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Gevrey hypoellipticity for a class of

degenerated quasi-elliptic operators

G.O. Hakobyan, V.N. Margaryan

Abstract. The problems of Gevrey hypoellipticity for a class of degenerated quasi-elliptic
operators are studied by several authors (see [1]–[5]). In this paper we obtain the Gevrey
hypoellipticity for a degenerated quasi-elliptic operator in R2, without any restriction
on the characteristic polyhedron.

Keywords: Gevrey class, Gevrey hypoellipticity, hypoelliptic operator, degenerated
quasi-elliptic operator

Classification: 35B05, 35H10, 35H35

1. Statement of the result

Let R
n, or En, be the n-dimensional real Euclidean space of points ξ =

(ξ1, . . . , ξn), x = (x1, . . . , xn) with real components. Let N
n
0 be the set of multi-

indexes α = (α1, α2, . . . , αn) with nonnegative integer components. Denote

R
n
0 = {ξ ∈ R

n; ξ1 . . . ξn 6= 0}, R
n
+ = {ξ ∈ R

n; ξj ≥ 0, j = 1, . . . n}.

For ξ ∈ R
n, α ∈ N

n
0 we set ξ

α = ξα11 · · · ξαn
n , D

α = Dα1
1 · · ·Dαn

n , where Dj =
∂

∂ξj

or Dj = −i ∂
∂xj
, j = 1, . . . , n.

Let Ω be an open subset of R
n, λ ∈ R

n
+, λi ≥ 1, i = 1, . . . , n. We denote by

Gλ(Ω) the class of all functions f ∈ C∞(Ω) so that for any compactum K ⊂⊂ Ω
there exists a constant C = C(K, f) for which

sup
x∈K

|Dαf(x)| ≤ C|α|+1αα1λ1
1 . . . ααnλn

n , ∀α ∈ N
n
0 .

Let in R
2 with variables x, y,

(1) P (x,D) =
∑

α=(α1,α2,α3)∈(P )

Cαx
α3Dα1

x Dα2
y ,

be a differential operator with constant coefficients Cα. Here the sum is over a
finite set of multi-indexes (P ) = {α : α ∈ N

3
0, Cα 6= 0}.
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Definition 1. The characteristic polyhedron (C.P.) N (P ) of P (x,D) is the
smallest convex polyhedron in R

3
+ containing all points α ∈ (P ) ∪ {0}.

The results of Gevrey regularity for a certain class of quasi-elliptic operators
degenerate on a symplectic manifold and with some restrictions on N (P ) were
obtained by V.V. Grushin, L. Rodino, L.R. Volevich, C. Parenti and others.
Let λ1 ≥ 1, h ≥ 0 be rational numbers, λ = (λ1, 1). We denote

(2) N = {ν : ν ∈ R
3
+, λ1ν1+ ν2 ≤ m,λ1ν1+(1+h)ν2−λ1ν3 ≤ m,λ1ν3 ≤ hm}.

We consider differential operator (1) for which C.P. have form (2). It is easy
to show that m,m/λ1, hm/λ1,m/(1 + h) are naturals. After introducing some
preliminary lemmas we will prove the following result, cf. Theorem 1.

Theorem. Let the hypoelliptic differential operator P (x,D) from (1) with N (P )
in form (2) satisfy in some neighborhood U of 0

(3)
∑

(α1,α2,α3)∈N (P )∩N3
0

‖xα3Dα1
x Dα2

y ψ‖L2(Ω) ≤ ‖P (x,D)ψ‖L2(Ω), ψ ∈ C∞
0 (U).

Then all solutions of equation P (x,D) = f belong to the class G(λ1,1)(V ), with

V ⊂⊂ U, (0, 0) ∈ V , where f ∈ G(λ1,1)(U).

We observe that (3) implies that |P (x, ξ, η)| 6= 0 for x, ξ, η 6= 0, analogously to
the condition asked by Volevich [5] in order to ensure the hypoellipticity of P (D)
for x 6= 0, under suitable conditions Parenti-Rodino [2] that the hypoellipticity
continues to hold for x = 0.

