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A remark on the minimal displacement problem
in spaces uniformly rotund in every direction

KRzvyszTOF BOLIBOK

Abstract. We give an example of uniformly rotund in every direction space for which
the minimal displacement characteristic is maximal.

Keywords: Lipschitzian mappings, minimal displacement

Classification: Primary 47H09, 47H10

1. Introduction

Let (X, || -]|) be an infinite dimensional Banach space with the closed unit ball
By and the unit sphere Sx. For any k > 0, let L(k) denote the class of Lipschitz
mappings T : Bx — Bx with constant k. By dr we will denote the minimal
displacement of T’

dr = inf —Tx||.
T=if |z — Tl
Goebel [5] was the first who gave examples of Lipschitzian mappings with positive
minimal displacement. He also introduced some useful functions which describe
this problem. We will deal only with the minimal displacement characteristic of
X which can be defined as

VYx (k) =sup{dp:T € L(k)}, k>1.

It is known that for any space X

S

Yx(k) <1-

There are some “square” spaces like ¢g, C[0, 1] for which ¢ x (k) =1 — % In the

case of uniformly rotund spaces it is known that ¥ x (k) < 1 — % for k > 1. In
particular in Hilbert space the following estimate holds

i) < (1—%%/%
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For a long time it has been believed that: “If the unit ball in the space X is more
rotund than the unit ball in the space Y then it should be that ¥ x (k) < ¥y (k).”
We show that it is not true by giving an example of uniformly rotund in every
direction space for which ¢¥x (k) =1 — % On the other hand, in the case of the

classical space I1 it is known that

o () < 28 (1 -1y for ke [1,3+2V3]
! =" for k€(3—|—2\/§ oo)
E+3 1)

But the space [ is not even strictly convex. For a wider discussion of the topics
on the minimal displacement problem we refer the reader to the book [6]. Newest
results can be found in papers by the author.

Recall that the modulus of convexity in direction z, ||z|| = 1, is the function
0z :10,2] — [0,1] defined as

r+y

5. () :inf{l—

H el < 1.yl < 1,I—y:ez}.

If 6,(¢) > 0 for any € > 0 and ||z|| = 1 then the space X is said to be uniformly
rotund in every direction (URED). Before we give an example of a URED space
with ¥ x (k) =1— % we prove two technical lemmas for the classical space C[0, 1].

2. Results
Lemma 1. For every k > 1 there exists a mapping T : BC[O,l} — SC[O,l]) of class
L(k), with dp = 1 — 1, and such that

(Tx)(0)=-1 and (Tz)(1)=1

for every x € By 1)-

PROOF: Let us define a mapping 11 : Bgo ) — C[0,1] as (Th) (t) = 2(t) +4t—2
and define the mapping 7" : Bgjg 1) — Scjo,1] as a “composition”, i.e. (T'z)(t) =
f((T1z) (t)), where the function f: R — [—1,1] is given for k£ > 1 as

-1 if te (—o0,—1)

1 if t e (§,00)-

The mapping 77 is nonexpansive and the function f is Lipschitzian with constant

k which implies that T € L(k). Observe that (Tx)(0) = —1 and (Tz)(1) = 1

for every « € Bgjg ). Moreover observe that if (1) (%) > 0, then from the
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inequality (T1y) (0) < —1 valid for every y € B(jg,1) we have that there exists
to € (0, %) such that (Thz) (t9) = —%. From this equality we obtain that

1
z(to) > (Thz) (to) = —7 > 1= (Tz) (to),
which implies ||z — Tz| > 1 — % Analogously if (Thx) (%) < 0, the inequality
(Thz) (1) > 1 implies that there exists ¢1 € (%, 1), for which (Tyz) (t1) = % This
implies
1
z(t) < (Tiz) (tr) =+ <1=(T2)(t1),

and further ||z —Tx| > 1— % This, combined with the general fact that ¥ x (k) <

1-— % for any Banach space, implies that dpr =1 — l, which finishes the proof.
O

Observe that we can prove slightly more, namely let for k¥ = 1 the map T be
given by a formula

(Tx)(t) = max{—1,min [1, (Thz) (t)]}.

