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Duality properties and Riesz representation theorem
in the Besicovitch-Orlicz space of almost periodic functions

M. MorsLI, F. BEDOUHENE, F. BOULAHIA

Abstract. In [6], the classical Riesz representation theorem is extended to the class of
Besicovitch space of almost periodic functions B? a.p., ¢ €]1,+oo[ . It is also shown that
this space is reflexive. We shall consider here such results in the context of Orlicz spaces,
namely in the class of Besicovitch-Orlicz space of almost periodic functions B?a.p.,
where ¢ is an Orlicz function.
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1. Introduction

The class BZa.p., ¢ > 1 of Besicovitch almost periodic functions was introduced
and developed in [2]. In [1], [4], this class was extended to the context of Orlicz
spaces, namely, the authors introduced the Besicovitch-Orlicz space of almost
periodic functions B?a.p.

The paper [4] is a large investigation on structure and topological properties
of this space. Some duality properties are also stated using an identification
argument based on the Bohr compactification of the real line.

In [8], we characterized the fundamental metric properties of this space, giving
necessary and sufficient conditions for the strict and uniform convexity.

In this paper, we shall give first, necessary and sufficient conditions for the
reflexivity of B®a.p. and then state a Riesz type representation theorem in this
space.

2. Preliminaries and notations

2.1 Orlicz functions. In all what follows, the notation ¢ is used for an Orlicz
function, i.e., a function ¢ : R — R which is even, convex and satisfies ¢(0) = 0,
@(u) > 0 if u # 0, moreover lim, @ =0, limy— 00 @ = +o0.
This function is called of As-type if there exist constants K > 2 and ug > 0
for which ¢(2u) < K¢(u), Vu > up.
We recall here some useful results concerning Orlicz functions (cf. [3], [7], [12]).
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An Orlicz function admits a derivative ¢’ unless on a denumerable set of points.
It satisfies ¢'(0) = 0, ¢'(u) > 0 if u # 0, and im0 ¢ (Ju]) = 400 so that it is
strictly increasing to infinity.

The derivative satisfies the inequality:

(2.1) ug' (u) < ¢(2u) < 2ug’(2u), Yu > 0.

From [3], we know that if ¢ is an Orlicz function then, for every ¢ > 0 there
exists an Orlicz function ¢ with continuous derivative and satisfying

de(x) < Pp(x) < (1 +¢€)oe(x), Yz eR.

In view of this, we may assume in the following ¢’ to be continuous.
The function ¥ (y) = sup{z|y| — ¢(z),z > 0} is called conjugate to ¢. It is an
Orlicz function when ¢ is. The pair (¢, 1)) satisfies the Young’s inequality:

vy < o(x) +9Y(y), r€R, y e R.

Let us note that equality holds in the Young’s inequality iff z = 9/(y) or
y=¢'(z).

With each pair (¢, 1) of conjugate Orlicz functions, we may associate an equiv-
alent normalized pair (5, 1[), i.e. such that ¢ is equivalent to ¢ (respectively v is
equivalent to {/)v) and 5(1) + {/)V(l) = 1. The functions ¢ and 5 (respectively ¢ and

1) define the same Orlicz space and the corresponding norms are equivalent (cf.

[12]).
With all these considerations, we may use in the following, without any restric-
tion, normalized pairs of conjugate functions.

2.2 The Besicovitch-Orlicz space of almost periodic functions. Let M (R)
be the set of all real Lebesgue measurable functions. The functional

+T

o M(E) = [0, 00],p(f) = T o RO

is a pseudomodular (cf. [4], [8]).
The associated modular space,

BY(R) = {f € M(R), lim py(af) = 0}
- {f € M(R), py(Af) < +o0, for some A > 0}

is called the Besicovitch-Orlicz space.
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This space is endowed with the Luxemburg pseudonorm (cf. [4], [8]),

1510 =t {1 > 0.0 (£) < 00}

Let P be the set of all generalized trigonometric polynomials, i.e.;
n
P= {P(t) = ajexp(idjt), \jER, a; €C, jEN, ne N}.
j=1

The Besicovitch-Orlicz space of almost periodic functions denoted by B?a.p.
(respectively B?a.p.) is the closure of the linear set P in B®(R), with respect to
the pseudonorm ||.||4 (respectively to the modular convergence), more exactly:

B?a.p.= {f € B*(R),3pp € P,n=1,2,...;s.t. lim 1f—pnlly= 0}
n—oo
_ {fe BP(R),Ipn € Pin =1,2,...;s.t. Yk > 0, lim_py(k(f - pn)) = 0},
§¢a.p.: {f € B‘b(}R)7 IpneP,n=1,2,...;8t. Ik >0, lim py(k(f—pn))= 0} ,
n—oo
clearly B®a.p. C B¢ a.p. and the equality holds when ¢ € Ag. Some structural
and topological properties of this spaces are considered in [1], [4].

From [4], [8], we know that ¢(|f|) € Bla.p. if f € B®a.p. and then (cf. [2]) the
limit exists in the expression of py(f), i.e.:

+T

polf)= tm = [ g(If@®))dt, f e Bbap.

= lim
T—+oo 2T J_p

This fact will be very useful in our computations.

Let us denote by {u.a.p.} the classical algebra of Bohr’s almost periodic func-

tions, or what is the same, the uniform closure of the linear set P. It is known
that if f € {u.a.p.} then

(2.2) o(If]) € {wa.p.}, (cf. [2]).

In [2], the following property is stated:
(2.3) if fe{uap.}, f#0, then M(|f]) >0,

. T
where M (f) = limp_ oo o [T f(t)dt.

