_l, y) is not a totally anti-commutative quasi-
group, the code (Q,g) cannot detect an error on the place (1,n), and we have
a contradiction.

If we suppose that there are elements ag_l, b,c (b # ¢) such that

d(b,ad ™1, b) = d(c,ay ™, ¢) = k,

then, since the group (Q,+) is an abelian group, it is possible to change the
element ao in such a manner that

d(b, ag_l, b) = d(c, ag_l, c)=e.

Therefore the binary retract d(z, ag‘_ly) is not a totally anti-commutative quasi-
group, and again we have a contradiction. O

Corollary 2. In an n-ary group isotope (Q,g) of the form g(x1,x2,...,2pn) =
Y1T1 + Y2T2 + -+ Yndn!

a) all of the (i,i+1) (i € 1,n — 1) binary retracts are totally anti-commutative
quasigroups if and only if all binary quasigroups of the form v;x; + ;412,41 are
totally anti-commutative quasigroups;

b) all of the (i,i+k) (i € 1,n — k, k € 1,n — 1) binary retracts are totally anti-
commutative quasigroups if and only if all binary quasigroups of the form ~;x; +
t + VitkTitk, for any fixed element t, are totally anti-commutative quasigroups.

Corollary 3. An (n —1)-ary abelian group isotope code (Q, g) with check equa-
tion y 'y viz; = 0, where the element 0 is the identity element of the abelian
group (Q,+), detects any transposition and twin error on places (i,i + k) (i €
I,n—k, k € I,n—1, i+ k < n) if and only if all quasigroups of the form
Vi%; + VitkTitk are totally anti-commutative quasigroups.

Theorem 7. Any (n—1)-T-quasigroup code (Q, g) with check equation d(x}) =
ai1x1 + agxg + - - - + apxy = 0 detects:

e any transposition error on the place (i,i+ k), (i € l,n—k, k€ 1l,n—1,
i+k < n) if and only if the mapping o; — o) is an automorphism of the
group (Q,+);

e any twin error on the place (i,i+k), i € l,n—k, kel,n—1,i+k <n)
if and only if the mapping o; + oy is an automorphism of the group

(@Q; +).

Proor: This follows from Corollary 3 and Theorem 3, but we give direct proof
of this theorem. The code (Q, g) can detect a transposition error (a,b) — (b, a),
a # b on a place (i, + k) if and only if aqxy + aszo + -+ + aja + -+ +
ajykb+ - Fapmn #F 1T Fagxe + - Fagb+ - a4 oy, for all
1,22,y Tjm1, Tib Ly -+ s Tidkke1> Titkt1s - -» Tn € Q.
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Using properties of abelian group (Q,+) past cancellation we obtain, that
the last inequality is equivalent to aja + a;1rb # ;b + a;qpa, ie., if a # b
(definition of a transposition error supposes this condition) then a o b # bo a,
where z oy = a;x + o1y for all x,y € Q, or, equivalently, if a o b = bo a, then
a="b.

Therefore the condition that the code (@, g) has a possibility to detect any
transposition error on the place (4,7 + k) is equivalent to the condition z oy =
yoxr=x=yforal z,y € Q.

The last condition is equivalent to the following condition (now we repeat the
proof of Proposition 2 from [12]).

(i + Qip kY = QY + QLT = T = y) &
((ai - 041'+k)$ = (Ozi — ai-i—k)y = = y) RN
(0 — i) —y) =0=z =1).

The last implication will be true for all z,y € @ if and only if o — a4 is
an automorphism of the group (Q,+) (in general the mapping «; — a1 is an
endomorphism of (@, +)).

Case 2 is proved similarly. The code (@, g) can detect a twin error (a,a) —
(b,b), a # b, on a place (i, + k) if and only if ayzy + aszo + -+ za+ -+ +
Q@+ -+ apTp # 0171 +agx + - +Fogb+ -+ b+ - - 4 oy, for all
X1, 22,y Tjm 1, Tib Ly -+ s Tidkke1> Titkt1s - -» Tn € Q.