This map is fixed point free because (T'z)(t) > x(t) for some t > % or (Tx)(t) <
x(t) for some t < % We obtained, in both cases (k > 1 and k& = 1), that the
infimum in the definition of the minimal displacement is not attained for any
HAS BC[O,I]'

Now we can generalize Lemma 1.

Lemma 2. Let 0 < a < b < 1. For every k > 1 there exists a mapping T[a,b} :

Beio,1) — Scpo,y) of class L(k) such that for every x € Bgjg ) the following
conditions hold

(T[mb]:v) (t)=0 forevery te[0,a]U[b,1]

and
1

tren[(;a?z] ’:C(t) - (T[&b]:v) (t)’ >1-— T

PROOF: Let us choose ¢,d such that a < ¢ < d < b. Because the spaces C[0, 1]
and C[c,d] are isometric then, according to the proof of previous lemma, for
any k > 1 there exists a map T : Bgjeq — Sce,q: of class L(k), such that

(Tz)(c) = -1, (Tz)(d) =1 and ||z =Tz cfe,q > 1 —% for every x € Bgq,p- Now
let us define a map Tj, 3 : Bojo,1) — Scipo,1) as follows: (T[mb]:z:) (t) = (Tz)(t)

for t € [c,d] and (T[mb}x) (t) = 0 for every t € [0,a] U [b,1]. On two intervals:
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a,c] and [d,b] we define T}, )z as affine functions such that (T[mb]:z:) (¢) = -1,
(T[a’b}x) (a) = (T[(Lb]ilf) (b) =0 and (T[a’b}x) (d) =1 for any r € BC[c,d]' The
map T, 3 € L(k) and Hx —Tj, b}xH > m[a};} |z(t) — (Tz)(t)| > 1— % according to
’ ’ telc,
the previous lemma. O
Now we can proceed to the example.

Example. Let {t;};2; be a dense sequence in the interval [0, 1]. It can be shown
that the space of continuous functions X = C0, 1] equipped with the norm

o0

5 ()]

lellx = llellcoa +

is URED (see [9]). Fix an arbitrary € € (0,1). Find then an interval [a,b] C [0, 1]
such that
Y avce
i,t;€la,b]

Let To,1) : Bejo,1] — Scpo,1) be the mapping from Lemma 2. Then let us consider
the mapping Tex = (1 — €)1}, yjz. Observe that

- oo 1/2
. 2
[T = pma (o) ()] + 2(2—1 (Tex) (1) ]
Li=1
1/2
= max (T) O+ | Y (27 @) 1)
tela,b] i)
<l—-€e+e=1,

which shows that T, : Bx — Bx. We prove that T¢ is Lipschitzian. We have

[Texw = Teyl x = max |(Tew) (t) = (Tey) (1)

)

- 1/2
+ 1> (2—2' [(Tex) (t;) — (Tey) (ti)])2]
Li=1
= max [(Tex) (t) = (Tey) (1))
€la,b

+ Y (z—i [(Tex) (t;) — (Tey) (ti)])z
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< (1 =€)k max |x(t) — y(t)|
tela,b]

1/2

+ (1= ok max [z(t) —y(t) | Y 27%

te(a,b] tielad]

< (1-&)kllz -yl

This implies that T, € L ((1 — 62) k) The minimal displacement of T¢ can be
evaluated in the following way

> . 2 1/2
o= Terllx = s o) = () (0] + | 3 (27" [ (t) = (Tew) (2)])
> ma [o(0) = (Tex) (1)
>1-— % — €.

From the definition of the minimal displacement characteristic we have

ox (1)1 21 E e

This holds for every k > 1 and for every € > 0. Since ¢ can be arbitrarily small
and the function ¢ x is continuous (see [6]) we deduce that

Yx(k)=1-

Bl
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