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Riesz angles of Orlicz sequence spaces

YAN YAQIANG

Abstract. We introduce some practical calculation of the Riesz angles in Orlicz sequence
spaces equipped with Luxemburg norm and Orlicz norm. For an N-function ®(u) whose

index function is monotonous, the exact value a(l(q>)) of the Orlicz sequence space with
_1

—1
Luxemburg norm is a(l(®)) = 29 or a(l®) = ;7—11(11. The Riesz angles of Orlicz
2

(3)

space [? with Orlicz norm has the estimation max(23%,244,) < a(i®) < 2

20 -
6(I>
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1. Introduction
In 1984, Borwein and Sims [2, p. 345] introduced the following
Definition 1.1. For a Banach lattice X, the Riesz angle a(X) of X is defined as

1) a(X) = sup {[[(Jz[ V [yDIl : ]| <1, |yl <1},

where |z| V |y| = max(|z]|, |y]).

Clearly, 1 < a(X) < 2. The notion of Riesz angle has attracted many re-
searchers (see Borwein and Sims [2], Chen [3], Cui, Hudzik and Li [4]). It is
an important geometric coefficient in Banach lattices. This paper is devoted to
the computation (estimation) of a(X) when X is an Orlicz sequence space with
Luxemburg norm or Orlicz norm, i.e., a(I{®)) and a(I%?).

Let

Jul |v]
D(u) = o(t)dt and ¥(v) = P(s)ds
0 0
be a pair of complementary N-functions. The Orlicz sequence spaces [ (®) and (®
[e.°]
are defined to be the sets {z : pgp(Az) = > ®(Ax(i)|) < oo for some A > 0}
n=1

equipped with Luxemburg norm ||-[|(¢) and Orlicz norm |- ||g, respectively, where

. T 1
lollay = inf {e>0:pp (2) <1}, and [lalle = inf +[1+ pa(kr)]
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134 Yan Yaqgiang

®(u) is said to satisfy the Ag-condition for small u, in symbol ® € Ay(0), if there
exist ug > 0 and k > 2 such that ®(2u) < k®(u) for 0 < u < ug. An N-function
®(v) is said to satisfy the Va-condition if its complementary N-function satisfies
the As-condition.

In Orlicz spaces, Borwein and Sims [2, p.347] proved: If & € V3(0), then
a(l®)) < 2. Chen [3, p.118] showed that if ® ¢ V5(0), then a(I(®)) = 2. Thus,
we can state the results as follows:

Proposition 1.2 ([2], [3]). Let ® be an N-function; then ® € V5(0) if and only
if a(1(®)) < 2.

The result analogous to the above proposition for spaces with Orlicz norm will
be given in this paper (see Corollary 3.4). We first introduce some propositions
on indices and index functions. Simonenko [8] and Semenov [7] introduced the
following indices:

0 _poo 1O 0 _1; to(t) .
(2) Ay = ll?ll(r)lf (1) Bg = llrzflj(l)lp (1)’
& 1(u) 1 (u)
0 . . 0 .
— liminf —— L ~1 Sl R
) ag =lmipf 7oy e = lmsup oS

The same indices can be applied to ¥(v). Later on, these indices were extensively
studied (see Maligranda [6]) and were used by Rao and Ren (see [9]) to calculate
the packing sphere and the other important constants. We have the relationship:

Proposition 1.3 (Lindenstrauss and Tzafriri [5], Yan [10], Rao and Ren [9]). Let
®, U be a pair of complementary N-functions. Then, we have

1 1 1 1
(4) o tm =l=70 5o
A@ B\II A\II B{D
(5) 2030y = 1 = 20},
__1(T _ 1
(6) 2 e <o <pl<2 Pa.

For the index functions of N-functions, the author obtained the following re-
sults.

Proposition 1.4 (Yan [10]). Let ® be an N-function, ¢(t) its right derivative.
Denote
to(t)

(7) F‘I’(t) = =N Gq;(c, u) = —

(1) (¢>1).

Then Fg(t) is increasing (decreasing) on (0, ® 1 (ug)] if and only if Gg(c,u) is
increasing (decreasing) on (0, *2] for every ¢ > 1.
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Proposition 1.5 (Yan [10]). Let ®, ¥ be a pair of N-functions, and ¢, ¥ be
their right derivative, respectively. C > 0, Fg(t) and Fy(s) are defined as in (7),

Fp(t) = %, Fy(s) = i;f’((;)) . ts>0.