2. Preliminary lemmas

Let h ≥ 0, λ1 ≥ 1 and m, j be naturals.
We denote

Mj
1 = {ν : ν ∈ R

2
+, 2λ1ν1 + ν2 ≤ j, λ1ν1 ≤ (1 + h)m},

Mj
2 = {ν : ν ∈ R

2
+, λ1ν1 + ν2 ≤ j − (1 + h)m,λ1ν1 ≥ (1 + h)m},

if j < (1− h)m then we takeMj
2 = ∅. We setMj =Mj

1 ∪Mj
2,

Aj
1 = {ν : ν ∈ R

3
+, λ1ν1 + ν2 ≤ m+ j, 2λ1ν1 + ν2 ≤ j + 2m, ν3λ1 ≤ hm,

λ1ν1 + (1 + h)ν2 − λ1ν3 ≤ m+ (1 + h)j, λ1ν1 ≤ (1 + h)m+m},

Aj
2 = {ν : ν ∈ R

3
+, λ1ν1 + ν2 ≤ m+ j − (1 + h)m,

λ1ν1 + (1 + h)ν2 − λ1ν3 ≤ m+ (1 + h)(j − (1 + h)m),

ν3λ1 ≤ hm, λ1ν1 ≥ (1 + h)m},

if j < (1 + h)m−m/(1 + h) then we take Aj
2 = ∅.
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Lemma 1. Let h ≥ 0, λ1 ≥ 1, m,m/λ1, j be naturals and N the polyhedron in

form (2). Then any multi-index ν ∈ (Aj
1 \ A

j−1
1 ) ∩ N

3
0 can be represented in the

form ν = α+ (β, 0) where α ∈ N ∩ N
3
0, β ∈ Mj

1 ∩ N
2
0.

Proof: Let ν ∈ (Aj
1\A

j−1
1 )∩N

3
0. If ν1 ≥ m/λ1 then we take α = (m/λ1, 0, ν3) ∈

N
3
0, β = (ν1 −m/λ1, ν2) ∈ N

2
0. For α and β we have

λ1α1 + α2 = m,λ1α1 + (1 + h)α2 − λ1α3 = m− λ1ν3 ≤ m,λ1α3 = λ1ν3 ≤ hm,

i.e. α ∈ N , 2λ1β1+β2 = 2λ1(ν1−m/λ1)+ν2 = 2λ1ν1+ν2−2m ≤ j+2m−2m =

j, λ1β1 = λ1ν1 −m ≤ (1 + h)m+m−m = (1 + h)m, i.e. β ∈ Mj
1. If ν1 < m/λ1

(i.e. λ1ν1 ≤ m− λ1) then we consider the following possible cases:

I) 2λ1ν1 + ν2 > j − 1 + 2m hence ν2 > j − 1 + 2m− 2m+ 2λ1 > j,
II) λ1ν1 + ν2 > m+ j − 1 hence ν2 > m+ j − 1−m+ λ1 ≥ j,
III) λ1ν1 + (1 + h)ν2 − λ1ν3 > m+ (1 + h)(j − 1) hence (1 + h)ν2 > m+ (1 +

h)(j − 1)−m+ λ1 i.e. ν2 > j − 1.

Therefore ν2 ≥ j.

We take α = (ν1, ν2−j, ν3) ∈ N
3
0, β = (0, j) ∈ N

2
0∩M

j
1. We obtain λ1α1+α2 =

λ1ν1 + ν2 − j ≤ m+ j − j = m, λ1α1 + (1 + h)α2 − λ1ν3 = λ1ν1 + (1 + h)ν2 −
λ1ν3 − (1 + h)j ≤ m+ (1 + h)j − (1 + h)j = m,λ1α3 = λ1ν3 ≤ hm, i.e. α ∈ N .

�

Lemma 2. Let h ≥ 0, λ1 ≥ 1, m,m/λ1, j be naturals and N the polyhedron in

form (2). Then any multi-index ν ∈ (Aj
2 \ A

j−1
2 ) ∩ N

3
0 can be represented in the

form ν = α+ (β, 0) where α ∈ N ∩ N
3
0, β ∈ Mj ∩ N

2
0.

