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A new rank formula for idempotent
matrices with applications

YONGGE TIAN, GEORGE P.H. STYAN

Abstract. It is shown that
rank(P* AQ) = rank(P*A) 4 rank(AQ) — rank(A),

where A is idempotent, [P, Q] has full row rank and P*Q = 0. Some applications of the
rank formula to generalized inverses of matrices are also presented.
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A complex square matrix A is said to be idempotent, or a projector, whenever
A% = A; when A is idempotent, and Hermitian (or real symmetric), it is often
called an orthogonal projector, otherwise an oblique projector. Projectors are
closely linked to generalized inverses of matrices. For example, for a given matrix
A the product P4 = AA™ is well known as the orthogonal projector on the range
(column space) of A, where AT is the Moore-Penrose inverse of A; which is the
unique solution of the following four Penrose equations

() AATA= A, (i) ATAAT = AT (iii) (AAT)* = AAT, (iv) (ATA)* = AT A,

In addition, the products AA#, AAP and AA~ are also idempotent matrices,
where A#, AP and A~ are the group inverse, the Drazin inverse, and an inner
inverse of A, respectively. In a recent paper by Drury, Liu, Lu, Puntanen and
Styan [1], a rank formula for the orthogonal projector P4 is established as follows

(1) rank(P*AAT Q) = rank(AP) + rank (AQ) — rank(A),

where A € C"*™ is Hermitian nonnegative definite, P € C"*P and Q € C"*4 such
that [ P, @] has full row rank and P*@Q = 0. This formula can help to establish
several useful rank equalities for block matrices and orthogonal projectors when X
and Y are properly chosen, see Drury et al. [1] and Tian [2]. This work motivates
us to consider in general the rank of P*AQ and various related topics, where A
is idempotent, [ P, @] has full row rank and P*Q = 0. To do so, we need the
following result.
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Lemma 1. Let A € C"™*", B € C"*F and C € CF*! be given. Then
(2) rank (ABC) = rank (AB) + rank (BC) — rank (B)

holds if and only if there are matrices X and Y such that BCX + Y AB = B.
In fact it is well known that the equation AX + Y B = C is consistent if and
only if
c A 0 A
rank [B 0] = rank {B 0}.

Applying this result to the equation BCX 4+ Y AB = B, we obtain Lemma 1.
Our main results are given below.

Theorem 2. Let A € C™*"™ be an idempotent matrix, and let P € C™*P and
Q € C™*4 be any two matrices such that [ P, Q] has full row rank and P*Q = 0.
Then

(3) rank (P*AQ) = rank (P*A) + rank (AQ) — rank (4).

PROOF: Since [P, @] has full row rank and P*Q = 0, it follows that

po@rt = | PL] and (P QP @ = PP Q" = I,

Let X = Q1A and Y = A(P')*. Then we have
AQX +YP*A = AQQTA + A(PT)*P*A = A(I,, - PPT)A+ APPTA = A.
Applying Lemma 1 to this equality yields (3). O

Now let P = {Igb] and Q = {IO ] Then [P, Q] is of full row rank and
k
P*Q = 0. We derive from (3) the following result.

Corollary 3. Suppose that

(4) A= [ﬁ; ﬁ;;] , A1 € (mem, Aig € (Cka, A9y € (Ckxm, Agg € Cckxk

is an idempotent matrix. Then the rank of A satisfies the following two rank
equalities

(5) rank (A) = rank [ﬁ;;] +rank[Aj1, Aja] —rank(Aj2),
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and
(6) rank (A) = rank {ﬁll] + rank[ Aoy, Agp] —rank(Asgy).
21

Moreover, if

Al A - Ay
Aoy Aoy - Ay

(7 A= . S .p , AgeChtis 1<ij<p
Ay Ay o Ay

is idempotent, then the rank of A satisfies the rank equalities

(8) rank(A) =rank(Qq;) + rank(Qi41,p) — rank(Qit1,4), i=1,2,...,p—1,
where
At o Ay
Qij=1|:+ . |, 1<ij<p
Apt - Apj

The rank formulas in (8) are derived from (6). If the matrix A in (4) is an
orthogonal projector, then (5) becomes

rank (A) = rank(Aj1) + rank(Agg) — rank(A;2).

