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Differentiability of weak solutions
of nonlinear second order parabolic systems
with quadratic growth and nonlinearity ¢ > 2

Luisa FATTORUSSO

Abstract. Let Q be a bounded open subset of R", let X = (z,¢) be a point of R™ X RN,
In the cylinder @ = Q x (=T,0), T > 0, we deduce the local differentiability result

u € L?(—a,0, H*(B(c), RNV)) N H'(—a,0, L?(B(c), RN))

for the solutions u of the class LI(—T,0, H»9(Q,RV) nCO*(Q,RNY) 0 < A < 1, N
integer > 1) of the nonlinear parabolic system

n
=Y Dia*(X,u, Du) + % = B°(X,u, Du)
i=1

with quadratic growth and nonlinearity ¢ > 2. This result had been obtained making
use of the interpolation theory and an imbedding theorem of Gagliardo-Nirenberg type
for functions u belonging to W12 0 C0*,

Keywords: differentiability of weak solution, parabolic systems, nonlinearity with ¢ > 2

Classification: 35K55

1. Introduction

Let Q be an open bounded subset of R™ (n > 2) of generic point x = (z1, x2,

,Zn), @ the cylinder Q x (—=T,0) (0 < T < 400); here N is an integer > 1,
(| ) and || - ||, are the scalar product and the norm in R¥, respectively. We will
drop the subscript & when there is no fear of confusion.

We define

B(xo,a):{xeRn:|xi—x?|<a, i:l,...,n}.

If u: Q — RN, we set Du = (Dyu,...,Dyu) where, as usual, D; = %
Clearly Du € R™V and we denote by p = (p!,...,p"), p' € RV, a typical vector

f R™N and let V(p) = (1 2)3
0 and let V(p) = (1+ [|p]?) 2.
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Let u € LI(=T,0, HH9(Q,RN)) N COMNQ,RN) (0 < A < 1) ) be a solution
in @ to the second order nonlinear parabolic system of variational type

n
(1.0) —> " Dia'(X,u, Du) + % = BY(X,u, Du)
=1
in the sense that
i 0
/ Z(a’(X,u,DuHDigo) - (u|a—s:) dX
Q@ (i=1

(1.1)
= /Q (BO(X,u,Du) | gp) dX, Vee CSO(Q,RN),

where X = (z,t), a*(X,u,p), i = 1,...,n, and BO(X,u,p) are vectors of RV
defined on A = Q x RN x R™N | satisfying the following conditions:

1) By H™P(Q,RN), m=0,1,2,..., 1 < p < oo, we will denote the usual Sobolev spaces

1/p
HOP(Q,RYN) = LP(Q,RY)  and  |ulop,0 = llullopo = {/ [lull? dw} , 1<p<oo.
Q

If 1 <p < oo and m,j are integers > 0, we denote

p/2
fulj p2 = /Q (Z ||Dau||2> dz

1/p

m 1/p
il =4Sl b
lor|=j =0
If p = 2, we shall use the notation H®, |- [s.q,| - |ls,o simply.
By H?"(Q,RN), 0 < 6 < 1,1 < 7 < oo, we will denote the Slobodecky space of those vectors
u € L7 (2, RN) such that

llu(z) — u()|”
lulp = / de [ —————F—dy < o0
o2 o T e — ylnter

By H™t0m(Q,RY), m = 1,2,...,0 < 0 < 1,1 < r < co we will denote the space of those
vectors u € H™"(Q,RY) such that D*u € H?7(Q,RN), V|a| = m.
If » = 2 we shall use the notation H™1t9 m =0,1,2,..., 0 < 0 < 1 instead 0fﬁm+9’2.
By C%*(Q,RN), 0 < A < 1, we shall denote the space of those vectors u € C°(,RY) for which
o llu(z) — ()l
flio= suwp DI < oo
z,y€Q,x#y ||SC - y”
In @ the Holder continuity is considered with respect to the parabolic metric

d(x,Y) =max{|lz = yl, |t = 2}, X =(@,8), ¥ =(y,7)
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(1.2) the vector B(X,u, p) is measurable in X, continuous in (u,p), and, for each
(X,u,p) € A, with |ju| <k, pe R™Y

oB°
3uk

n
oB°
1B+ Y |5
s=1 Ts k=1

< M(K)V4(p)

