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On nonresonance impulsive functional
nonconvex valued differential inclusions

M. BENCHOHRA, J. HENDERSON, S.K. NTOUYAS

Abstract. In this paper a fixed point theorem for contraction multivalued maps due to
Covitz and Nadler is used to investigate the existence of solutions for first and second
order nonresonance impulsive functional differential inclusions in Banach spaces.
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1. Introduction

This paper is concerned with the existence of solutions for nonresonance prob-
lems for first and second order functional differential inclusions with impulsive
effects. More specifically, in Section 3, we consider the nonresonance problem for
the first order impulsive functional differential inclusions in a Banach space with
periodic boundary conditions

(1.1) () = yt) € F(t,y), teJ=[0,T], t#ty, k=1,...,m,
(1.2) Ayli=t, = I (y(t;)), k=1,...,m,
(1.3) y(t) = o(t), te[-r0], y(0)=uy(),

where A € R, 0 < r < o0, F: Jx D — P(E) is a multivalued map, D = {¢ :
[~r,0] — E; 9 is continuous everywhere except for a finite number of points £ at
which 1(£7) and (") exist and ¢(t7) = ¥(f)}, ¢ € D, P(E) is the family of all
subsets of B, 0=ty <t1 < ... <tm <tmt1 =T, : E—E (k=1,2,...,m),
Ayli=t, = y(t]i_) —y(ty ), y(t,) and y(t:) represent the left and right limits of
y(t) at t = ty, respectively, and E a real separable Banach space with norm | - .

For any continuous function y defined on [—r, T\ {t1,... ,¢m} and any t € J,
we denote by y; the element of C([—r, 0], E) defined by y:(0) = y(t+6), 6 € [-r,0].
Here y;(-) represents the history of the state from time ¢ — 7, up to the present
time ¢.
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In Section 4 we consider a nonresonance problem for the second order impulsive
functional differential inclusions with more general boundary conditions in the
Banach space F,

y'(t) = \y(t) € F(t,ye), teJ=[0,T], t#t,, k=1,...,m,
Ayli=t, = Ix(y(t;)), k=1,...,m,
Ay/|t:tk = I_k(y(t,;)), k=1,...,m,
y(t) = ¢(t), tel[-r0), y0)—yT)=rpo y(0) -y (T)=m,

where \, F, ¢, I, k = 1,... ,m are as in the problem (1.1)—(1.3), uo,u1 € E,
and I, : E — E, (k=1,2,...,m).

Impulsive differential equations have become more important in recent years in
some mathematical models of real world phenomena, especially in the biological
or medical domain; see the monographs of Bainov and Simeonov [1], Lakshmikan-
tham, Bainov and Simeonov [11], and Samoilenko and Perestyuk [13]. In [12] the
Banach classical principle was used to obtain an existence and uniqueness result
for a nonresonance first order scalar impulsive differential equation with periodic
boundary conditions. Very recently by means of the known Schaefer’s theorem,
a class of nonresonance problems for first order impulsive functional differential
equations with periodic boundary conditions was considered by Benchohra and
Eloe in [2]. A variety of nonresonance problems for first and second order dif-
ferential inclusions with convex valued right hand sides were considered with the
aid of a fixed point theorem for condensing multivalued maps due to Martelli by
Benchohra, et al. in [3] and [4].

We consider the case when A # 0. Note that when the impulses are absent
(i.e. for I, I;, =0, k=1,...,m), then the problems (1.1)-(1.3) and (1.4)—(1.7)
are nonresonance problems since the linear part in the equations (1.1) and (1.4) is
invertible. Our method involves reducing the existence of solutions for problems
(1.1)—(1.3) and (1.4)—(1.7) to a search for fixed points of suitable multivalued
maps on the Banach space C([—r,T], F). In order to prove the existence of fixed
points, we shall rely on a fixed point theorem for contraction multivalued maps
due to Covitz and Nadler [6] (see also Deimling [7]). The results of the present
paper generalize to the nonconvex valued right hand side those of [3] and [4].

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts from
multivalued analysis which are used throughout this paper.