If we replace the idempotent matrix A in (5) by the idempotent matrix I, — A,
and note that rank (I, — A) = m + k — rank(A), then (5) becomes

rank(A) = m + k + rank (A12) — rank[ I, — A11, Aj2] - rank {Ik élilgz] '

The Drazin inverse AP of a square matrix A with index(A) = k is defined to
be the unique solution of the three matrix equations

() AFXA=AF (i) XAX =X, (i) AX =XA.

When index(A4) = 1, i.e., rank(A?) = rank(A), AP is called the group inverse
of A and denoted by A#. From AP AAP = AD we see that AAPAAP = AAD.
Thus AAP is idempotent. In addition, rank (AP) = rank(AAP) = rank(A4¥). In
this case, applying Theorem 2 to P*AAPQ and P*AA#Q, we get the following
corollary.
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Corollary 4. Let A € C™*™ be given with index(A) = k, let P € C™*P and
Q@ € C™*4 be any two matrices such that | P, Q] has full row rank and P*Q = 0.
Then

(9) rank (P* AAP Q) = rank (P* AF) + rank (A*Q) — rank (4%).
In particular,

(10) rank (P*AA7 Q) = rank (P*A) + rank (AQ) — rank (A).

0
Corollary 5. Let

Let P = [Im} and Q = [ ;) ] in (10). We also have the following corollary.
k

A= {AH A12] , A1 € T Agy € TR Agy € CRX™ Agy € CRXE
Ao Ao

with index (A) = 1, and denote by (AA#)15 the upper-right m x k block of the
projector AA%. Then the rank of (AA#)q is

(11) rank|(AA#) ;5] = rank [ﬁw] +rank[ Ay, Ajs] — rk(A).
22

A square matrix A is called tripotent if A2 = A. For the tripotent matrix A,
its group inverse is A# = A. Now applying (9) to a tripotent matrix A and noting
that

(44%)12 = (Do = [ Aus. Ana] [ 412].

we obtain the following result.

Corollary 6. Suppose that

A= {All A12] , A €T Ay € €K Ay € CFX Agg € CFXK
Ag1 Ao

is a tripotent matrix. Then the rank of A satisfies the following two rank equalities

- Az | _ A1z
(12) rank(A) =rank[Aj1, A12]+ rank [A22} rank ([All, Aq2] [A22]> )

and

- An An
(13) rank(A) = rank[ Aoy, Ago] + rank [A21} —rank ([Am, Aga | [Am]) )

Finally, we present a result for a triangular inner inverse of an idempotent
matrix. We will use the following result due to Tian [3, Corollary 4.3].
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The block matrix

Lemma 7.
A A - Ay
Agr Agg - Ay .
A= | . .|, where Aj; € C¥Y 1<, j<p,
Apt Ap2 App
has an inner inverse with the upper triangular block form
S11 S22 - S
Sog -+ S
A== | Syect*si 1<i j<p
Spp
if and only if
rank (A) = rank (Qq;) + rank(Qi4+1,p) — rank(Qiy14), 1=1,2,...,p—1,
where
Air o Ay
Qij=| ool 1Zd, <.
Apr o Apj

Applying this lemma to the idempotent block matrix A in (7) under (8), we

immediately see that
Theorem 8. If the block matrix

Apn A oo Ay
Agr Az - Agp bt o
= . . ) . , where A;; € CH7h 1 <4, j<p,
Apt Ap2 App
is idempotent, then it must have an inner inverse with the upper triangular block
form
[S11 Si2 - Sip
Sag -+ Sap
A” = S, SeCtrtis 1<d, j<p.
Spp

In particular, if

Al Apg]
= H 12 , where Ay € (mem,Alg S (Cka,Agl S (Ckxm,Agg S (Cka

A=
Az Az |
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is idempotent, then it must have an inner inverse with the upper triangular block
form

A_ — Gll G12 , Gll c Cme7 G12 c Cka, G22 c Ckxk.
0 G2

For more rank equalities for idempotent matrices, see the authors’ recent pa-
per [4].
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