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Estimation functions and uniformly most
powerful tests for inverse Gaussian distribution

IoN VLADIMIRESCU, RADU TUNARU

Abstract. The aim of this article is to develop estimation functions by confidence regions
for the inverse Gaussian distribution with two parameters and to construct tests for
hypotheses testing concerning the parameter A when the mean parameter p is known.
The tests constructed are uniformly most powerful tests and for testing the point null
hypothesis it is also unbiased.

Keywords: inverse Gaussian distribution, estimation functions, uniformly most powerful
test, unbiased test

Classification: 62F03, 62F25

1. Introduction

The inverse Gaussian distribution was first derived by Schrodinger (1915) in
connection to the first hitting time in Brownian motion. In statistics it was derived
by Wald (1947) for sequential testing, by Hadwiger (1940) and Tweedie (1957).
Some monographs dedicated to this subject are Chhikara and Folks (1989), Se-
shadri (1994) and Seshadri (1999).

A bivariate inverse Gaussian distribution is investigated in Essam and Nagi
(1981). Although in the literature there are several goodness-of-fit tests, see
Edgeman et al. (1988), O’Reilly and Rueda (1992), Pavur et al. (1992), Mergel
(1999) and Henze and Klar (2001), and some other empirical distribution function
tests such as Kolmogorov-Smirnov test, the Cramer-von Mises test, the Anderson-
Darling test and the Watson test have been investigated in Gunes et al. (1997),
there are no uniformly most powerful tests developed for testing in the inverse
Gaussian context.

The inverse Gaussian distribution has many applications in actuarial statistics
(for example Ter Berg 1980, 1984) and it has been also used lately in mathematical
finance due to its useful properties such as closure under convolution and flexibility
in modeling positively-skewed and leptokurtic sets of data.

The main aim of this paper is to propose estimation functions by confidence
regions and some uniformly most powerful tests for the A\ parameter when the
mean parameter y is known. Various point, unidirectional and bidirectional tests
are considered for testing hypotheses.
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All probability density functions in this paper are considered with respect to
the Lebesgue measure on the relevant metric space, most often this is R the set
of real numbers. For any random variable g we denote by Fj; the cumulative
distribution function of g and by p4 the probability density function of g.

The inverse Gaussian distribution G , has the following probability density
function

1
A2 A (z— p)?
plx: A p) = (m) €xp [_m(‘TTM)] 1(0700)(35)-

Under this parameterization, the inverse Gaussian distribution has mean u
and variance u?’/ A. Its shape is modeled by the value of A\/u. The cumulant
generating function is the inverse of that of the normal or Gaussian distribution
and this is the reason for the name of this distribution, the inverse Gaussian.

The next results are useful to prove the main results of this paper.

Theorem 1. Let (Q, F, P) be a probability space and f : @ — R be a random
variable having the distribution G ,,. Then

(a) cf ~ Gey,ep for any ¢ > 0;

(b) %% ~ x2(1), where x%(1) is the chi-square distribution with one

w
degree of freedom.

The first point was proved in Tweedie (1957) while the second can be found in
Shuster (1968).

For any positive integer n the cumulative distribution function of the chi-square
distribution x?(n) is denoted by Fy(-).

Using the characteristic function it can be easily shown that if fi1,..., f, are
random variables independent and identically distributed with distribution G, ,
then

1
(1) EZfz ~ Gn)\,u-
Consider the statistical model given by

(n)
(2) ((0,50), B(p,soys {Gap | A > 0})

The mappings
pr; : (0,00)" — (0, 00)

defined by pr;(z(™) = z; for any (™ = (x1,... ,2,) € (0,00)" and any i =
1,...,n are independent, identically distributed with distribution G, ,.
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Theorem 1 above implies that
1 n
(3) n Zpri ~ Gn)\,u'
=1

Applying then the second point of Theorem 1 we get that

2
1 S 1
(nu i=1PLi )
(4) nA=—— ~ x3(1).
n 24i=1PLi

Next we need to define the functions m,(+;-) : (0,00)™ x (0,00) — (0,00) by
1 2
Wn(x(n)»)‘) = 7}_/\ <_jn - 1> )

where 7,, = % Yo i ;. In other words,

L s 1 2
A\ np 2wi=1PTi
1
7 Doie1 PT;

(5) (A =n

for any A > 0.