Proof: Since ν ∈ (Aj
2 \ Aj−1

2 ) ∩ N
3
0, we have j ≥ hm and ν1 ≥ m/λ1. If

j < (1+h)m then λ1ν1+ν2 ≤ m+j−(1+h)m < m and λ1ν1+(1+h)ν2−ν3λ1 ≤
m + j − (1 + h)m < m i.e. ν ∈ N . Therefore, we can take α = ν ∈ N ∩ N

3
0 and

β = 0 ∈ Mj ∩ N
2
0. We can write ν = α+ β.

If j ≥ (1+h)m then we take α = (m/λ1, 0, ν3) ∈ N
3
0, β = (ν1−m/λ1, ν2) ∈ N

2
0.

Since λ1α1 + α2 = m, λ1α1 + (1 + h)α2 − λ1α3 = m − λ1ν3 ≤ m and λ1α3 =
λ2ν3 ≤ hm, it follows that α ∈ N .
Let us show that β ∈ Mj . We will consider the following possible cases:

I) λ1ν1 −m ≥ (1 + h)m hence λ1β1 + β2 = λ1ν1 + ν2 −m ≤ m + j − (1 +

h)m−m = j − (1 + h)m, i.e. β ∈ Mj
2,

II) λ1ν1−m ≤ (1 + h)m hence 2λ1β1 + β2 = 2λ1ν1 + ν2− 2m = λ1ν1+ ν2 +
λ1ν1−2m ≤ m+ j− (1+h)m+λ1(ν1−m/λ1)−m ≤ m+ j− (1+h)m+

(1 + h)m−m = j, i.e. β ∈ Mj
1.

For ν1 ≥ m/λ1 we have α = (m/λ1, 0, ν3) ∈ N ∩ N
3
0, β = (ν1 −m/λ1, ν2) ∈

(Mj
1 ∪Mj

2) ∩ N
2
0. �
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Lemma 3. Let h ≥ 0, λ1 ≥ 1, m,m/λ1, j be naturals and N the polyhedron (2).

If α ∈ N , β ∈ Mj
1 ∩ N

2
0 then (α1 + β1 − γ1, α2 + β2, α3 − γ1) ∈ Aj−γ1

1 for

0 ≤ γ1 ≤ min(β1, α3).

Proof: Since β ∈ Mj
1 ∩N

2
0 and 0 ≤ γ1 ≤ min(β1, α3) we have j ≥ 2λ1β1+β2 ≥

2λ1γ1 ≥ γ1. Therefore

2λ1(α1 + β1 − γ1) + α2 + β2 = 2(λ1α1 + α2) + (2λ1β1 + β2)− 2λ1γ1

≤ 2m+ j − 2λ1γ1 ≤ 2m+ j − γ1,

λ1(α1 + β1 − γ1) + (1 + h)(α2 + β2)− λ1(α3 − γ1)

= (λ1α1 + (1 + h)α2 − λ1α3) + (λ1β1 + (1 + h)β2)

≤ m+ (1 + h)(2λ1β1 + β2)− (2h+ 1)λ1β1

≤ m+ (1 + h)j − (2h+ 1)λ1γ1 ≤ m+ (1 + h)(j − γ1),

λ1(α1 + β1 − γ1) = λ1α1 + λ1β1 − λ1γ1 ≤ m+ (1 + h)m− λ1γ1 ≤ m+ (1 + h)m,

i.e. (α1 + β1 − γ1, α2 + β2, α3 − γ1) ∈ Aj−γ1
1 . �

Lemma 4. Let h ≥ 0, λ1 ≥ 1, m,m/λ1, j be naturals and N the polyhedron (2).

If α ∈ N ∩N
3
0, β ∈ Mj

2∩N
2
0 then (α1+β1−γ1, α2+β2, α3−γ1) ∈ Aj−γ1

2 ∪Aj−γ1
1

for 0 ≤ γ1 ≤ min(β1, α3).

