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Gevrey hypoellipticity for a class of
degenerated quasi-elliptic operators

G.0O. HAKOBYAN, V.N. MARGARYAN

Abstract. The problems of Gevrey hypoellipticity for a class of degenerated quasi-elliptic
operators are studied by several authors (see [1]—[5]). In this paper we obtain the Gevrey
hypoellipticity for a degenerated quasi-elliptic operator in R?, without any restriction
on the characteristic polyhedron.
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1. Statement of the result

Let R™, or E™, be the n-dimensional real Euclidean space of points £ =
(&1,---,&n), v = (x1,...,zp) with real components. Let Ni be the set of multi-
indexes a = (aq, ag, ..., ap) with nonnegative integer components. Denote

R = {6 €R™ & ... & #£0}, RT = {¢ e R™¢& >0, =1,...n}.

For £ € R", o € NI we set €% = £ -+ gn,Da:D‘fl---Dgn,whereDj:%
_ _; 0 .
OrDj—_Z@m_jv ij=1...,n.
Let Q be an open subset of R?, A € R”, \; > 1,7 =1,...,n. We denote by

G () the class of all functions f € C°°(£2) so that for any compactum K CC
there exists a constant C' = C(K, f) for which

sug | DY f(x)| < C‘O‘Hla?l)‘l LadmAn o e NB.
re

Let in R? with variables z, Y,

(1) P(z,D) = > Coa®3 DY D>,
a=(a,az,03)€(P)

be a differential operator with constant coefficients C,. Here the sum is over a
finite set of multi-indexes (P) = {a: a € N3,C, # 0}.
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Definition 1. The characteristic polyhedron (C.P.) N(P) of P(x,D) is the
smallest convex polyhedron in R3. containing all points a € (P) U {0}.

The results of Gevrey regularity for a certain class of quasi-elliptic operators
degenerate on a symplectic manifold and with some restrictions on N'(P) were
obtained by V.V. Grushin, L. Rodino, L.R. Volevich, C. Parenti and others.

Let A1 > 1, h > 0 be rational numbers, A = (A1,1). We denote

2 N={v:ve Ri’_, vy +va <m v+ (1+h)ve — Aivg < m, Ay < hin}.

We consider differential operator (1) for which C.P. have form (2). It is easy
to show that m,m/A1, hm/A1,m/(1 + h) are naturals. After introducing some
preliminary lemmas we will prove the following result, cf. Theorem 1.

Theorem. Let the hypoelliptic differential operator P(x, D) from (1) with N (P)
in form (2) satisfy in some neighborhood U of 0

3) > 2% Dg* Dy L) < 1P(2, D)Yl Ly(0), ¥ € Coo(U).
(al,az,ag)EN(P)ﬂNg

Then all solutions of equation P(z, D) = f belong to the class GAD(V), with
V cc U,(0,0) € V, where f € GA1:1(1)).

We observe that (3) implies that |P(x, &, n)| # 0 for z,&,n # 0, analogously to
the condition asked by Volevich [5] in order to ensure the hypoellipticity of P(D)
for  # 0, under suitable conditions Parenti-Rodino [2] that the hypoellipticity
continues to hold for z = 0.

2. Preliminary lemmas

Let h > 0, A1 > 1 and m,j be naturals.
We denote

M ={v:v eR2, 20w + 19 < j, \iv1 < (1+ h)m},
M% ={v:ve Ra_,)\lyl +v9 <j—(1+4+h)m, \v1 > (14 h)m},
if 7 < (1 — h)m then we take ./\/l% = (). We set MJ = ./\/ljl UM%,
Al = {v:veR3 Ay +va <m+j, 201 + v < j + 2m,v3h < hm,
v+ (1 +h)ve — v <m+ (14 h)j, Aiv1 < (1+ h)m +m},
Al z{u:ueRi’_,/\lul—i—l/g <m+j—(1+h)m,

AMr1+ 14+ hve — M3 <m+ (1+h)(j— 1+ h)m),
v3A1 < hmy,\v1 > (1+ h)m},

if j < (1+h)m —m/(1+ h) then we take A} = (.
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Lemma 1. Let h >0, A\ > 1, m m/)\l,] be naturals and N the polyhedron in
form (2). Then any multi-index v € (A] \ A] 1) NN can be represented in the
form v = o + (3,0) where o € N NN, BEMJ NN3.