2. Main results for estimation functions

In this section we are preparing the way to the main results providing confidence
regions and uniformly most powerful tests.

Lemma 1. Let n be a positive integer and i be a positive real number. Then
(6) (5 A) >0, Ny o ae
for any A > 0.

PROOF: Obviously 7, (z(™); ) > 0 for any (™ € (0,00)" and A > 0. In addition

B ({2 € (0,00)" | (™3 2) = 0}) = (GF, 0 (m(5 ) 71) ({0})
= 2(W)({0}h) = 0.

Similarly with the construction above, if n is a positive integer and A is a
positive real number we can define 7, (+;-) : (0,00)™ X (0,00) — (0,00) by
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2
77rn(x(n); ) = T_L_)\ (lfn - 1)

where Z,, = % +—1 T;. Once again

() ) = AR ~3(1)

for any p > 0. O

Theorem 2. Let ((O,oo),B(O’oo), {Grpl A > O})(N) be a statistical model.

(a) If 4> 0 and « € (0,1) are known and 0 < u < v such that x2(1)([u,v]) =
1 — « then the mapping oy, : (0,00)" — 2(0:20) defined as

(8) 5 (™) = {A> 0] u < m(z™; ) <o}

is an estimation function by confidence regions at the level of significance
1 — « for the parameter \.
(b) If A > 0 and o € (0,1) are known and 0 < w < v are real numbers

such that x2(1)(Ju,v]) = 1 — « then the mapping by, : (0, 00)" — 2(0:%0)
defined as

9) bn(@™) = {1 > 0] u < Fn(aM; ) < 0}

is an estimation function by confidence regions at the level of significance
1 — « for the parameter .

PROOF: (a) From (5) it follows that 7y, (+; A) is (B(g,a0)n, B(0,00))-measurable while
(4) implies that GY .0 (mn (3 A) 71 = x2(1) for any A > 0. Thus 7y, (+; -) is a pivotal
function for the parameter \.
Taking into account that x2([u,v]) = 1—a we conclude that &,(-) is an estima-
tion function by confidence regions at level of significance 1—q« for the parameter .
(b) The proof is similar with that for (a) replacing 7y, (-; A) by 7n(+; p).
Combining the above theorem with Lemma 1 we get that

5n(a:(”)) = u

n
v, )‘7/1/_ a.e.
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Let h,.3 be the quantile of order 3 for the x2(n) distribution and a1, as € (0,1)
such that a1 + @ = a. Then

Sn(z(™) = n h1.aq, T hi.1—
n( ) [n(%fn—1)2 Loy n(%jn_l)Q Lil—as

n
y )‘7/1/ — a.e.

provides an estimation method by confidence regions at the level of confidence «
for the parameter \.

Moreover, the above theorem may be used to conclude that the mapping 5;; :
(0, 00)™ — 2(0:°°) defined as

- 1 VT 1 UuT

o [ B IS ke C I (Y (e

e s () 2 ()]
1 ULy, 1 VIn
— |1 ket OO IR | -mn

provides an estimation method by confidence regions at level of significance 1 — «
for the parameter % O

Kl

3. Preliminary results for testing hypotheses

Lemma 2. Let (Q,F, P) be a probability space, A\ a positive real number and
f : Q — R a random variable such that A\f ~ x2(1). Then, the probability density
function of the random variable f is

[NIES

(10) plz; N) = (%) 23 eXp(_)\;)l(O,oo)(x)'

PROOF:

Fy(z) = P(f <) = P(\f < Az)1(0,00)(2)

1
AN2 1 A
) <%) v e (-5 ) o) ()

Consider the probability measure vy on the set of real numbers R having the
probability density p(-; A). For any positive parameter \ it is obvious then that
supp(vy) = [0,00) and, if T : R — R is a function defined as T)(x) = Az, then
V) © T)\_1 = X2(1). Hence, if the random variable h has the distribution vy then
the random variable Ak has the distribution x?(1). (]
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Lemma 3. Let vy be a probability distribution having the probability density

(1) o)) = (%)%x-% exp (~20),

The statistical model ((0, 00), B(0,00)s {Va | A > 0}) has a monotone likelihood
ratio.