Proof: Since β ∈ Mj
1 ∩ N

2
0 and 0 ≤ γ1 ≤ min(β1, α3) we have j ≥ λ1β1 + (1 +

h)m > γ1. We consider the following possible cases:

I) for λ1(α1 + β1 − γ1) ≥ (1 + h)m we obtain

a) λ1(α1 + β1 − γ1) + (α2 + β2) = (λ1α1 + α2) + (λ1β1 + β2)− λ1γ1

≤ m+ j − (1 + h)m− λ1γ1

≤ m+ (j − γ1)− (1 + h)m,

b) since α ∈ N , β ∈ Mj
2 and γ1 ≤ α3 we have

λ1(α1 + β1 − γ1) + (1 + h)(α2 + β2)− λ1(α3 − γ1)

= (λ1α1 + (1 + h)α2 − λ1α3) + (λ1β1 + (1 + h)β2)

≤ m+ (1 + h)(λ1β1 + β2)− hλ1β1

≤ m+ (1 + h)(j − (1 + h)m)− hλ1β1

≤ m+ (1 + h)(j − (1 + h)m)− h(1 + h)m

≤ m+ (1 + h)(j − (1 + h)m)− (1 + h)λ1α3

≤ m+ (1 + h)(j − (1 + h)m)− (1 + h)λ1γ1

≤ m+ (1 + h)(j − γ1 − (1 + h)m),
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c) λ1(α3 − γ1) ≤ λ1α3 ≤ hm.

From a), b), c) for case I) we obtain (α1 + β1 − γ1, α2 + β2, α3 − γ1) ∈ Aj−γ1
2

or (α1 + β1 − γ1, α2 + β2, α3 − γ1) ∈ Aj−γ1
2 ∪ Aj−γ1

1 ;

II) for λ1(α1 + β1 − γ1) ≤ (1 + h)m we obtain

a) 2λ1(α1 + β1 − γ1) + (α2 + β2) = (2λ1α1 + α2) + (2λ1β1 + β2)− 2λ1γ1

≤ 2m+ j − 2λ1γ1 ≤ 2m+ (j − γ1),

b) λ1(α1 + β1 − γ1) + (α2 + β2) = (λ1α1 + α2) + (λ1β1 + β2)− λ1γ1

≤ m+ j − (1 + h)m− λ1γ1 ≤ m+ j − γ1,

c) since α ∈ N , β ∈ Mj
2 and γ1 ≤ α3,

λ1(α1 + β1 − γ1) + (1 + h)(α2 + β2)− λ1(α3 − γ1)

= (λ1α1 + (1 + h)α2 − λ1α3) + (λ1β1 + (1 + h)β2)

≤ m+ (1 + h)(λ1β1 + β2)− hλ1β1

≤ m+ (1 + h)(j − (1 + h)m)− h(1 + h)m

≤ m+ (1 + h)(j − (1 + h)m)− (1 + h)α3

≤ m+ (1 + h)(j − (1 + h)m)− (1 + h)γ1

= m+ (1 + h)(j − γ1 − (1 + h)m).

Therefore (α1+β1−γ1, α2+β2, α3−γ1) ∈ Aj−γ1
1 or (α1+β1−γ1, α2+β2, α3−γ1) ∈

Aj−γ1
2 ∪ Aj−γ1

1 . �

3. Main results

Let P (x,D) =
∑
Cαx

α3Dα1
x Dα2

y be a differential operator with C.P. in
form (2). Since m,m/λ1, hm/λ1,m/(1 + h) are naturals, Lemmas 1–4 are valid
for N (P ).
For t > 0 we denote Bt = {(x, y) ∈ R

2, |x|2 + |y|2 < t2}.
We use a well known result (see for example Lemma 2.1 in [3]).

Lemma 5. Let ρ1 > 0, ρ > 0. Then there exists a function ϕ ∈ C∞
0 (R

2) such
that suppϕ ⊂ Bρ1+ρ, ϕ(x, y) = 1, (x, y) ∈ Bρ1 , 0 ≤ ϕ(x, y) ≤ 1 and

max
x,y

|Dα1
x Dα2

y ϕ(x, y)| ≤ Cα1,α2ρ
−(α1+α2),
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where Cα1,α2 is independent of ρ1 and ρ.