Using past cancellation in the last inequality, we obtain that the last inequality
is equivalent to aja + a1 ka # b+ a;1 b, Le., if a # b (definition of a twin
error supposes this inequality) then a o a # bo b, where z oy = a;x + a4y for
all z,y € Q, or, equivalently, if a o a = bo b, then a = b.

Therefore the condition that the code (Q,g) has a possibility to detect any
transposition error on the place (i,7 + k) is equivalent to the condition z oz =
yoy=x=yforall z,y € Q.

The last condition is equivalent to the following condition (now we again repeat
a proof of Proposition 2 from [12]).

(i + Qippr =y + gy = =y) &
(o +ajpp)(z —y) =0=z=1y).

The last implication will be true for all z,y € @ if and only if a; + ;4 is an
automorphism. (Il

Definition 11 ([12]). We shall call an n-quasigroup code (Q, d) that detects any
transposition and twin error on places (i,i + 1) where i € T,n — 1 and on places
(i,44+2) where i € 1,n — 2 an 5-n-quasigroup code (Q,d) (since such code detects
five types of errors).

Let us give some corollaries of Theorem 7.
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Theorem 8. The existence of at least three different automorphisms «, 3, of
an abelian group (Q,+) such that endomorphisms « + 8, a + v, 8+ 7, a — 3,
a—y, B— are automorphisms of this group is a necessary and sufficient condition
for the existence of a 5-n-T-quasigroup code (Q, d) with check equation d(x}) =
a1x1 + agzxo + - -+ apnry, = 0.

PROOF: Sufficiency. Suppose that we have three different automorphisms of the
group (@, +). If we take agjy 1 = @, agjie = 5, agjpg = 7, then we shall have a
code (@, d) with check equation d(z7) = a1 + fro +yr3+ axg + -+ 0xp =0,
where (0 =, ifn=3k+1,6=0,if n=3k+2,5 =, if n = 3k).

From Theorem 7 it follows that this code is a 5-n-T-quasigroup code, since it
is easy to see that, if the endomorphism « — (§ is an automorphism of the group
(Q,+), then the endomorphism  — « is an automorphism of the group (Q,+)
too, and so on.

Necessity. If we suppose that we have an abelian group (@, +) and only two
its different automorphisms « and (3 satisfying the conditions on av+ 3, o« — (3 (or
one such automorphism), then it is easy to see, that it is impossible to construct
a 5-n-T-quasigroup code. In particular, if we take a1 = a and ag = [, then: if
a3 = «, then this code cannot detect jump transposition errors; if ag = (3, then
this code cannot detect transposition errors on place (2, 3). O

In [17], [9], [8], [16], [6] and some other articles, systems that detect all single
and transposition errors are studied.

Corollary 4. The existence of at least two different automorphisms «, 3 of an
abelian group (Q,+) such that the endomorphism « — [ is an automorphism
of this group are necessary and sufficient conditions for the existence of an n-T-
quasigroup code (Q, d) with check equation d(x]) = anx1+agx2+---+apx, =0
that detects all single and transposition errors.

PROOF: The proof of this corollary is easy to obtain from Theorem 8. (]

Remark 2. It is easy to see that under the assumption of Corollary 4 it is
impossible to have o — 8 = «, but it is possible that o — 8 = .

The following theorem helps to construct 5-n-quasigroup codes.

Theorem 9 ([12]). The direct product of a 5-n-quasigroup code (Q1,d) and 5-
n-quasigroup code (Q2, g) is a 5-n-quasigroup code (Q1 X Q2, f) where f =dog.

The following theorem is in the spirit of the work [6].

Theorem 10. There does not exist a 5-n-T-quasigroup code over a cyclic group
Zoy. and Zs3j., where k is an odd number.