5322 < w1
k=1j=1 aw. ||~ 7

(1.3) the vectors a*(X,u,p), i = 1,2,...,n, are of class C' in Q x RNV x R™V
and, for each (X, u,p) € A with |jul] <k

N

23

oo, 3 | ou

[la

g Ly e ooy

BV t(p), i=1,2

N n 8ai
S - < ME)WVI2(p), i=1,2,...,n,
ko1 j=1 1| 9Py,
(1.4) there exists v(k) > 0 such that
n N
dd’ (X, u,p)
Z Z WD) et > u(iy va2(p) €]
j=1h,k=1 apk

foreach & = (1| €2] ...|€") € R™ and for each (X, u, p) € A with |ju < k.

In [4], the local differentiability was examined with respect to the spatial deriva-
tives of the solutions

(1.5) we LI(=T,0, HH(Q,RV) nCOMNQ,RY), ¢>2, 0<Ai<1

to the system (1.1), proving that, under the assumptions of monotony and non-
linearity ¢ > 2, for each cube B(c) = B(z%,0) CC Q and Va € (0,T) it results

u e Li(—a,0, H'T99(B(0),RY)), Vvée <0, 2)
q

and this result is analogous to that which we obtained in [3] under the assumptions
da’

Opy,

of nonlinearity ¢ = 2, under the boundedness conditions for the derivatives

and of strong ellipticity.
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In [5], we considered again the problem of differentiability, under assumptions
of monotony and nonlinearity 1 < ¢ < 2, always achieving results of the same

type.
The aim of this paper is to obtain for the solutions (1.5) of the system (1.1),
under assumptions (1.2), (1.3), (1.4) and of nonlinearity ¢ > 2, the result of

u e L*(—a,0, H*(B(0),RV)) N H(—a,0, L?(B(c),RY))

for each cube B(o) = B(2°,0) cC Q and Va € (0,T), making use of the in-
terpolation theory and an imbedding theorem of Gagliardo-Nirenberg type for
functions u belonging to W17 N COA,

This paper extends the result obtained by Marino-Maugeri [6] in the case of
nonlinearity ¢ = 2 and it is analogous to the regularity result which had been
obtained by Campanato [2] for elliptic systems with nonlinearity ¢ > 2.

2. Some notations and preliminary results

In this section we list a few lemmas that will be needed in the sequel and which
are already well known in the mathematical literature.
Let B(o) = B(z%,0) (2 € R”, 0 > 0) be a cube in R” defined by

B(o)={z eR": |z; — 29| <o, i=1,...,n}.

Ifu: B(o)x (~=T,0) = RY (T >0)and X = (z,t) € B(ro) x (-T,0), 7 € (0,1),
|h| < (1 — 7)o, then we define

7 pu(X) = u(z + hel,t) —u(X), i=1,2,...,n,
where {e°}s—1, .. » is the standard basis of R™.

Lemma 2.1. If u € LI(—b,—p, HY9(B(0),RN)), ¢ > 1,0 < p < b, then V1 €
(0,1) and V|h| < (1 = 7)o

—p —p
/ dt/ l7i pull? dz < |h|q/ dt/ |D;u||?dz, i=1,2,...,n.
—b B(r,o) —b B(o)

See for instance [1, Cap. I, Lemma 3.VI].