PRrOOF: Consider 0 < A1 < Ag. Then

p(z; A1) ) = g 2 (T (2)),

plx;de) _ (A2 1/2e (_)\2—/\1
A1 *P 2

where 7" : (0,00) — R, T(x) = —z is a (B(g,0), Br)-measurable function and
the function hy, y, : & — R defined by

tna(e) = (22) e 22520
is increasing. O
4. Main results for testing hypotheses
Theorem 3. Consider the statistical model
(12 (10.59). By (G 11> 03)"

with ¢ > 0 and n known. Let A\g > 0 be a fixed value of parameter A\ and o a
level of significance.

(a) For testing the null hypothesis Hy : A € (0, Ag] versus the alternative
Hy : X € (Ao, 00), the pure test pp = 1¢, with

2
(13) Cp = {x(") € (0,00)" | - (lzn - 1) < h;—a}
0

Tn \ MU

is uniformly most powerful.

(b) For testing the null hypothesis Hy : A € [A\g,0) versus the alternative
Hy: A€ (0,)), the pure test o, = 1¢, with

2
(14) Cp = {I(n) € (0,00)" | X (LG - 1) > hl?;‘“}
0

Tn \ M
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is uniformly most powerful.

(c) Let 0 < A1 < A2 be some known values. For testing the hypothesis Hy : A €
(0, A\1]U A2, 00) versus Hy : A € (A1, A2) at the level of significance «, a uniformly
most powerful test is the pure test ¢ = 1¢, where

2
(15) Cp = {I(”) € (0,00)™ | _% <%jn — 1> € [01,62]}

and ¢1 < 0 and ¢y are determined from the conditions

Fi(—c1A1) — Fi(—c2A1)
Fi(—c1A2) — Fi(—c2A2)

a,
Q.

(d) Let 0 < A1 < Ay be some known values. For testing the hypothesis Hy :
A € [A1,A2] versus Hy : A € (0,\1) U (Ag,00) at the level of significance «, a
uniformly most powerful test is the pure test ¢, = 1¢, where

2
Cp = {:v(") € (0,00)" | - (lg‘cn — 1) < cl} U

I

2
{x(") € (0,00)™ | —_ﬁ (lg‘cn — 1) > cg}
Tn \ U

and c¢1 < co < 0 are determined from the conditions

(16)

Fi(—ciM) — Fi(—ecoM) =1 —a,
Fi(=c1d2) — Fi(—=c2d2) =1 - a.

(e) Let A > 0 be some known value. For testing the hypothesis Hy : A = A\g
versus Hy : A > Ao at the level of significance «, an unbiased, uniformly most
powerful test is the pure test ¢ = 1¢, where

2
Cn, = {x(") € (0,00)™ | —_i <l§:n — 1> < cl} U

Tn \ M

n (1 2
{x(") € (0,00)" | —— <—§:n - 1> > C2}
Tn \ M

and c¢1 < co < 0 are determined from the conditions

(17)

Fi(=c1)0) — Fi(=c2M0) =1 - q,

8% (F1(=c1A) = Fi(=c2)) [x=x, = 0.
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PRrROOF: (a) Consider the probability density function vy given in (11) and the
statistical model

(18) ((0,50), Bg,00)s {2 | A > 0}) .

If vy, = (0,00)™ — (0,00) is an application defined by

-2 ()

then the above statistical model can be rewritten as
((0,00), B(p,oo: (G5 0 vt [ A > 0})

Using Lemma 3 this statistical model has a monotone likelihood ratio with
respect to the statistic T'(z) = —z. Applying Lehmann’s theorem (see Lehmann,
1959, for further details), we get that the pure test pg = 1¢, with

Co={xz>0]|n(x)>c}

where ¢ < 0 is determined from the condition v),(Cp) = «, is uniformly most
powerful at the level of significance « for testing Hy : A € (0, \g] against the
alternative Hy : A € (Ag, 00).

Observe that

a=vy,(Co) =vr,({x > 0] =z >c}) =vy,({x >0 Az < —cAo})

= X*()({z > 0] Aoz < —cAo})
= Fi(—cXo).

Now, —cAg = h1;q Or ¢ = —% and therefore

h1.