PrOOF: We use Theorem 7. In the first case it is easy to see that all automor-
phisms of the group Zs,, are multiplying the elements of this group by some odd
number. But a sum of two odd numbers is an even number.
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In the second case any automorphism has form 3h+1 or 3[+2. Then either the
sum of two given automorphisms is not an automorphism (if one of the automor-
phisms is of the form 3h+ 1 and the other is of the form 31+ 2), or their difference
is not an automorphism (if both have the form 3h + 1, or the form 3/ +2). O

Corollary 5. There does not exist an n-T-quasigroup code over a cyclic group
Zoy, that detects all single and transposition errors.

n-T-quasigroup codes and the detection of phonetic errors

In this section we assume that all quasigroups are defined on a set ) such that
@ = {0,1,...,m}. We can see a phonetic error a0 — la, a # 0, a # 1, as a
special kind of double error in a code word on a place of the form (i,7 + 1).

Theorem 11. A binary T-quasigroup (Q,-) of the form -y = ax + By + b
detects all phonetic errors if and only if (&« — 3)a # «l for all a € Q such that
a#0,a#1.
PrOOF: We find conditions when -0 =1-a. Wehavea-0 =aa+b,1-a =
al+ fa+b. Then the quasigroup (@, -) cannot detect a phonetic error if and only
if aa +b=al + Ba+b, ie. if and only if (o — B)a = al.

Therefore the T-quasigroup (Q,-) detects all phonetic errors if and only if
(a—pBla#alforallae @, a+#0,a#1. O

Theorem 12. There does not exist an (n — 1)-T-quasigroup code (Q,g) with
check equation d(z7) = a1x1 +aoxa+- - -+ apwy = 0 that simultaneously detects
all transposition errors and all phonetic errors on all places of the form (i,i + 1).

PrOOF: From Theorem 7 it follows, that to detect all transposition errors on a
fixed place of the form (4,7 + 1) the following condition must be fulfilled: the map
o; — ;41 is a permutation of the set Q.

From Theorem 11 it follows that the code (Q, g) detects all phonetic errors on
a place (i,7+ 1) if and only if for all @ € Q such that a # 0, a # 1 the following
inequality is true: (o — ajy1)a # oyl.

But if the map («; — ;1) is a permutation of the set @, then we can rewrite
the last inequality in the form: a # (o; — aH_l)_lail.

We prove that in the last relation a # 0, 1.

If we suppose that a = 0, then ozi_l(oz,' — @;4+1)0 = 0, since a4, (a; — aj41) are
automorphisms of the abelian group (Q,+). Thus 0 = 1 and we have a contra-
diction.

If we suppose that @ = 1, then (o; — ;41)1 = o1, o1 — ;111 = oyl
o;+11 =0, 0 =1 and we again have a contradiction.

Therefore if the map (o; — @;41) is a permutation of the set @, then there
exists an element a of the set @, a # 0, a # 1, such that (a; — oj41)a = ;1. In
this case the code (Q, g) cannot detect exactly one phonetic error on a fixed place
(i,i + 1), namely, the phonetic error such that a = (a; — cj1) Ty 1. O
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Corollary 6. Ifin a binary T-quasigroup (@, ) of the form z-y = ax+ By+b the
map (a—p3) is a permutation of the set ), then this quasigroup detects all phonetic
errors with the exception of the following error: ¢0 — 1lc where ¢ = (o — 3)"lal.

PrOOF: This follows from the proof of Theorem 12. (I

Theorem 13. Any 5-n-T-quasigroup code (Q, g) with check equation d(z?"'l) =
o121+ a2+ Fanxn+onr12,4+1 = 0 detects all phonetic errors on all possible
places of the form (i,i1+ 1) with the exception of one phonetic error on every place
of the form (i,i+ 1).

PRrROOF: It follows from Theorem 7 that in the code (Q,g) the maps o; — a1
are permutations of the set @ for all i € 1, n.