Lemma 2.2. If v € LP(—a,0, LP(B(20),RV)), a,0 > 0, 1 < p < 400, and if
there exists M > 0 such that

0
/ dt/ 7 nollP de < [BPM, Vbl <o, i=1,2,...n,
—a  JB(o)
then v € LP(—a,0, HYP(B(s),RY)) and

0
[oa [ peparsm iz
—a B(o)

The proof is the same as that of Theorem 3.X in [1].
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Lemma 2.3. Let N be a positive integer and € a cube of R". If
uwe HF9(Q,RY) n %A, RY)

with1 <7 < 00,0 <6 <1and0 < X\ < 1, then u € W-P(Q,RY) and there
exists a constant ¢ (depending on Q,0, \,n,a,q) such that:

1—
ull g, < cllulltyo,q 0l o oy

where

1 1 1+6 A 1-X
—_+az<a— o >—(1—a)ﬁ, Vaé}m,l{

In particular, if 1 — A <0 < 1, for a = % we get
ue WhP(Q,RY)

and there exists a constant ¢ (depending on 2,0, )\, n,a,q) such that

1 1
||u||1,p,9 < CHU‘H12+9’q’Q||u||éO,>\(Q’RN)
20204+ X —1
n—q@+XA—1)

The proof is the same as that of Theorem 2.2 in [6] for m =1, r = ¢, s = 0,
j=1.

where p = 2q +

3. Differentiability of the solutions to the system (1.1)

Let u € LI(=T,0, HL9(Q,RN)) n COMNQ,RN), 0 < A < 1, ¢ > 2, be a
solution to the system (1.1) and suppose that assumptions (1.2), (1.3) and (1.4)
are fulfilled; in what follows we shall set

k:SU.p”’LLH7 U: [U]AQ: sup M7
Q T xyexzy dMX)Y)

where d(X,Y) is the parabolic metric
AX,Y) = max{[le —yl |t =717}, X = (@,6), Y = (7).

Now we show the following

(s
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Theorem 3.1. If u € LI(—T,0, H-9(Q,RN)) nCOMNQ,RV), 0 < A < 1, ¢ > 2,
is a solution to the system (1.1), if assumptions (1.2), (1.3) and (1.4) hold, then,
VB(30) = B(2°,30) cC Q, Va,be (0,T), a < b, we have

(3.1) u € L*(=a,0, H*(B(o),RV)) N H'(=a,0, L*(B(0),RY))
and the following estimate holds:

0 2

0
q
<c(v, kU N\ o,q,a,b,n) {1 + / , |u|17q7B(30) dt} )

Ou
ot

(3.2)

PrOOF: Given B(30) = B(20,30) cC Q, a,b € (0,T), with a < b, let ¥(z) €
CG°(R™) be a real function which has the following properties:

(33) 0<¢<1, ¢=1inB(o), ¥=0 in R"\ B(20), | Dy <

c
s

Let pp,(t), with m integer > 2/a, be a function defined on R by

2
1 if —a<t<-—=,
m
1
0 ift>——ort<b,
— m
if —b<t< —a,
b—a
2 1
—(mt +1) if ——<t<——.
m m

Finally let {gs(¢)} be a sequence of symmetric mollifying functions

9s(t) € C°(R),  gs(t) > 0, gs(t) = gs(—t)
11

(3.5) supp gs C [——, —]
s's

fgs(t) dt =1.

Having fixed ¢ integer, 1 < ¢ < n, and h such that |h| < min {1, g}, if we set b* =

b 2 1
a—; , let us assume in (1.1), for each m > — and for each s > max { m, T3 b}’
a —

Y= Ti,—h{wzpm[(PmTi,hu) * gs|}-
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Then we get

32 (e (06D | D5 (i) 51} ) 4
j=1

B9 = [ (1 omlommian « o)) dxX
+ /Q (B, w, Du) |73 (62 oml(pm 7 ) * 96]} ) dX.
Furthermore
i, h (X u(X), Du(X))
1 . .
57) = /0 8—na9(x + nhe', t,u(X) + 7 pu(X), Du(X) + n7; p Du(X)) dn

0 aaj n N aaj
axz + ]; T’l huk) 8uk g Z T’L hDTuk‘ 8p2

where, if b = b(X, u, p) is a vector of R, we set for the sake of simplicity

1 .
(3.8) b(z) = /0 b(x + hne', t, u(X) + 17 pu(X), Du(X) 4+ n7; p, Du(X)) dn.