PROOF: Let v € (A] \.AJ 1)0N3 If 1 > m/A1 then we take o = (m/A1,0,v3) €
NO, B =1 —m/A\,) € NO For a and (3 we have

Aol +ag =m, \ag + (1 + h)a2 —AMag=m— A3 <m, \ag = \r3 < hm,

ie.a € N, 2181+ B2 = 201 (1 —m/ A1) +rvo = 2011 +vo—2m < j+2m—2m =
hMpr=Mrvi—-m<(1+h)m+m—m=(1+h)m, ie. ﬁEM{. If ) <m/\
(i-e. A1v1 < m — A1) then we consider the following possible cases:
I) 2\ +v2 > 5 —1+2m hence vo > j — 1+ 2m — 2m + 2)\ > j,
II) M1 +va>m+j—1lhencevo >m—+j—1—m+ A >,
III) Mvi+ (1 +h)va —Arvg >m+(1+h)(j —1) hence (1+h)rg >m+(1+
M(G—1)—m+ A ie vg>j—1.

Therefore v > j. .

We take o = (v1,19—J,v3) € Ng, B=(0,5) € Ngﬂ/\/ljl. We obtain A\ja +ag =
M1+ —j<m+j—j=m, Mag+ (1 +h)ag — \vg = \iv1 + (1 + h)ve —
Mrs—(1+h)j<m+(1+h)j—(1+h)j=m, a3 =Mv3<hm,ie acN.

[l
Lemma 2. Let h>0, A\1 > 1, m, m/)\l,j be naturals and N the polyhedron in
form (2). Then any multi-index v € (A] \A] 1) NN} can be represented in the
form v = o + (3,0) where « € N NN3, € MJ ﬂN2

PROOF: Since v € (A} \ AL ") NN3, we have j > hm and vy > m/A;. If
J < (14+h)mthen \jv1+vo <m+j—(1+h)m < mand A\jv1+(1+h)vg—v3A; <
m+j — (L4 h)m < m ie. v € N. Therefore, we can take « = v € N'N N3 and
ﬁzOEMjﬂN%. We can write v = a + (.

If j > (14h)m then we take o = (m/\1,0,13) € N3, B = (v1 —m/\1,10) € N%.
Since A1 + ag = m, Aiag + (1 + h)ag — Myag = m — \iv3 < m and \ag =
Aov3 < him, it follows that o € V.

Let us show that 8 € M7. We will consider the following possible cases:

I) Miv1 —m > (1+ h)m hence \if1+ P =M1 +vo—m<m+j—(1+
hym —m =j — (14 h)m, ie. ﬂeM%,

IT) Aiv1 —m < (14 h)m hence 2A151 + B2 = 2 \v1 +vo —2m = My + o +
A1 —2m < m+j—(1+h)m+)\1(u1—m/A1)—m <m+j—(1+h)m+
1+ h)m—m=j,ie. 56./\/1]

For v1 > m/A1 we have o = (m/)\1,0,13) € N NN, = (v1 — m/A1,10) €
(M UML) NN, O
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Lemma 3. Leth >0, A1 > 1, m, m/M1,j be naturals and N the polyhedron (2).
If a € N, B € M{ ﬂNg then (041 + B1 — V1,9 + PB2,a3 — 71) c A{_’Yl for
0 <71 < min(f1, o3).

PROOF: Since § € ./\/l{ QN% and 0 <1 < min(f1, a3) we have j > 2\101 + 02 >
2A171 = 1. Therefore

20 (o1 + 1 — 1) + o + o = 2(A10q + a2) + (2M181 + B2) — 2A1m
<2m+j -2 \m <2m+J— 7,

A1+ B1 =) + (1 +h) (a2 + B2) — Ai(ag —71)
= (M1 + (14 h)az — Aaz) + (M P11+ (1 + h)Ba2)
<m+ (1+h)2MB1 + B2) — (2h + D)A1 51
<m+1+h)ji-—2h+DAMy1<m+1+h)([J—m),

M1+ 681—m) = a1+ 81 =M1 <m+(1+h)m— Ay <m+ (1+h)m

ie. (a1 + 1 — 1,00+ B2, a3 —m) € A} 0
Lemma 4. Let h >0, Ay > 1, m,m/A1,j be naturals and N the polyhedron (2).

Ifa e NNN3, g e MJQNO then (a1 + 51 —71, a2+ P2,a03—71) € ./4] VlUAJ m
for 0 <1 < min(f1, as).