Then from Corollary 6 it follows that there exists exactly one element ¢, ¢ # 0,

¢ # 1 in the set @ such that (a; — a;11)c = a;1. Therefore on the place (i, + 1)

the code (@, g) cannot detect only one phonetic error, namely, the error c0 — 1lc.

O

Totally anti-commutative T-quasigroups and parastroph orthogonality
of T-quasigroups

In this section we study connections between the properties of anti-commuta-
tivity and parastroph orthogonality of T-quasigroups.

Definition 12 ([7]). Two finite quasigroups (Q, -) and (Q, *) defined on the same
set () are said to be orthogonal if the pair of equations -y = a and zxy = b
(where a and b are any two given elements of Q) are satisfied simultaneously by
a unique pair of elements x and y from Q.

A. Sade ([14], [7]) called a quasigroup (Q,-) anti-abelian if it is orthogonal to
its (12)-parastroph (Q,*): that is,if z-y=z-tandy-z =t -z (zxy = z 1)
then x = z and y = ¢.

M. Damm ([6]) proved that any anti-abelian quasigroup is a totally anti-com-
mutative quasigroup.

Theorem 14. A T-quasigroup (Q,-) of the form x -y = px + 1y + ¢ over a
commutative group (Q,+) and its (12)-parastroph (Q,*) of the form = xy =
Vx4 py+c are orthogonal if and only if the map ¢~ 19—~ is an automorphism
of the group (Q,+).

PROOF: A quasigroup (@, -) and its (12)-parastroph (Q, ) are orthogonal if and
only if the system of equations
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has a unique solution. Using conditions of this theorem we can rewrite the last
system in the form

{90554‘1/13/‘1‘0:@
oy +vr+c=0b.

If we apply the automorphism ¢! to the first equation and — ! to the second
equation, then upon adding the equations, we shall obtain (cp_lz/J — w_lcp)y =
o la—y - ple+yle

If we apply the automorphism ¢/~ to the first equation and —go_l to the second
equation, then upon adding the equations, we shall obtain (@[J_lcp — cp_lw):v =
v la—p b —yle+ o te

It is easy to see that (1 — 1~ Ly) = —(p "Ly — ¢~ 14p). Taking into consid-
eration the fact that all automorphisms of an abelian group (@, +) lie in the ring
End(Q, +, -) of endomorphisms of the group (Q, +), we have —(¢p Lo — p~11p) =
o+ =l -yl

Thus we can say that the T-quasigroup (Q,-) of the form = -y = px + Yy + ¢
over a commutative group (Q, +) and its (12)-parastroph (Q, x) of the form z-y =
Yz + @y + ¢ are orthogonal if and only if the map ¢~ — 1/1_130 is a permutation
of the set @ (i.e. this map is an automorphism of the group (Q,+)). O

We may prove the following

Theorem 15. A T-quasigroup (Q,-) of the form = -y = px + Yy + ¢ is a totally
anti-commutative quasigroup if and only if it is an anti-abelian quasigroup.

PRrOOF: From Theorem 3 it follows that a T-quasigroup (@, -) of the form z -y =
wx + 1y + c is totally anti-commutative if and only if the maps ¢ — ¢ and ¢ + ¢
are permutations of the set ). From Theorem 14 it follows that a T-quasigroup
of the form -y = @x + 1y + ¢ is anti-abelian if and only if the map 1) —1p "1y
is a permutation of the set Q.

Therefore to prove the theorem we must show an equivalence of the following
conditions:

(the maps ¢ — 9 and ¢ + ¢ are permutations of the set Q) <
(the map ¢~ — "Ly is a permutation of the set Q).

We notice that the map ¢ —1) is a permutation if and only if the map <p_1 —p1
is a permutation of the set @ since we have )y~ 1(p — )™ =¢~1 — 7L Tt is
clear that the map ¢—1 — go_l is a permutation if and only if the map ¢~ — 4!
is a permutation.