Therefore, from (3.6) we obtain that

J,r=1k=1

/1/1 pm Z Z(Tthruk ))g r | (pmTi n Dj u)*gs) dX

oa’
= —2/ Ypm Z Z ( Ti,n Drug( ))3—29}; | Djy[(pmTi pu) *gs]) dX

]T’lkl

(3.9) / Z Z ( 7ihuk (X a | j{wzpm[(mei,hU)*gs]}) dx

]r 1k=1

[ 5 (22 ; {uoml(pmria) i)} ) ax
Qj=1 8:10@- ’

+ /Q U Pl (Ti pte | (pmTi ) * gs) X

+ /Q (B, u, Du) |73 {6 ol (i ) * 951} ) dX
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taking into account that

Dj{¢2pm[(PmTi,hu) * gsl} = ¢2pm[(pm7'z’7hDj“) * gs] + 21/’mej¢[(PmTi7hu) * gs]

and that, by symmetry of the gs(¢)
/Q (7t 12l ) » 1) dX = .

And so, from (3.9), taking the limit for s — +00, we obtain that

da!
/ 1/)20%1 Z Z < i, nDrug( ))W |Ti7hDj’UJ> X
k

J,r=1k=1

- —2/ Vp2, Z Z ( 73 n Drug( ))g—;%ij%u) dX

]T’lkl

/ Z Z ( i huk | j(¢2p%n7'i7hu)) dx

(3.10) r=tk=1
—h/ Z (—|D p%nTLhu)) dx
" /Q w%mpmm,hunwx

# [ (B0 D0 7)) 4
=B+C+D+E+F.

By assumption (1.4) and from Lemma 2.VI of [2], the integral on the left-hand

side can be estimated in the following way

—-1/m

(3.11) A> u(k)/

_b*

—1/m

[ VDU D) da
B(20)

ZVC(KMJ)/

dt [ wRllmaDulP(1+ Dl + 7 Dulr da.
—b* B(20)

On the other hand, from (3.8) and by assumption (1.3) it follows that

(3.12) Z Z

k=1r=1

(k)(1 + || Dull + ||7;,, Dul))?~2
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5
(3.13) H oa

al'i

N o

oal

t2 H uy
k=1

Then, we obtain that

] < M(K)(1 + [ Dul| + |7 p Dul)?".

—-1/m
/ dt / 6p2,(1+ [ Dul + |73, Dul) =273 ot |7 p Dl dX
—b* B(20)

< c(k,q,0,n)

1
2

—-1/m
dt

~ ( / / $2p2,(1+ | Dul| + |7 Du||>q—2||n~,hDu||2d:c>
—b* B(20)

~1/m 2 2 2 2 %
- / dt / W22, (14 | Dull + 17 Dull) 42 7yl de
B(20)

—b*

and from this inequality it follows, Ve > 0, that

e [TUm 2 2 q—2 2
|B| < - dt Y p5, (L + [[Dul| + |75, 5, Dul)) 2|73 p, Dul|” dx
(3.14) 8/ (20)

—-1/m

ek, g, 0, €) /

dt/ (1 + [IDull + I, p Dull) 17 ]| da.
—b* B(20)

Analogously, we have

—-1/m

] < ek, q,0,m) /

_p*
- (W2 p2, |7 nDull + c(0) o, |7 pul) da
< c(k,q,0,n)

dt/ (L + | Dull + ||7i,5 Dull) T~ I ]
B(20)

—-1/m
- / dt / (L + IDull + 7.0 Dul) T 02 72l 173 Dl e
—b* B(20)

—-1/m

+ elk,q,0,1) /

dt / (14 |1 Dull + 73 Dul)T pp i de
—b* B(20)

S C(k’ q7 U? n)
1
2

—1/m 2 9 2 2
~ / dt /B oy VL 1D+ g D) Dl e

—b*
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—1/m ) %
[ e [ @ iDul s Dl g do
—b* B(20)