For u ∈ C∞ we denote

|||u, σ||| =
∑

α∈N∩N3
0

‖xα3Dα1
x Dα2

y ‖L2(Bσ),

|||u, σ|||t = max
β1,β2∈Mt∩N2

0

|||Dβ1
x Dβ2

y u, σ||| for t > 0

and

|||u, σ|||t = |||u, σ||| for t < 0.

Lemma 6. Let u ∈ C∞, α ∈ N ∩ N
3
+, 0 ≤ α

′

1 ≤ α1, 0 ≤ α
′

2 ≤ α2, α
′

1, α
′

2 ∈ N ,

ρ ∈ (0, 1). Then there exists a constant C > 0 so that for any (β1, β2) ∈ Mj ∩N
2
0,

j = 1, 2, . . . ,

‖xα3(D
α
′

1
x D

α
′

2
y ϕ)D

α1−α
′

1+β1
x D

α2−α
′

2+β2
y u‖L2 ≤ Cρ−(α

′

1+α
′

2)|||u, ρ1+ρ|||j−(α′

1
+α

′

2
)
,

where ϕ is from Lemma 5.

Proof: We can assume without loss of generality that j ≥ α
′

1 + α
′

2. Now we

show that α = (α1 − α
′

1 + β1, α2 − α
′

2 + β2, α3) ∈ A
j−(α

′

1+α
′

2)
1 ∪ A

j−(α
′

1+α
′

2)
2 .

From Lemmas 1, 2, α can be taken in form α = (µ1, µ2, µ3) + (ν1, ν2, 0) where

(µ1, µ2, µ3) ∈ N ∩ N
3
0, (ν1, ν2) ∈ Mj−(α

′

1
+α

′

2
) ∩ N

2
0. Then from Lemma 5 we

obtain

‖xα3(D
α
′

1
x D

α
′

2
y ϕ)D

α1−α
′

1
+β1

x D
α2−α

′

2
+β2

y u‖L2

≤ C
α
′

1
,α

′

2

ρ−(α
′

1+α
′

2)‖xµ3(Dµ1
x Dµ2

y (D
ν1
x Dν2

y u)‖L2(Bρ1+ρ)

≤ Cρ−(α
′

1+α
′

2)|||u, ρ1 + ρ|||j−(α′

1
+α

′

2
)
,

where C = max
α
′

1
≤m,α

′

2
≤m

C
α
′

1
,α

′

2

. �

Corollary 1. Let U ∈ C∞. Then there exists C > 0 such that for all (β1, β2) ∈
Mj ∩ N

2
0, j ≥ 1,

‖[P, ϕ]Dβ1
x Dβ2

y u‖L2 ≤ C
m∑

i=1

ρ−i|||u, ρ1 + ρ|||j−i,

where ϕ is from Lemma 5.

Proof: The proof follows from Lemma 6, if we note that [P, ϕ] is representable
by linear combination of terms in form

xα3(D
α
′

1
x D

α
′

2
y ϕ)D

α1−α
′

1
x D

α2−α
′

2
y ,

where (α1, α2, α3) ∈ N ∩ N
3
+, 0 ≤ α

′

1 ≤ α1, 0 ≤ α
′

2 ≤ α2, and α
′

1 + α
′

2 ≥ 1. �
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Lemma 7. Let U ∈ C∞ and (α1, α2, α3) ∈ N ∩ N
3
+, (β1, β2) ∈ Mj ∩ N

2
0,

0 ≤ γ1 ≥ β1, γ1 ∈ N . Then

(4) ‖(Dγ1
x xα3)Dα1+β1−γ1

x Dα2+β2
y u‖L2(Bρ1+ρ) ≤ C|||u, ρ1 + ρ|||j−γ1

with some constant C > 0.