Then we have the following equivalence

(the maps ¢ — 9 and ¢ + ¢ are permutations of the set Q) <
(the maps ¢~ 1 — )~ 1 and ¢ + 1) are permutations of the set Q).
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Since (p7! =y N+ ) =e+ o - o —e = ¢ — Y71y we can
say that the following conditions
(the maps ¢ — 9 and ¢ + ¢ are permutations of the set Q) <
(the map ¢~ — "L is a permutation of the set Q)

are equivalent too. ([

Let us remark that the implication “<” in Theorem 15 follows from the above
mentioned result of M. Damm [6].

Theorem 16. For a T-quasigroup (Q, ) of the form x -y = px + ¢y + ¢ over a
commutative group (Q,+) the following conditions are equivalent:

(- y=y-z)=>@=y), (z-z=y y) = (x=y) foralzyecqQ;
(x-y=z-tandy-z=t-2)= (x=zandy=t) forall x,y, z,t € Q;
the maps ¢ — ¢ and @ + 1) are permutations of the set Q);

the maps (p_l — ¢! and @ + 1 are permutations of the set Q);

the map ¢~ Y1) — "Ly is a permutation of the set Q;

the T-quasigroup (Q,-) and its (12)-parastroph (Q, ) are orthogonal.

PRrOOF: The proof follows from Theorem 14 and Theorem 15. (I

Remark 3. For a medial quasigroup (@, -) of the form = -y = px + ¥y + ¢ over
a commutative group (Q,+) the following conditions are equivalent

(the maps ¢ — 9 and ¢ + ¢ are permutations of the set Q) <
the map ¢? — 12 is a permutation of the set Q).
2

PROOF: From the definition of a medial quasigroup (Definition 8) we have that
o = p. Then (p =) (0 +9) = ©? + o — Py — p? = p? — . O

Examples

In this section we give some examples of n-T-quasigroup codes that detect all
single errors, adjacent transposition errors, jump transposition errors, twin errors,
jump twin errors and all or almost all phonetic errors on all possible places of the
form (i, + 1).

Example 17. The International Standard Book Number code (ISBN) uses
(Z11,4), n = 10, and the check equation 1 - 21 +2- 290 +3 -x3+4-24+5 -
x5+6-26+ 7 -27+8 28+ 9-29+ 10 210 =0 (mod 11).

Using Theorem 7 we can say that this system detects all single errors, transpo-
sition and twin errors on places (¢, + 1), (i,¢+ 2) for any possible value of index
i with the exception of twin error on place (5,6) as 5 + 6 = 11.

From Corollary 6 it follows that this code cannot detect the following phonetic
eITors:
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100 — 110 on the place (1, 2); 90 — 19 on the place (2, 3);
80 — 18 on the place (3,4); 70 — 17 on the place (4,5);
60 — 16 on the place (5,6); 50 — 15 on the place (6,7);
40 — 14 on the place (7,8); 30 — 13 on the place (8,9);

20 — 12 on the place (9, 10).

In particular, on the place (1,2) we have ¢ = (a — ) lal = (1-2)"1-1-1=
(-1)7'1 = —-1-1= —1 = 10, on the place (2,3) we have c = (2 -3)"1.2-1 =
(-1)7'12=-1-2= -2 =9 and so on.

We notice that in the ISBN code number 10 is not used on places 1,2,...,9.

The following code is a modification of the ISBN code ([12]).

Example 18. We denote a code over the cyclic group (Z11,+) with the check
equation 1-21+2-x9+3-23+4-24+5-25+10-264+9-27+8- 28+ 7-29+6-2190 =0
(mod 11) as a (Z11, g)-code.