PROOF: Since § € M{ N Ng and 0 < v; < min(f1, a3) we have j > A\181 + (1 +
h)m > ~1. We consider the following possible cases:
I) for Ai(a1 + 51 — 1) > (1 + h)m we obtain

a)  Ar(ar+B1—m) + (a2 + f2) = (Mg +a2) + (MP1+ B2) — \im
Sm—Fj—(l—l—h)m—/\l’yl
<m+(j—71)— (1+h)m

b) since a € N, 3 € M% and 71 < a3z we have

Ar(ar + 61 =) + (L +h)(ag + B2) — A(az — 1)
= (Mar + (1 +h)ag — Araz) + (MB1 + (1 + h)52)
<m+ (1+h)(Af1+ B2) — hA1f1

<m+(L+h)(j — 1+ h)m) — haf
<m+(L+h)(j — 1+ h)m) —h(l+h)m
<m+ 1+ — 1 +h)ym) — (1+h)Ares
<m+ 1+ — 1 +h)ym) — (1+h)Am
<m+1+n0)3G—mn—(1+h)m),
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c) AM(az —71) < A1ag < hm.

From a), b), ¢) for case I) we obtain (a3 + 81 — y1,a2 + B2,a3 — 1) € A%_ﬁﬂ
or (a1 + B — 1,2 + fa,a3 — 1) € AT UATTY

IT) for Aj(a1 + B1 —v1) < (1 + h)m we obtain

a) 2\i(a1+ B —m) + (a2 + F2) = (2A1a1 + a2) + (2M1 61 + f2) — 2Mim
<2m+j =2 71 < 2m+ (5 — 7)),

b) Ar(ar + 1 — ) + (a2 + B2) = (AMa1 + a2) + (M1 f1 + F2) — A
<mA4j—1+hm—Ay <m+j— 7,

c) sinceaEN,ﬁeM% and 71 < ag,

Ao+ 61 —m) + (L +h)(az2 + B2) — A(az — 1)
= (Ma1 + (14 h)ag — Adaz) + (A8 + (1 + h)B2)
<m+ (L+h) (M P+ B2) — hai B
<m+1+h)(G—1+h)m)—h(1l+h)m
<m+(L+0)( = (1+h)m) — (1+h)az
<m+(1+4+h)(j—Q+h)m)—(1+h)n
=m+(14+h)(G—71—1Q+h)m).

Therefore (a1+51 71, ag+02,a3—71) € A7 or (a1 +81—71, ag+P2,a3—71) €
J=n g
AyTPU AT O

3. Main results

Let P(z,D) = Y Coz*3D3'Dy? be a differential operator with C.P. in
form (2). Since m,m/\1,hm/A1,m/(1 + h) are naturals, Lemmas 14 are valid
for N(P).

For t > 0 we denote By = {(z,y) € R?, |z|> + |y|? < t?}.

We use a well known result (see for example Lemma 2.1 in [3]).

Lemma 5. Let p1 > 0, p > 0. Then there exists a function ¢ € C§°(R?) such
that supp @ C By, +p, ¢(z,y) =1, (z,y) € Bp,, 0 < ¢(x,y) <1 and

x| D D§p(,4)| < Cay ™ @172,
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where Cq; o, is independent of py and p.

For u € C*° we denote

llu,oll = > [2**DE* DY | 1(8,)
aeNNN3
llu,olle = max _|[DIDPu,of| for t>0

B1,B2EMPNN2
and
[[u, olll¢ = [llu, of| for ¢ < 0.

Lemma 6. Let u € C°, aeNﬂNi’_, Ogo/l < ay, Oga; < ag, 04/1,04/2 eN,
€ (0,1). Then there exists a constant C' > 0 so that for any (31, 32) € MINNZ,
i=1,2,...,
o o a —a,+6 « —a/—i-,B —(a !
”xa?’(leDyz@)Dml 1 1Dy2 2 2U||L2 <Cp (Ol1+0l2)|||u,p1+p|||j_(a/1+a/2),
where @ is from Lemma 5.

PRrROOF: We can assume without loss of generality that j > o/l + 04,2. Now we

. 4 / . / ’
show that o = (a1 — 0‘/1 + B1,a0 — 04/2 + B2,a3) € A{_(al—i_%) u AL (erten),

From Lemmas 1, 2, « can be taken in form a = (u1, p2, pu3) + (v1,v2,0) where

(1, p2, p13) € N ON3, (v1,19) € Mi—(e1tas) Ng. Then from Lemma 5 we
obtain

! ! 1 /
—oy+ —ay+
|23 (DS D2 o) Dot~ 1t pee etz

/ /
< Ca'l,o/zp_(al +ay) ||x“3 (Dgl Dgz (D;l Dzzu)HLz(Blerp)

< Op—(a1+a2)|||u,p1 + p|||j_(af1+a'2),

where C' = max / O

algm,a; <m Ca; ,a; :
Corollary 1. Let U € C°. Then there exists C > 0 such that for all (31, 2) €
MINN3, j>1,

m
I, D2 Dl < €S p il o1 + -
i=1
where @ is from Lemma 5.