C([-r,0], E) is the Banach space of all continuous functions from [—r,0] into
FE with the norm

o] = sup{ll¢(O)[| : —r < & <0}
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AC*(J,E) is the space of i-times differentiable functions y : J — E, whose itP
derivative, y(i), is absolutely continuous.
Let (X, d) be a metric space. We use the notations:
PX)={Y CcX:Y #0}, P,uX)={Y € P(X):Y closed}, Py (X)=
{Y € P(X) : Y bounded}.
Consider Hy : P(X) x P(X) — R4 U {cc}, given by
Hy(A, B) = max {sup d(a, B), sup d(A, b)} ,
acA beB
where d(A,b) = inf,c 4 d(a,b), d(a, B) = infpc g d(a,b).
Then (P, (X), Hg) is a metric space and (P (X), Hyg) is a generalized metric
space.
Definition 2.1. A multivalued operator N : X — P,(X) is called
(a) ~-Lipschitz if and only if there exists v > 0 such that
Hy(N(2), N(y)) < vd(z,y), for cach z, y € X,
(b) a contraction if and only if it is 4-Lipschitz with v < 1.

N has a fized point if there is © € X such that © € N(z). The fixed point set
of the multivalued operator N will be denoted by Fix N.

For more details on multivalued maps we refer to the books of Deimling [7],
Gorniewicz [9] and Hu and Papageorgiou [10].

Our considerations are based on the following fixed point theorem for con-
traction multivalued operators given by Covitz and Nadler in 1970 [6] (see also
Deimling [7, Theorem 11.1})).

Lemma 2.2. Let (X,d) be a complete metric space. If N : X — Py(X) is a
contraction, then Fix N # ().

3. Nonresonance first order impulsive FDIs

The main result of this section is devoted to the problem (1.1)—(1.3). Before
stating and proving this result, we give the definition of a solution of the problem
(1.1)—(1.3). In order to define its solution we shall consider the space,

Q:=Q-rT)={y:[-rT] — E:y, € C(Jx, E),k=0,... ,m and there
exist y(t,) and y(t'k"),k =1,...,m with y(t;) =y(ts)}
which is a Banach space with the norm

1yl = max{[ly[|, k¥ =0,...,m}.

Here y;, denotes the restriction of y to Jy = [ty,tx4+1], k= 0,...,m. For each
y € ) we define the set

Spy = {v e LY(J,E) : v(t) € F(t,y) for ae. te J}.
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Definition 3.1. A function y € QN JjLy AC(tg, tr11) is said to be a solution
of (1.1)—(1.3), if y satisfies the differential inclusion y'(t) — Ay(t) € F(t,yt) a.e. on
J\A{t1,... ,tm}, the conditions Ayli=¢, = I1(y(t,)), k =1,...,m, y(t) = &(t),
t € [-r,0] and y(0) = y(T).

We have the following auxiliary result.

Lemma 3.2 ([4]). y € QNUiLy AC (g, tg+1) is a solution to the problem (1.1)—
(1.3) if and only if y € § and there exists v € Sg, such that y satisfies the
following impulsive integral equation

t e [-r0]
T m
/ Gt s)yo(s)ds + S Gt te) lp(y(t7), t e,
0 k=1
where AT+s—t)
A(T4s—
Gt s) = (T — 1)_1{ e o 0<s<t<T,
e~ As=1), <t<s<T.

Theorem 3.3. Assume that:
(H1) F:[0,T|xC([-r,0],E) — P.;(F) has the property that F(-,u) : [0,T] —
P.(E) is measurable for each u € C([—r,0], E);

(H2) Hy(F(t,u), F(t,u)) <I(t)||u— ]|, for each t € [0,T] and u,u € C([-r,0],
E), where | € L'([0,T], R);

H3) k() = Le@)|l < cklly =Yl for cach y,j € E, k = 1,... ,m, where c,
are nonnegative constants.

Let ho = sup(; s)e x s |G(t, )| and I* = fO t)dt. If

m
[hol* + ho Z Ck:| <1,

k=1
then the problem (1.1)—(1.3) has at least one solution on [—r,T)|.