PRrROOF: It follows from Theorem 7 that the (Z11, g)-code detects all single errors,
transposition and twin errors on places (i,i+1), (i,4+2) for any permissible value
of index 7. This code detects 10 from 11 possible phonetic errors on any place of
the form (i, + 1) for any i € 1,9.
We can enumerate phonetic errors which the (Z11, g)-code cannot detect.
100 — 110 on the place (1, 2); 90 — 19 on the place (2, 3);

80 — 18 on the place (3,4); 70 — 17 on the place (4,5);
100 — 110 on the place (5, 6); 100 — 110 on the place (6,7);
90 — 19 on the place (7, 8); 80 — 18 on the place (8,9);

70 — 17 on the place (9, 10).
Note that on the place (5,6) we have ¢ = 10, as (5—10)"1.5.1 = (=5)"1.5 =
671-5=2-5=10. O

Example 19. Let (Q,+) = (Zm X Zm, +) where m is a natural number, m > 2,
G.C.D.(m,3) = 1. For instance, let m = 2 (minimal possible value of m) or

m =25. Let
ao (L O) 4 (11 /(0 1
“\o 1)" {1 0)77\1 1)

We define the (n — 1)-ary quasigroup code (Q,d) with check equation

axy + fry + ya3 + awq + Prs + -+ + oz =0,

where elements ™ 1 are information symbols and the element x, is a check

character, x] € Q, (b=a,if n=3k+1,0=0,if n=3k+2,6 =1, if n=3k).
This code detects any transposition and twin errors on places (i,i + 1) where
i €1,n—1 and on places (i,i + 2) wherei € 1,n — 2.
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ProoOF: This example is a generalization of Example 6 from [12]. The proof
is similar to the proof of Example 6 [12]. Taking into consideration Theorem 7
we only have to show that the following sums of automorphisms « + 3, a — (3,
b—a,a+y,a—vy,v—«a, B+, B—",7— 0 are automorphisms of the group
(Zm X Zm,+).

Let det(«) denote the determinant of the matrix a. We have det(a + 3) = 1,
det(a— ) = —1,det(8—a) = —1, det(a+7) =1, det(a —v) = —1, det(y — ) =
—1, det(8+~) = =3, det(8—7) = —1, det(y— 3) = —1. Therefore all these sums
of automorphisms are also automorphisms of the group (Zm, X Zm, +).

Thus our code can detect all single errors, transposition and twin errors on
places (i,7 + 1) where i € T,n — 1 and on places (i, +2) where i € T,n —2. [

We calculate phonetic errors that this code cannot detect. Denote the ele-
ment (1;0) as 1 and the element (0;0) as 0. The code cannot detect the error
(=1;—-1)0 — 1(—1; —1) on places of the form (1+3k; 2+ 3k), the error (1; —1)0 —
1(1; —1) on places of the form (24 3k; 3+ 3k), the error (1;1)0 — 1(1; 1) on places
of the form (3 + 3k;4 + 3k) where k is a natural number.

Remark 4. The last example shows that the existence of three different au-
tomorphisms of an abelian group (Q,+) is a sufficient condition for the exis-
tence a 5-n-T-quasigroup code (Q,d) over this group with the check equation
d(z}) = aqw1 + agra + - + apary = 0.

ProOOF: If m = 2, then we have o« = —a, = -3, v =—v,a+ 8=y, a+7=0
and B+ v = a. (|

Example 20. Let (Q,+) = (Zm X Zm,+) where m is a natural number, m > 3,
G.C.D.(m,5) = 1. For example, let m = 3 (minimal possible value of m) or

m = 7. Let
(L0 4o (11 /(0 1
=\ o 1) \1 o) \1 1)

We define the (n — 1)-ary quasigroup code (Q, d) with check equation

axy + fro + yrs + arg + Bxs + - + dxy =0,

where elements x’ll_l are information symbols and the element x, is a check
character, 2} € Q, (0 =a,if n=3k+1,0=3,if n=3k+2, =, if n = 3k),
0 = (0,0). This code detects any transposition and twin errors on places (i,i+ 1)
where i € 1,n — 1 and on places (i,i + 2) wherei € 1,n — 2.