Then

(i) Fg(t) is increasing (decreasing) on (0,1 (C)] if and only if Fy(s) is decreas-
ing (increasing) on (0, C].

(ii) Denote

(®) ag = inf{Fg(t) : t € (0,9 (C)]},
(9) by = sup{Fyg(s) : s € (0,C]}.
Then

1 1
10 — +—=1.
1 %

2. Riesz angles of Orlicz sequence spaces with Luxemburg norm

Theorem 2.1. Let ® be an N-function; then

1 1 1
- < (<D) < —
(11) max (0421)7 a%) <a(l'™) < —,

where o is defined as (3), and

14
(12) ag—inf{#;k_l,gv...},

o-1(z)

. . dL(u) 1
= — < — 5.

(13) Qe mf{@—l(m) O<u< 2}
PRrROOF: We first prove

1

— < q(1®)y.
(14) 0 < a(l(®)

The method is similar to that of Rao and Ren [9, Lemma 2.2(i)]. By the definition
of a%, there exists a sequence 1 > uy, \, 0 such that

: & (up) 0
e 3T (2u,) O
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136 Yan Yagiang

For any 0 < € < 1, select an integer ng > 1 such that u, < % for n > ng and
(@~ (un) /@1 (2un)] < oY +e. For convenience, put ug = tn,. Then

! (up)

15 2ug < €, d1(2ug) > .
(15) ug (2up) P

Let kg = [ﬁ] be the integral part of ﬁ. Then kg < ﬁ < kg + 1, and so
1
m < 1_“—20% Define

ko 2kO
vo=3""(2u0) > e, yo=%"'(2u0) Y e
i=1 i=ko+1
7
—_——N—
where e; = (0,---,0,1,0,0,---). It is easy to see that
&1 (2ug)
lzoll(@) = llvoll@) = —= 7+ <1
(@) (@) (I)—l(k_lo)
It follows from (15) that
&1 (2ug)
[ (zol V lwoDll(@) = llzo + woll(@) = — =
o (75
=1 (ug) (1 —2u0) @~ (124:-)
@4+ Ug) (0 +e)@ (5
1—¢
0491) +e’
so (14) holds since ¢ is arbitrary.
Next we show
1
(16) — < a(l®).
Y
For every k > 1, define
1,1
Zk: (0707 70)7 Xk:® (E)(1717 71)7

with dim Z; = dim X} = k. Denote

J;O:(Xk,Zk,Zk,"'), yOZ(ZkuXkuzku"')'
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Then |[zol|(g) = llyoll(a) =1 and

0l ¥ ool ) = )
G
Therefore i
a(l(cb)) Zsup{q)li(?) k= 1,2,~-~} = i/
o1 (55) Qg

Observe that (16) was proved by Borwein and Sims (see [2, p.347]). However
their proof is too complex and attached with an extra assumption ®(1) = 1.
Finally, it remains to show
1

(17) a(l(q:')) < —.
ap
.. ~ ~ & 1(u) 1
By the definition of ag, de < 3 T0u) for 0 < u < 5, so that
1
(18) D(Ap® '(2u) <u, O<u <3
For each = = ((i)), y = (y(i)) € I(®) satisfying ||z|| ) <
pa(z) <1, pg(y) < 1. Thus
S <. Sy <
Note that (18) also holds for u = 0. Substitute u; = %<I>(|x(z)|) and u; =
%q)(|y(z)|) into (18); we have
~ . 1 .
19)  2(a@slz(@))) < 52(2@),  B(aely()l) <
It follows from (19) that
pao(@a(|z VIyl) < pe(asl]) + pe(aslyl)

o
:Z (agl|x(i) —l—Z‘I’ aply(i)

L |lyll(@) < 1, we have

N =

O(ly@), i=1L

l\’)l»—~

=1
< 13" a(e(i)) + %zwy(zm
i=1 i=1
= %pq;(x) + %p@(y) <1

Therefore,
1
V < —.
I(zol V lyoDll(@) < G

Thus (16) holds since x and y are arbitrary. Consequently, (11) follows from (14),
(16) and (17). (The idea of the proof for (17) is due to Benavides and Rodriguez [1]
for estimation of the weakly convergent sequence coefficient WCS(1(®)).) O
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Remark 2.2. Proposition 1.2 may be deduced from (11). Indeed, if ® ¢ V2(0),
then a9 = %, and by (14), one has 2 < a(I(®)), which implies a(I(®)) = 2 since
a(l®) < 2 always holds. On the other hand, if ® € V(0) then 1 < af.
Observe that [~ (u)/®~1(2u)] > % for 0 <u < %, therefore ag > %, and hence,
a(l®) < 2 by (11).