Proof: Inequality (4) is trivial for γ1 > α3. Let γ1 ≤ α3. Then from Lem-

mas 3, 4 we obtain that (α1 + β1 − γ1, α2 + β2, α3 − γ1) ∈ Aj−γ1
2 ∪Aj−γ1

1 . From

Lemmas 1, 2, this multi-index can be taken in form (α
′

1, α
′

2, α3− γ1)+ (β
′

1, β
′

2, 0),

where (α
′

1, α
′

2, α3 − γ1) ∈ N ∩ N
3
+, (β

′

1, β
′

2) ∈ Mj−γ1 . If we take C ≥ α3!/γ1!
then the proof is complete. �

Corollary 2. Let U ∈ C∞. Then there exists a constant C > 0 so that for any
multi-index (β1, β2) ∈ Mj ∩ N

2
0, j = 1, 2, . . . ,

‖[P,Dβ1
x Dβ2

y ]u‖L2(Bρ1+ρ) ≤ C

j∑

i=1

j!/(j − i)!|||u, ρ1 + ρ|||j−i.

Proof: The proof follows from Lemma 7 if we note that [P,Dβ1
x Dβ2

y ] is rep-

resentable by a linear combination of terms in form (Dγ1
x xα3)Dα1+β1−γ1

x Dα2+β2
y

where (α1, α2, α3) ∈ N ∩N
3
0, 1 ≤ γ1 ≤ min(β1, α3) and the number of the nonzero

terms in which xα3 is differentiated γ1 times is less than C
γα3

j (C
γα3

j are binomial

coefficients). �

Theorem 1. Let the hypoelliptic differential operator P (x,D) from (1) with
N (P ) in form (2) satisfy in any neighborhood U of 0

∑

(α1,α2,α3)∈N (P )∩N3
0

‖xα3Dα1
x Dα2

y ψ‖L2 ≤ ‖P (x,D)ψ‖L2 , ψ ∈ C∞
0 (U).

Then all solutions of equation P (x,D) = f belong to the class G(λ1,1)(V ), with

V ⊂⊂ U , (0, 0) ∈ V , where f ∈ G(λ1,1)(U).

Proof: We take U = B3, V = B1. Let ρ > 0, ρ1 > 1, ρ1 + ρ < 2, then for any
multi-indices β ∈ N

2
0 from (3) we obtain

|||Dβ1
x Dβ2

y u, ρ1||| ≤ |||ϕDβ1
x Dβ2

y u, 2||| ≤ C‖P (x,D)(ϕDβ1
x Dβ2

y u)‖L2 ,

where ϕ is from Lemma 5. Since

‖P (x,D)(ϕDβ1
x Dβ2

y u)‖L2

= ‖ϕDβ1
x Dβ2

y f‖L2 + ‖[P, ϕ]Dβ1
x Dβ2

y u‖L2 + ‖[P,Dβ1
x Dβ2

y ]u‖L2(Bρ1+ρ)
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then for any natural j

|||u, ρ|||j ≤ max
(β1,β2)∈Mj∩N2

0

{‖Dβ1
x Dβ2

y f‖L2(B2) + ‖[P, ϕ]Dβ1
x Dβ2

y u‖L2

+ ‖[P,Dβ1
x Dβ2

y ]u‖L2(Bρ1+ρ)}.

From condition f ∈ G(λ1,1)(U) and from Corollary 1, 2 for j ≥ 1 with some
constant C1 = C1(f) we obtain

(5) |||u, ρ1|||j ≤ C(C
j+1
1 j!+

m∑

i=1

ρ−i|||u, ρ1+ρ|||j−i+

j∑

i=1

j!/(j−i)!|||u, ρ1+ρ|||j−i).

For any natural s, j ≤ s we denote

ωs,j = s
−j |||u, 2− (j + 1)/s|||j .

Applying (5) with ρ = 1/s, ρ1 = 2− j/s, we obtain

(6) ωs,j ≤ C(C
j
2 +

m∑

i=1

ωs,j−i +

j∑

i=1

ωs,j−i)

with some constant C2. From (6) we obtain by induction ωs,j ≤ C
j+1
3 for j ≤ s

with some constant C3 > 1. For j = s we obtain |||u, 2 − (s+ 1)/s|||s ≤ Cs+1
3 ss,

s = 1, 2, . . . . Since

{ν : ν ∈ R
2
+, λ1ν1 + ν2 ≤ k − (1 + h)m} ⊂ Mk ⊂ {ν : ν ∈ R

2
+, λ1ν1 + ν2 ≤ k}

for any k ≥ (1 + h)m, the proof is complete. �
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