PRrROOF: The proof is similar to proof of Example 19. (I

Using Example 20 it is possible to construct a 5-n-T-quasigroup code over the
group (Z3 x Z3,+).
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Example 21. We take a Cayley table of the group (Z3 x Zs,+) in the form

+11 2 3 4 5 6 7 8 9
111 2 3 4 5 6 7 8 9
212 3 1 5 6 4 8 9 7
3131 2 6 45 9 7 8
414 5 6 78 9 1 2 3
5!5 6 4 8 9 7 2 3 1
66 4 5 9 7 8 3 1 2
7|7 8 91 2 3 4 5 6
818 9 7 2 3 1 5 6 4
919 7 8 3 1 2 6 4 5
and take p=¢, o = (1) (24893765), 7 = (1) (2567398 4).
We define an (n — 1)-ary quasigroup code (Z3 x Zs, f) with check equation

px1 +oxo + 713+ prg+ 05+ -+ 1y =1,

where elements x’ll_l are information symbols and the element x, is a check
character, v; € Z3 x Z3, 1 <i<n, (0 =p,if n=3k+1,0 =0, if n =3k +2,
0 =1, if n = 3k). This code detects any transposition and twin errors on places
(¢,i+1) wherei € 1,n — 1 and on places (i,i+2) where ¢ € 1,n — 2. In this code
there cannot be phonetic errors of the form a0 — la, a # 0, a # 1.

PROOF: We take only a rewritten form of automorphisms «, 3, v from Example 20
for the group (Z3 x Z3,+). It is clear that a = p, § = o, v = 7. It follows from
Example 20 that this code detects all five types of errors.

Since in the alphabet of this code there is no zero element, this code allows to
avoid phonetic errors of the form a0 — la, a # 0, a # 1. Therefore we may say
that this code detects all errors from Table 1 with the exception of “other errors”.

O

Example 22 ([12]). Let (Z,,+) be a cyclic group of prime order p > 7. An
(n — 1)-ary quasigroup code (Z,, g) with the check equation

loxy+2-29+3-23+1-24+2 25+3- 26+ +ax, =0 (mod p),
where elements 7~ 1 are information symbols and element x,, is a check character,
(=1, 1fn—3k:+1, a=2,if n=3k+2, a =3, if n=3k) detects any single
error, any transposition and twin error on places (i,i + 1) where i € 1,n —1,
(i,i+2) wherei € 1,n — 2.

We notice that this code cannot detect the following phonetic errors: (—1;0) —
(1;—1) on places of the form (1 + 3k;2 + 3k); (—2;0) — (1; —2) on places of the
form (2+3k;3+3k); (271-3;0) — (1;271-3) on places of the form (3+3k; 4+ 3k).
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Example 23. Let (Zan+1,+) be a cyclic group of order (2n + 1) > 7 and the
number 2n+1 be prime. An n-ary quasigroup code (Zay+1, g) with check equation

12142 204+3-23+4- 24+ -+n-2p,=0 (mod 2n+ 1),

where 0 is the zero of the group (Zon 41, +), detects single errors, any transposition
and twin errors on all places of the form (i,i+ k) for all suitable values of natural
numbers i, k.

PROOF: It is known that multiplying by elements of the group (Zap+1,+) (2n+1
is a prime number) on element k, k € {1,2,3,...,2n}, is an automorphism of the
group Z2p41.

Taking into consideration Theorem 3 we only have to show that all sums and
differences of different automorphisms of the set of automorphism {1,2,...,n}
are automorphisms of the group (Za,41,+). It is easy to see that this is so.

Therefore our code can detect all single errors, transposition and twin errors
on all places (i,7 + k), for all suitable values of i, k. O

Theorem 24. There exists a 5-n-T-quasigroup code:

e of any prime order p > 7;

e of any order m2, where m > 1;

e of any composite order d such that d = m%pips...ps, where m > 1,
pi > 7.