PRrROOF: Transform the problem (1.1)—(1.3) into a fixed point problem. It is clear
from Lemma 3.2 that the solutions of the problem (1.1)—(1.3) are fixed points of
the multivalued operator, N : Q@ — ’P(Q) defined by:

t e -0

N(y):=heQ:h(t /G :

+ZGt,tk L(y(ty), teld
k=1
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where v € Sp .

Remark 3.4. For each y € () the set Sp, is nonempty since, by (H1), F has a
measurable selection (see [5, Theorem III.6]).

We shall show that N satisfies the assumptions of Lemma 2.2. The proof will
be given in two steps.

Step 1: N(y) € P.,(Q2) for each y € Q.

Indeed, let (yn)n>0 € N(y) be such that y, — 7 in Q. Then § € Q and for
eacht e J

T m
un(t) € /0 Gt $)F(s,55) ds + 3 Glt, i) eyt )):
k=1

Because f(;f G(t,s)F(s,ys)ds+> p—y G(t,t) I (y(t, ) is closed for each t € J,
then

T m
() — i) € [ Glt.5)Fls.3m) ds+ 3 Gt u(u(t ).
k=1

So § € N(y).
Step 2: Hy(N(y), N(®@)) < vlly — 7|l for each y,5 € Q (where v < 1).

Let y,7 € Q and h; € N(y). Then there exists v1(t) € F(t, y¢) such that for
eacht € J

m

hi(t) = /OT G(t, s)vi(s)ds + ];1 Gt tk) e (y(ty,))-
From (H2) it follows that

Haq(F(t,ye), F(6,50) <1O)lye =7l t€J.
Hence there is w € F(t,7;) such that
[o1(t) —wll < 1@ llye =Bell, teJ.
Consider U : J — P(E), given by
Ut) = {w € E:[lor(t) — wl < 1(B)llye —Fell}-

Since the multivalued operator V(t) = U(t) N F(t,7;) is measurable (see Propo-
sition II1.4 in [5]) there exists vo(t), which is a measurable selection for V. So,
vs(t) € F(t,7) and

[o1(2) = v2 (D)l < U(B)lly =7, for each t € J.
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Let us define for each t € J

T m
ma(t) = [ Gltapa(s) ds+ - GO0

k=1

Then we have
T
[h1(t) — ha(®)]| S/ |G(t, s)[[v1(s) — va(s)|l ds
0

+ 2 1GE ) e (y(ty) = (GE))N

k=1

T m
< ho /0 1) lys — Tl ds + ho 3 exlly(t) — 55
k=1
m

< hol*[ly =l + ho Y _ exlly — Fllo-
k=1

Then

m

1At = hallo < [hoz* ho ch] Iy = 7l
k=1

By an analogous relation, obtained by interchanging the roles of y and 7, it follows
that

Hg(N(y), N(®)) <

m
hol* +ho » Ck‘| ly = Flla-
k=1

So, N is a contraction and thus, by Lemma 2.2, N has a fixed point y, which is
a solution to (1.1)—(1.3). O

4. Nonresonance second order impulsive FDIs

In this section we shall give an existence result for the problem (1.4)—(1.7).
Before stating and proving this result, we give the definition of a solution of the
problem (1.4)—(1.7).

Definition 4.1. A function y € QN UJjL, AC (g, t;.41) is said to be a solution
of (1.4)-(1.7), if y satisfies the differential inclusion y” (t) — \y(t) € F(t,y;) a.e. on
J\A{t1,... ,tm}, the conditions Ay|i—¢, = Ik(y(tlz)), Ay/|t:tk = I_k(y(t];)), k=
Lo, y(t) = 6(0), £ € [—r,0], 5(0) — y(T) = o and (0) — 3/ (T) = .