Example 2.3 (Borwein and Sims [2, p. 346]).

(20) a(l?) = 27 (1 < p < o).

In [2], (20) was proved by means of Bohnenblust’s inequality. Here we simply
deduce it from Theorem 2.1. In fact, let ®(u) = |u|?, then ¥ = [(®) and || - lp =
|| . ||(<I>) Since

) 2

e 0<u<
—t u < 00
®—1(2u) ’ ’

1
we have o} = &g = 2 7, and (20) holds.

We now present formulas for the exact value of a(l(®)).

Theorem 2.4. For an N-function ® € V5(0), we have:

(i) if Fp(t) = % is increasing on (0, ®~1(1)], then

(21) a(l®) = 2%,
. tg(t
where C’g = tlg)% %;

(ii) if Fg(t) is decreasing on (0,®~1(1)], then

(22) a(l®)) =

ProoF: (i) If Fp(t) is increasing on (0, ®~1(1)], then CY = thn(l) te(t) exists; and

(1)
—1
Gg(u) = 5*1((22)) is increasing on (0, %] (see Proposition 1.4), so by Proposi-
tion 1.3(6),
! 0 ! u) _c%
G =ce =l grn, =2

and hence (21) follows from (11).
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" . . -1 9 (w)
(ii) If Fg(t) is decreasing on (0, 2~ *(1)], then Gg(u)

= Ty also decreas-

ing on (0, %] Therefore,

ag > ap = dg = G@(%) = 2:11((%))
Thus (22) is derived from the above and (11). The proof is completed. O
Example 2.5. Suppose
(23) Mu) =" —Ju| =1, N(v) = (1+[o])In(1 + Jv]) - |v].
Then it is not difficult to check that Fj () = l;(te_t% is increasing on (0, 00) and
SN’ (s)

CY, =2 (see [9, Example 2.6]). Moreover, Fiy(s) = NT5) is decreasing on (0, 00)

and CJOV = 2. Thus, M, N € V2(0), which satisfy the condition of Theorem 2.4,
so that

(24) a(l™)) = /2,
N-1l1
(25) a((™M)y = N—l((%)) ~ 1.487.

3. Riesz angles of Orlicz sequence spaces with Orlicz norm

We first present some auxiliary lemmas. Observe that for a Banach lattice X,
the Riesz angle a(X) can be expressed as

(26) a(X) = sup{||(lz| V [y])] - z,y € S(X)},
where S(X) is the unit sphere of X.
Since 1
Cod~ uo)
1 —— 0
<<1>—1(cu0)<0’ 0 < up < o0,

for any N-function ® and C > 1, we have:

Proposition 3.1 (Chen [3]). For an N-function ® and a constant C > 1, one
has:

(i) ® € V5(0) if and only if 1 < lim i](r)lf[O(I)_l(u) /O H(Cu));
u—
(ii) ® € A2(0) if and only if limsup[C®~!(u)/® ™1 (Cu)] < C.

u—0
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Lemma 3.2. Let ® and ¥ be a pair of N-functions. Denote

1
(27) Qo= swp {ke>1:alle = [1+ polker)] |
Jallo=1 z
and
(28) gp = inf {ke>1:||ze = L [1+ po(ksa) 3
lzlle=1 kz

Then we have
(29) ay < qp < Qp < by,

where

s (s)
U(s)

(30) ay = inf{sw(s) :0<s< \Il_l(l)}, by = sup{

T :0<s§\11_1(1)}.