Co={z>0|z <=2},

Ao

At the same time
hy
a=vy(Co) = (Grguovpnt) {I>0|I<—}
(n) hl;a
Goo {2 € (0,00) | vn (™) < /\—0} :

Thus, the uniformly most powerful critical region at the level of significance «,
for testing the null hypothesis Hy : A € (0, A\g] versus Hj : A € (\g,00) is given
by (13).
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(b) Starting with the statistical model (18) the pure test pg = 1¢, where Cp =
{z > 0| T(r) < ¢} and c being determined from the condition vy (Cp) = « is
uniformly most powerful at the level of significance « for testing Hg : A € [Ag, 00)
versus Hy : A € (0, \g).

First remark that

a=vy,({r>0] -z <c})=vy,({z>0] oz > —c)o})
= x*()({z > 0] Xz > —cho})
=1— Fi(—c)g).

hi1—a

This means that —Aoc = h1.1— o Or c = — . Thus,

hi.1—
Co—{a:>0|:c> 11 a}.
Ao

From this point the proof continues similarly as in (a).

(c) The statistical model (18) is of exponential type since

(19) p(z; A) = c(A)d(z) exp (QA)T (z)),

1/2
where ¢()\) = (%) / ; d(x) = x_%; T(x) = —z; Q) = % for any A > 0,

x > 0. It is obvious that d and T are measurable and that () is increasing, so
using a theorem from Lehmann, 1959, p. 128, gives a uniformly most powerful
test at the level of significance « for testing Hy : A € (0, 1] U [A2,00) versus

1: A€ [A,A2]. The test is @9 = 1, where Co = {z > 0] c1 < T(x) < co}
with c1, cg being calculated from the conditions

(20) v, (Co) = o, 1), (Co) = o

Proceeding as in the proof of points (a), (b) we get that ¢; < 0 and that the
equations (20) are equivalent to

In addition
a =y, (Co) = ( Mot e >0 —e2 <z < —c1})
G5 (2™ € (0,00)™ | —cg < vn(2(n)) < —c1})

Gy ({2 € (0,00)™ | e1 < —vn(2(n)) < c})
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and analogously

)\2 M({.I (O,oo)” | 1 < _'Un(I(n)) < 02}).

For the statistical model ((0, 00), B(g oc), {Gau | A > 0})(™) the result now follows.

(d) The proof is very similar to the above for (c) observing that @ is a contin-
uous and increasing function and applying a well-known theorem from Lehmann,
1959.

(e) Starting again from the theorem from Lehmann, 1959, we can say that the
pure test g = 1¢,, where

Co={z>0|T(x)<c1}U{x>0]|T(x) > ca}
and cy, ¢y are calculated from the conditions

(21) Vo (Co) = a

9 (A(Co)) Ia=ro =0

(22) X

is uniformly most powerful and unbiased at the level of significance « for testing
the null hypothesis Hp : A = A\g versus Hj : A > 0. The first equation from (21)
is equivalent to

Fi(=cXo) — Fi(—c2Xo) =1 - a.

Take into account that

n(Co)=vy{r>0|z>—c1}U{z>0|z< —ca})

n{z>0] Az > =-dar}) +vn({x > 0] Az < —Aea})
Oz >0z > -Aer}) + 2D {z > 0] 2 < —Aea})

= Fl( Acg) + 1 — Fi(—Ae2).

Thus, the second equation from (21) is equivalent to

(% (F1(=c2)) = F1(=c1])) [x=xo= 0.

Similarly to the proof detailed for (a) above, we get the stated result. O
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5. Conclusion

The inverse Gaussian distribution has been used for many decades in actuarial
statistics and it makes its way through mathematical finance. This distribution
is a flexible positive-support probabilistic model with two parameters.

Although in the literature there are several goodness-of-fit tests and some
other empirical distribution function tests such as Kolmogorov-Smirnov test, the
Cramer-von Mises test, the Anderson-Darling test and the Watson test, there are
no uniformly most powerful tests developed for testing in the inverse Gaussian
context.

The theorems proved in this paper fill a gap in the literature about uniformly
most powerful tests. The theoretical results proved here may be used for model
selection, so making a useful link to the practical world of actuary and finance.

In addition, in the first part of the paper, estimation functions through confi-
dence regions are constructed for the parameters of the inverse Gaussian distri-
bution.
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