We need the following auxiliary result.
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Lemma 4.2. y € QN AC (tg, t4 1) is a solution to the problem (1.4)—(1.7)
if and only if y € Q and there exists v € Sg,, such that y satisfies the impulsive
integral equation

o(t), t € [—r,0],
T
| Mt 9pp(s) ds + M2, 0)pr + L 0o
y(t) =< Jo
+ Y Mt ) I (y(te)) + Lt te) I (y ()], t €,
k=1
where
-1 eﬁ(T"‘S_t) + eﬁ(t_s), 0<s<t<T,
Mts) = ——
2VA(eVAT — 1) | eVAT+t=s) 1 oVA(s—1), 0<t<s<T,

and
VAT +s—t) _ V() 0<s<t<T
L(t, S) = %M(t,s) 1 { € € ; S )

T (VAT 1) | VA=t _ VAT g <pcs<T

PROOF: We omit the proof since it is similar to the results in [8]. O

Theorem 4.3. Assume in addition to (H1)-(H3), the condition

(H4) || T(y) — k@)l < dilly — 7|, for each y,5 € E, k = 1,...,m, where dj
are nonnegative constants.

Let mo = SUP(t,s)eJxJ |M(t7 S)|7 lo= SUP(t,s)eJxJ |L(t7 S)' It

m m
{mol* +mOZCk+ZOde] <1,

k=1 k=1
then the problem (1.4)—(1.7) has at least one solution on [—r,T].

PROOF: Transform the problem (1.4)—(1.7) into a fixed point problem. It is clear
from Lemma 4.2 that the solutions of the problem (1.4)—(1.7) are fixed points of
the multivalued operator, N : Q — P(£2) defined by:

(b(t)v te [_Ta 0]
T
/0 M(t,s)v(s)ds + M(t,0)p1

N(y):=< heQ:h(t)= m
+L(t,0)mo + > [M (¢, 1) I (y(tr)

=1
+L(t, t) I (y(tx))], teJ
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where v € Sp .

Remark 4.4. For each y € () the set Sp, is nonempty since, by (H1), F has a
measurable selection (see [5, Theorem III.6]).

We shall show that N satisfies the assumptions of Lemma 2.2. The proof will
be given in two steps.

Step 1: N(y) € P(Q) for each y € Q.
The proof is similar to that of Step 1 of Section 3.

Step 2: H(N(y), N(7)) <7lly — 7| for each y,7 € Q (where v < 1).

Let y,7 € Q and hy € N(y). Then there exists v1(t) € F(t,y:) such that for
eacht € J

T
t) = / M(t, s)v1(s) ds + M (t,0)u1 + L(¢,0) o

+Z (t, 1) I (y(tr))

+ L(t,tk)fk(y( k)]
From (H2) it follows that
Hq(F(t,y1), F(t,5) < 1O)llye =7l €.
Hence there is w € F(t,7,;) such that
[o1(t) —wl <I®llye =Tl t €.
Consider U : J — P(E), given by
U(t) = {w € E: [lor(t) — wl < 1(B)llye — Fell}-

Since the multivalued operator V(t) = U(t) N F(t,7;) is measurable (see Propo-
sition II1.4 in [5]) there exists vo(t), which is a measurable selection for V. So,
v2(t) € F(t,7;) and

Joa(t) = v2(®) < 1(t)ly Tl for cach ¢ € J.

Let us define for each t € J
T
) = / M{(t, s)ua(s) ds + M(t,0)u1 + L(t, 0)pig

+Z (t, i) I (T (ts))

+ L(t, ti) I (G (tr)]-
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Then we have
T
MM%%NWS/IM@ﬂMw%wwmﬁ
0

+ ) IM(E )Ry () = @)

k=1
+ 3 LIk (y(t;)) = @)
k=1
T m
SWAZ@Mr@J®+mZ)MWD—WDH

k=1

10> delly(ty) - 7
k=1

m m
<mol*|ly = Flla +mo Y cklly—Tla+1o Y dilly —la-
k=1 k=1

Then

m m
Hh1—h2Mz§[Wmﬁ*ﬂno§20k+lo§:d4ly—§M}
k=1 k=1

By an analogous relation, obtained by interchanging the roles of y and 7, it follows
that

Hy(N (), N@)) < [moz* FmeY ety dk} Iy - Tl

k=1 k=1
So, N is a contraction and thus, by Lemma 2.2, N has a fixed point y, which is
a solution to (1.4)—(1.7). O
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