PrOOF: The author [10] proved Q¢ < by,. Considering (10), it remains to show

b*
@ < qo-

(31) 0 = gty <

by

In fact, if ® ¢ Ay(0), then ¥ ¢ V2(0), and so by = 00, pr2g = 1 = ay,, which
@
means (31) holds. We show that (31) holds for ® € A9(0).
For every z = {z(i)} € I®, ||z||e = 1, we have that pg(4kzx) < co. Since

D(4u) > 2up(2u) = U((2u))
we have py(¢(2kzz)) < 0o. Now we shall prove
(32) T, pg[0((1 +mha)] = pylo(he)]

Indeed, for an arbitrary ¢ > 0, choose an 7 satisfying

> W[p(2ka |2 (i)])] <

1>10

N ™

We have for a sufficiently small 7

U[P(L + n)ka|2(0)))] — (ks |2(i)])] < 2—0 (i=1,2,-- ,ip)
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by the right continuity of U(¢(-)). It follows that
pw[d((1 +n)kex)] — pyld(ke)]

< Z{‘I’ (L +mkalz(i)))] = Cld(kalz(B))]} + D CIS(L + n)kala(D)])]

i>10

£
S—Zo—i-—:

which implies (32). Since py[p((1+n)kzx)] > 1 for all > 0, we deduce from (32)
that

(33) pu|p(kzx)] = 1.

Analogously, we obtain

(34) pulo_(kex)] <1,

where ¢_(t) is the left derivative of ®(u). Therefore, ¥[¢_(ky|z(i)])] < 1 for
every i, and hence,

(35)  kala()] < ¢_[o_(kelz(i))] < [T <@ i=1,2,

Finally, by(34), (35) and the definition of b3,
1 < pylo(kz)] Z\Il (kg |x(2)
[e.e]
=D [kalz(@)|o(kal2(D)]) — @ (kola(i)))]
i=1

< (b — 1) Z@(kxlscum
i=1

= % — 1) [ (ka)z]lo — 1]
= (bjb - 1)(]% - 1)-

It follows that b* 2+ < kg. So (31) holds since x is arbitrary. O

Theorem 3.3. (i) Let ® be an N-function and V¥ its complementary N-function.
Then

(36) max(24%,26%) < a(1®),

141



142 Yan Yaqgiang

where
\I/_l(v) / _l(i)
BO = limsup —————, I6} —sup{ k=1,2, },
TS0 U (2v) v (%)
(ii) if ® € V2(0) then
2
(37) a(I®) < -

where

(1+ 2231 (u) 0
0o _ . Qo . d —1
(3) 0% =in {m 0<us L g},

PROOF: (i) By the definition of 63,, there exists a sequence 1 > vy, \, 0 such that

lim [0 (v5) /1 (200)] = B

n—oo

For any 0 < ¢ < %, select a v € {vp, : n > 1} satisfying 2v < € and

1 6%—5

(39) T1(30) " T1(0)

Let k = [%] be the integral part of (2v) 1. Then k < (2v)! < k + 1. Define

2k

2’U 2’U Z
rT=—— €; = — €;-
vIe) = VT ) i

By the property of N-functions, for ug > w1 > 0 we have

U9 U1
U tug) = O l(uy)’

so that
21} —1 1
= = — kU —) <1
Il = Ivle = Grmyh¥ () <
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On the other hand, one deduces from (39) that

Izl VIgDlle = llz+yle

- 2'U 1 1
- \1/—1(21;)%\1/ 5
1
> 2(8Y — s)@%@)mf—l(%)
1 1

> 2(6% — 2601 (—

(G 6)2(k+1)\11—1(2(k—£rl)) ST

k 1

> 2(ﬁ%_6)k+1 =2(8y —e)(1 - k—+1)

> 2(8Y —<)(1 - o).

So that a(I®) > 258, since ¢ is arbitrary.

Next we show a(lé) > 26{1,. In fact, for any fixed integer k& > 1, let Z; =
(0,0,---,0), and Xj, = [k¥~1($)]7H(1,1,--,1), with dim Z; = dim X}, = k.

Define
o = (Xg, Zi, Zpgo ), Yo = (2, Xpg, Zpgo - ).

Then [lzoll¢ = [|volle = 1, and

2071(%)
I(lzol V lyol)lle = —— 5% -
v(g)
Therefore,
20 ()
a(l®) > su {A:k:1,2,---}=2 o
( ) Z sup \I’_l(% ﬁ\I/
(i) If ® € V3(0), then Qg < co. By Proposition 3.1, we have
(40) 1<) <1+ 22
Qo
By (38) one finds that if 0 < u < qqﬁ%q}@(d}[\l"l(l)]), then
0g1[(11 28 \,] < (14 92 g1
00 [(1+ Q@)u} < (1+ Qq))(l) (u).