PRrROOF: The proof follows from Examples 22, 19, 20 and Theorem 9. (|

Remark 5. It is possible to check that there does not exist an 5-T-quasigroup
code (i.e. a code that detects 5 types of the errors) over an alphabet of order
3,5,6. Some other results of such kind are available in [6].

On possibilities of the system of the serial numbers of German
banknotes to detect the most frequent errors made by human
operators during transmission of data

The system of the serial numbers of German banknotes is one of the oldest and
the most famous check digit systems with one check symbol.

This system was constructed over the dihedral group (Ds, +) of order 10 with
the check equation éla; + 62a9 + - - - + 619%19 + a1 = 0, where numbers a%o are
information symbols and the number a;; is a check digit, 6 = (01589427)(36)
is an anti-symmetric mapping ([15], [16]). This mapping was found by J. Verhoeff
([17]). It is well known that this code detects all single and all transposition errors
[6]. We can enumerate twin, spring twin, spring transposition and phonetic errors

that this code cannot detect. We used the following Cayley table of the group



(D5, +).

The system of the serial numbers of German banknotes cannot detect the following

twin errors:
66+« 44
3399
44+ 55
33 <55
11+ 66
00~ 33
1122
22+ 33
66— 44
11+ 88

We notice on place (10,11) this code cannot detect the transposition errors

n-T-quasigroup codes with one check symbol ...

+/0 1 2 3 45 6 7 89
0/{0 1 2 3 4 5 6 7 89
11 2 3 406 7 8 9 5
212 3 401 7 8 9 5 6
313 401 28 95 6 7
414 01 2 3 9 5 6 7 8
515 9 8 7 6 0 4 3 21
616 59 8 71 0 4 3 2
7|7 6 59 8 2 10 4 3
818 7 6 5 9 3 2 1 0 4
919 8 7 6 5 4 3 2 10

77+ 99  on the place (1,2);
22— 88  on the place (2,3);
66 < 88  on the place (3,4);
99— 11  on the place (4,5);
00— 88  on the place (5,6);
(6,7);
(7,8);
(8,9);
(9,1

Y )

Y )

Y )

55« 77 on the place
66— 77 on the place
00« 44 on the place
77+ 99  on the place 0)

44 < 77  on the place (10,11).

) b

Y )

3

18- 81,47 < 74.
On place (1,3) the code cannot detect the following errors:

000 < 202,
212 < 919,
020 < 525,
9232 < 737,
040 < 545,
050 < 858,
161 < 464,
070 < 272,
080 < 888,
191 < 494,

303 < 404, 505 < 909, 002 < 200, 304 < 403, 509 < 905,

717 < 818, 219 < 912, 718 < 817,

222 <> 929, 121 < 626, 025 < 520, 126 < 621, 229 < 922,

838 < 939, 237 < 732, 839 < 938,

141 <> 646, 848 < 949, 045 <> 540, 146 < 641, 849 < 948,

252 < 757, 058 < 850, 257 < 752,

363 < 666, 565 < T67, 164 < 461, 161 < 464, 366 < 663,

TT7 s 878, 072 « 270, 778 « 877,

383 « 484, 585 «+ 989, 088 « 880, 384 « 483, 589 « 985,
393 < 696, 595 < 797, 194 « 491, 396 < 693, 597 « 795.

As on place (1, 3), on places (2,4) (3,5), (4,6), (5,7), (6,8), (7,9), (8,10) this
code cannot detect 104 transposition and twin errors. On place (9,11) this code
cannot detect 144 transposition and twin errors. The authors found a full list of
twin and transpositions errors which the system of the serial numbers of German

banknotes cannot detect on these places.
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This system cannot detect the following phonetic errors: 20 < 12 on place

(5,6), 50 <> 15 on place (8,9) and 70 < 17 on place (10,11).
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