—1/m
+ c(k, q, 0, n)/

R / oy VP UD i Dl
—b* o

Then, Ve > 0 it follows

e [TUm 2 2 q—2 2
|IC] < 3/, dt " )1/1 P (L + | Dul| + (|73 5 Dul|)? (|7, p Dul|* dz
(3.15) - 7

—-1/m

+C(k7 q’ O.’ n? 6) /

dt/ (L + 1Dl + 75,5 Dull) |17 pul? de.
—b* B(20)

Moreover, by assumption (1.3) and from Lemma 2.1 we obtain that

—1/m
Dl etk alpl [ [ 1Dul i Dl

20

- (W02, |7 nDull + c(0)pR, |7 pull) do
< c(k,n,q)|h|

—1/m 2 2 2 2
: / dt/ V7o (1 + [[Dull + |7, 5, Dul)? 2|73 p, Dul|” d
B(20)

—b*

1
—1/m 2
: (/ dt/ ¥?p5,(1+ || Dul| + IIn,hDull)qdw>
B(20)

(M

—b*

—1/m 9
+ c(k,o,n,q)|h| / dt/ Y| 7i,n ul|? dx
—b* B(20)

qg—1

—-1/m 1
: (/ dt/ (14 || Dul| + IITi,hDuII)qdw>
—b* B(20)

Then, Ve > 0 it follows that

Q=

(3.16)

—-1/m
D] < / a / oy VL 1D+ g D) Dl e
— * 0’

—-1/m

+ (kg m, )|hP? /

dt/ (1+ | Dull) dz
—b* B(30)
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1
—1/m q
+ (kgm0 B2 ( / dt / (1+ ||Du||)qu>
—b* B(30)

q—1

“1/m q
. (c(q) /—b* dt/B(gg)(l+ ||Du||)qd:c>

—1/m
<ef arf  wEa+ Dl + rn Dul) i Dl do
—b* B(20)

—-1/m

+ (ks o,meq, AP /

dt/ (1+ | Dull)? dz.
—b* B(30)

Moreover we have
2 2
IB| = /Q 2 pmly7s pul? da

—a
2 [t sl Dl ds
—b* B(20)
|h|2 —a
< dt (1 + || Dul)? da,
b—a J p B(20)

taking into account that

IN

(3.17)

2 1
<0 if ——<t<—,
m m
/ . 1 2
PmPms =0 if t<-bort>—— or —a<t<——,
m m
1
< if —b<t< —a.

b—a
By assumption (1.2), we have moreover
FI< [ 1B D)l a2l 4

(3.18)

—1/m
<etbon) [ a [0 IDuE )
. 5

From (3.10)—(3.18), with € = % in (3.14), (3.15), (3.16), it follows, for each integer
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i, 1 <1 < n, and for each |h| < min{l, g}

v —i/m 2 2 2 2
gelvg) [t [ i Dl Dl + i Dul) 2 da
—b* B(20)

—1/m

< c(k,0,q,a,b,n,v)|h? /
—b*

—1/m

dt/ (1+ | Dul))? dz
(3.19) B(3)

+ ek, o, qum,v) /

dt/ 173 pl® (1 + | Dull + |73 p, Dul))? de
—b* B(20)

—1/m .
4 / dt / (1 + [1Dul®)E 7 (27 )| da.
B(%o‘)

—b*

Let us consider now the last integral that appears at the right hand side of (3.19).
From Theorem 3.III of [4] (with o9 = 30,a = b*) we deduce that

(3.20) ue Lq(—b*,0,H1+9’q(B(ga),RN)), Vo e <o, 2)
q

and

0
q

(3.21) o
< (v, k,U,60,\,0,q,a,b,n) / dt / (1+ [ Dul))? dz
—b B(30)

hence, thanks also to the assumption u € CO)‘(Q,RN), it results for a.e. t €
(—b*,O)

5

u(x,t) € H1+9’q(B(§a),RN) N CO”\(B(§U),RN), Vo e (o, %) .