PROOF: The proof follows from Lemma 6, if we note that [P, ¢] is representable

by linear combination of terms in form
!
a;—ay

203 (D?l Dgz <P)Dx D;éz—az

where (aq, ag, as) ENﬂNi’_, 0< 04,1 <ag, 0L alz < a9, and all —|—a/2 > 1. O

3
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Lemma 7. Let U € C® and (a7,09,03) € N NN2, (B1,08) € MIin N%,
0<91>p1, 1 €N. Then

(4) NP DRI DE ey 3 < Ol pr + pll i

with some constant C > 0.

PROOF: Inequality (4) is trivial for 77 > a3. Let 71 < a3. Then from Lem-
mas 3, 4 we obtain that (a1 + 81 —y1, 00 + 2,03 — 71) € A" UA]" ™. From
Lemmas 1, 2, this multi-index can be taken in form' (o/l, alz, az—71)+ (ﬁll, ﬁ;, 0),
where (aj, 09,03 —71) € N N Ni’_, (B1,089) € MI77. If we take C' > ag!/7!
then the proof is complete. O

Corollary 2. Let U € C*°. Then there exists a constant C' > 0 so that for any
multi-index (B1,32) € MINNZ, j=1,2,...,

J
I[P, D D2l Ly s, ,,) < C Y 3G = Dl p1 + pllj—i-
i=1

PRrROOF: The proof follows from Lemma 7 if we note that [P, Dnggz] is rep-
resentable by a linear combination of terms in form (D}! xa3)D%1+51_'“ Dy? +h2
where (a1, az,a3) € NNN3, 1 < 41 < min(f1, a3) and the number of the nonzero
terms in which 3 is differentiated -7 times is less than C;Ya?’ (C]a?’ are binomial
coefficients). O
Theorem 1. Let the hypoelliptic differential operator P(xz, D) from (1) with
N (P) in form (2) satisfy in any neighborhood U of 0

Z ||:1:0¢3D%1D§21/J||L2 < ||P(z, D)||L,, € C°U).
(a1,02,3)EN (P)NN3

Then all solutions of equation P(x, D) = f belong to the class G (V), with
V cc U, (0,0) € V, where f € GArU(U).

PrOOF: We take U = B3, V = Bj. Let p > 0, p1 > 1, p1 + p < 2, then for any
multi-indices 3 € N2 from (3) we obtain

IDF Dy, pr| < oD Dy2u, 2|| < C|| Pz, D) (@D Dyu)| L,
where ¢ is from Lemma 5. Since

IP(, D)(#DF Dy u)|
= DDy fll1, + I[P, DI Dy ul o, + [P, DED2lull 1y, )
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then for any natural j

u, p|||l; < max DﬁlDﬁzf + [P, DR DBy,
Il |||J (51752)€MjﬂN(2){|| z Ty HLz(Bz) [P, ] D Y HL2

+ 1P, DY D lul 15, -

From condition f € G()‘lvl)(U) and from Corollary 1, 2 for j > 1 with some
constant C1 = C1(f) we obtain

m J
i+1 . —i Nl
®) Il prlly < CCTT 314> p 7 llws pr+plli—i+ Y 31/ G=i)lllu, o1+ pllj—i)-
i=1 i=1

For any natural s, j < s we denote
wsj = w2 = (G +1)/sl5.

Applying (5) with p =1/s, p1 = 2 — j/s, we obtain
om j
(6) ws,; < C(CY + Zws,j—i + Zws,j—i)
=1 =1

with some constant Co. From (6) we obtain by induction ws ; < C§+1 for j <s

with some constant C3 > 1. For j = s we obtain |[|u,2 — (s +1)/s|||s < C§+1ss,
s=1,2,... . Since

{I/:VGR%_,/\lVl—FVQSk—(l—l—h)m}CMkC{V:I/ER%_,/\lVl—FVQSk}
for any k > (1 4+ h)m, the proof is complete. O
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