Put v = &1 [(1 + %)u} in the above inequality, then

03 Qav Qo 1
(41) <1>(%+Q¢) < o) 0<vsuri)
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Let z = (z(i)) € S>I®), vy = (y(i)) € S(I®). We have q < k < Qg and
qp < h < Qg satisfying

1 1
(42) zl+ra(ka)] = llzlls =1 = llylle = +[1 + pao(hy)].
Clearly,
ko h Qo
< .
(43) max(k+h’k+h)_qq>+Qq>
Since
0 0
(44) P(0g0b1v) - (g b2v)

b1<I>(v) - bg@(v)

for 0 < by < by and v > 0 by the property of N-functions, it follows from (41)
and (43) that

69 kv 69 hv
(4) q’(iffh) = %@(”)’ (I)<kqfh) = thq)(v)
for 0 < v < [¥~1(1)]. Note that pg[p(k|z])] < 1 and pylé(hly])] < 1. Thus we
have
(46) max(kla(i)], hly(i)]) < $[¥ ()]

for any ¢ > 1. Consequently, we deduce from (46), (45) and (42) that

A

MQMvwmm_ﬁﬁﬁﬁ+p[Zf<Mvwﬂ}
T ()
fi( o)}

k—+h h k
< -
<SR i) + e

=2

So that (37) holds. The proof is completed. O
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Corollary 3.4. ® € V5(0) if and only if a(I®) < 2.

PRrOOF: If & ¢ V3(0) then ¥ ¢ Ay(0), therefore 3 = 1. Hence a(i®) = 2 by
Theorem 3.3(i). If ® € V2(0), then a(I®) < 2 by (37) and (40). O

The inverse function ® ! (u) of an N-function is usually hard to be expressed,
so it is still difficult to estimate Riesz angles directly by means of (36) and (37).
In order to make the calculation practical, we introduce the following proposition.
The proof is the same as that of Proposition 1.5 in [9], replacing 2 by c.

Proposition 3.5. For an N-function ®(u) = fo‘ul ¢(t) dt and ¢ > 1, define

® ! (u) ® ! (u)
ag(c) = hin_}gf @T(cu) 5 Be(c) = 11151_s>101p @T(cu) .
Then
i o
(47) ¢ “* <ag(c) <pyle)<c Vs

where A} and B} are defined as in (2).
Example 3.6. Let a pair of N-functions be defined as in Example 2.5(23), i.e.,
M(u) =el" — |u| =1 and N(v) = (1 + |[v])In(1 + |v]) — |v].

Now we estimate a(I™) and a(IV).

Since Fs(t) = % is increasing on (0, 00) ([9, Example 2.6]), we have

ay = lim Fyy(u) =2,
u—0
* e — ].
b = Fu(Wlu=nrin-1(1)) = Fu(@lu=1 = —— .,
and
ay = FN(U)|v:N*1(1) =Fn(v)lv=e—1 =€—1,
by = lim Fy(v) = 2.
v—0
It follows from Lemma 3.2 that

(48) 1718 ~e—1<qy <Qu < 2;

(49) 2=0a%, <qy < Qy <V :6—2z2.392.
-
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—1
Since G (e, u) = Je[/[f((cuu)) is also increasing on (0, 00) by Proposition 1.4, where
c=14 2L we get

Qm

O+ M (w) -3
99”%%1\4—16[2(“%)@_(Hgg—ﬂé)(”%) = (1+g—]]‘\44)

> 1.3635

by Proposition 3.5 (A9, = BY, = €Y, = 2).
On the other hand, F (v) is decreasing on (0, c0), it follows also from Propo-

sition 1.4 that Gy (v) = ]]\,V:f(g;,))

is decreasing, and so

1
2y = 20% = - =2 = V2.
M

By (36) and (37) we have

2\/2
(50) 1414~ V2 < a(iM) < 7‘/3— ~ 1.469.

Finally we estimate a(I/"). Note that the index function G ((1 + 5—%),1})

(take c =1+ Zq)iN in Proposition 1.4) is monotonically decreasing, hence we have
(see Lemma 3.5)

N N-1[(1 N
(1 + &) v= NN (M (M1 (1)))

2 ——3 qN
N1+ 5o ve M N (MM (1))
Mty

v=0.77118

v=0.77118
~ 1.26502.

Because
260 <28\, = 271( ~ 1.4966
M = M 7\{—1( : ’

= [rol—
— |
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we obtain the final estimation from (36) and (37) of Theorem 3.3
2

M=}
— (i) <a(N) < = ~1.5810.

(51) 1.4966 ~ 2— 2= < -
M-1(1) 0%
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