2
From Lemma 2.3 (with Q = B(%a) and 0 =1— %) we get for a.e. t € (—=b*,0)

2¢°\

(3.22) w(z,t) € WHP(Q,RY) where p=2¢+ T

and

1 1
(323) ||u||1,p,B(gO') S C()\a g, n)”u”;—%,q,B(go’) HuHéO,A(B(%U)JRN)'
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Now, since p > 2¢, we obtain

lep(B(ga),RN) c whaa(p2

20),RN)

and this is an algebraic and topological inclusion; from which by (3.22) and (3.23),

it follows for a.e. ¢t € ( b* ——) that

(3.24) (e, t) € W172q(B(go),RN )
and

I, s,
(3.25) <k Ul y e

+ |Du|q

1__7q7B(5 )}

This estimate holds in particular for a.e. t € (—b*, —%); for such ¢ therefore we
obtain, Ve > 0,

c(k, U, N\ o,n) {1 + |u|q

B(50)

b | oy T IDUDE 7P

50
€
2

1 1
2 2
/ |h|—2|n,_hwzn,hu)n?d:c) <c<k> / B2+ ||Du||2>qda:>
B(%o) B(%o)
€

2
—/ I D (¢ hu)||2d~’0+6(k70,€)|h|2{1+/
2 /B(20) ’ B(8

IN

IN

IN

2 [ @ e e [ Dul) e
B(30) B

5
2

| Duf? d:c}
< / V4|7 nDul? d + (o, €) / 2 ri o de
B(20) B(20)

2
20
+ ¢(k, 0, €)|h|? {1 +/ |Du||2‘1dx}
B(ga)

2

<e / V3|7 pDul|2(1 + | Dul| + || Dull)4=2 da
B(20)

+¢(o,€) / V2 gl 2L+ (1Dl + |73, Dull)? dae
B(20

+ ¢k, 0, €)|h|? {1+ ||u||12qB )}.
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From this, for € = 7, it follows that

) [, QI I ) de

2

14 _
<% [ wlmaDulP(a+ |Dul + i Dul) 2 do
B(20)

+ (o, v) / V2| pul (1 + 1 Dull + |73, Dul|)? da
B(20)

T ek, o, )l {1 Tl }

1,2¢,B(50)

and, from which, by multiplicating both members with p?n and by integrating
with respect to t over (—b*, —%) we deduce

o) [ "o [ oy (1D 027 ) e
50’

—b* B
_ 1
v m —
<2 [ Tt [ Dl + Dl + i Dl do
—b* B(20)
(3.26)

1

+¢(o, V)/ dt/ I17i,pul® (L + | Dull + |73, Dul)? de
—b* B(20)

1

+c(1/,k,U,)\,a,n)|h|2/ *m {1+|u|3?2q,B(ga) d:v} dt.

Let us consider the penultimate integral that appears at the right hand side of

(3.26) and (3.19). Using the Holder inequality and thanks to Lemma 2.1 and
(3.25), we have, for a.e. t € (—b*,0), that (?)

| @1l + I Dul) il do
B(20)

q

P

< ( / (1 + [ Dul| + |72, Dull)” da:>
B(20)

n+q(0+2—1)

an 2n
[ sl o
B(20)
ntq(0+X—1)

q
P n 2n
< c(g) {1 + (/ [ Dul[? dw)} ||? </ | Du| a3 =T) d:v)
B(30) B(%0)

2 4n _ 2p ;
()m—ﬁ<psmce2<p—q
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a 2
P p
< c(n,q,o797)\)|h|2 1+ | Dul[P dx 1+ | Dul[P dx
5 5
B(§U) B(§U)

q+2
< (.00, N B2 {1+ Dulg, 5500 )
2
< el o0 NP {1+l e}
2

< c(n,q,1,0,0) b {1 + |u|g,q,B(%a) +[Duly_y qu(SU)}

from which, by integrating with respect to t over (—b*,0) we have

0
(3.27) / dt / (1+ |Duf| + 173 Dul))?] 73 ] de
—b* B(20)

0
<c(q,0,n,0,\, k,U,a,b)h*{1 / a Dul|? dt ¢ .
< clg.ovn o {1 [ (190 1P s

From (3.19), (3.25), (3.26), (3.27) and (3.21) (for 6 =1 — %) we deduce, for each
integer i, 1 < i < n, and for each |h| < min {1, %}, taking the limit as m — oo,
we get

0
v —
¢k 0) / dt / 7.0 Dul*(1 + [|Dul| + 73,0 Dull)*~2 da
—a B(o)

(3.28) .

q
,1U1.g.(30) dt}

and then, for any h such that |h| < min {1,%} we have

0
/ dt/ |7 p Dul|? da
—a B(o) '

0
< (g, o,n, v, \, k, U, a,b)|h|? {1 —I—/ |u|‘{ 4.B(30) dt} )
_b bh- 5

S C(q7 U? n? V? )\7 k? U7 a’b)|h|2 {1 +/

(3.29)

The estimate (3.29) is trivial if min {1, %} < h < o and then (3.29) will be true
for each integer 7, 1 <7 < n and for each |h| < o.
From (3.29) and by Lemma 2.2 we have that

(3.30) Du € L*(—a,0, HY2(B(0),RN))
and then

(3.31) u € L*(—a,0, H*(B(o),RY))
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and moreover

0 0
(3.32) / |u|%’B(U) dt < e(v,k,U,0,a,b,q,n) {1 + / , |u|§7q7B(30) dt} .

—a —

It remains to show that u € H'(—a,0, L?(B(c),RY)) and that the relative esti-
mate holds. From (3.25) it follows, for a.e. t € (—a,0)

124 q q
[ WpPe < s U {110 e+ DL

i=1,2,...,n, from which and from (3.21), by integrating with respect to ¢ in
(—a,0) we deduce

Dju € L*(B(0) x (—a,0),RY), i=1,2,... n,

and

0 0
2q q
(3.33) /_a dt/B(U) | Dul||?? dz < e(v, k, U, /\,U,n,a,b){1—|—/_b|u|1’q’3(30) dt}.

Now, by assumption (1.2)

|B°(X, u, Du)|| < M(k,q)(1 + || Dul|9)
and then, from (3.33) we deduce that
(3.34) BY(X,u, Du) € L*(B(0) x (—a,0),RY)

and
0 0

(3.35) / dt/ |\B0(X,u,Du)||2da:gc(k:,q)/ dt/ (1+ || Du|??) da.
—a B(o) —a B(o)

On the other hand, by assumption (1.3) we have that
(3.36) D;a'(X,u, Du) € L?(B(0) x (—a,0),RY), i=1,2,... n,

and that

0 n ]
/ dt/ > IDia (X, u, Du)||® dz
—a B(o) ;=1

(3.37)

0 n
< c(k,n,q) / dt / L+ |DulPt+ S 1D jul? | de.
—a B(o)

1,7=1



Differentiability of weak solutions of nonlinear second order parabolic systems ... 89

Now, taking into account that w is a solution in @ (and then in B(c) X (—a,0))
of the system (1.1), we deduce that, for each ¢ € C§°(B(0) x (—a,0),RN)

/—Oa dt/B(a (u %_s:) de
/_a dt/ <<2Da (X, u, Du) + BY(X, u, Du)> |<p> da

from which, by (3.34) and (3.36), it results that
(3.38) 3— e L%*(B(0) x (—a,0),RY)

and from (3.35), (3.37) it follows that

0
L),
—a B(o)

0 n
c(k,n)/ dt/ 1+ || Du?? + Z 1D jull? | da
—a B(o)

ij=1

and then, by (3.32), (3.33) we deduce that

0
L)
—a B(o)
0 q
c(v,k, U N\ o,a,b,n) {1 + /—b |u|17q7B(3U) dt} .

Finally we deduce (3.1) and (3.2) from (3.31), (3.32), (3.38), (3.39) ®) . O

dx

(3.39)
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