105
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Notice that from (2.2) and (2.3), we deduce that [.|[4 is in fact a norm on
{uw.a.p.}.

From now on, B? a.p. will denote the quotient space obtained when identifying
the elements of the subspace {f € B®a.p.; Ifllg =0}

With each f € B?a.p., we can associate a formal Fourier series, more precisely:
define the Bohr’s transform of f,

a(A, f) = M(fexp(irt)), A € R.

There is at most a denumerable set of scalars {A1, Aa,..., Ap, ...} for which
a(X, f) # 0 (these are called the Fourier-Bohr’s exponents). The associated coef-
ficients {a(\;, f)}i>1 are the Fourier-Bohr’s coefficients.

Questions concerning the convergence of the associated formal Fourier series

S(f)(z) = Z a(An, f) exp(iAnz)

n>1

are not trivial and only partial results are available.

The Bochner’s approximation result will be of importance here:

Let f € B®a.p. and Sy (f)(x) = S7_; a(M, f) exp(idgz) be the partial sums
of its formal Fourier series. Then there exists a sequence

Zumk (A, f)exp(idgz),  (cf. [4])

where the convergence factors {1tm, } depend only on the sequence of characteristic
exponents {\} of the function f and satisfy 0 < ppm, < 1.
The sequence {0y, (f)} has the following approximation properties (cf. [4]):

L lom(Hlle < [Ifllg, m =1,2,... (pg(om () < pg(f)):
2. [lom(f) = fllg — 0 when m — oo (Va > 0, pg(alom(f) = f)) = 0

when m — o0).

To end this section, we define an Orlicz pseudonorm in the B?a.p. space as
usual,

I1lls = sup {M(Ifgl), g € BYap., pylg) <1}.

3. Convergence results in the B®a.p. space

A sequence {fj}r>1 from B?(R) is called modular convergent to some f €
B?(R), when lim o pg(fi; — f) = 0.

Let P(R) be the family of subsets of R and X(R) be the X-algebra of its
Lebesgue measurable sets. We define the set function
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+T 1
w(A) = lim — / xa(t)dt = lim —pu([-T,+T]NA).
-T T—oo 2T

Clearly, 7 is null on sets with u-finite measure and is not o-additive.
As usual, a sequence of Y-measurable functions {f;}z>1 will be called f-
convergent to f when, for all € > 0,

Jim it € R, [fi(t) - f(t)] = €} =0.

We now state some fundamental convergence results that will be used below:

Proposition 1. Let {fi}r>1 be a sequence of functions from B?(R). We have
the following (cf. [8], [9], [10]):
(i) Suppose there exist f € B?(R) such that limj_, . pe(fr — f) = 0 and
g € B®a.p. for which max(|fy|,|f]) < g. Then limj_, pe(fi) = ps(f)-
(ii) If f € B®a.p. and {P,} is the associated sequence of Bochner-Fejér’s
polynomials, we have limy,—.cc py(Pn) = pg(f)-
(iii) If f € B®a.p. is such that lim,_ py(fn — f) =0, then
(b) {fn}n>1 is fi-convergent to f.

4. Auxiliary results

Lemma 1. Let f € B®a.p., f # 0 and {fn}n>1 be modular convergent to f.
Then there exist constants a1, 81, 01, with 61 € 10,1, 0 < a1 < 81, n1 € N and
Gn={teR, ay <|fn(t)] < 1} such that u(Gyp) > 01, Yn >nj.

PRrOOF: By [8], there exist «, § and 6 with § € ]0,1[, 0 < a < § and G =
{t € R, a < |f(t)] < B} such that Ti(G) > 0. Take oy = % B = g+5 and

61 = =. Then, since {fn}p>1 is modular convergent to f, it is also 7i-convergent

to f (cf. Proposition 1(iii)) and so,

e 0
ﬁ{tER, |fn(t)—f(t)|2§}<§, for n>mn.

Let Gj, = {t € R, |fa(t) — f(t)] = G}, then G\G'y, C Gy, Vn > ny. Indeed,
if t € G\G'y, we have a < |f(t)] < 3 and |fn(t) — f(t)] < §. It follows that
a1 <|fn®)| < P1,¥n > nq,ie. t € Gy, Vn > ni. Finally, we get

>
<

N D

i(Gn) 2 A(G\G'n) 2 (G) = i(G'n) 2 0 — 5 =01, Vn = n1. .
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Lemma 2. (i) Let {an},>1, an > 0, be a sequence of real numbers. With every
n > 1, we associate a measurable set Ay, C [0, 1] such that:

(a) A;NAj =0 fori# j and >, An C [0,q], where 0 < o < 1;
(b) X op>1 Plan)u(An) < +o0.
Consider the function f =3, <, anxa,, on [0;1] and let f be its periodic

extension to the whole R, with period 7 = 1. Then, fe B¢ a.p.
(ii) If ¢ satisfies the Ag-condition then the mapping

i: (20,1, ly) — Blap.
f = f
where fjs the periodic extension of f, is an isometry (and also a modular
isometry). L?[0,1] is the classical Orlicz space on [0,1].
The result remains true if we take an interval [a,b], a,b € R.
PRrROOF: The part (i) of the lemma is in [8].

(i) We have only to prove that f € §¢a.p. Indeed, if f € L?[0,1], then, for
every € > 0 there exists a step function f: = > "1 ; a;x4; defined on [0,1] and
such that || f — fellp < e (cf. [12]). Let f and f: be the respective periodic

extension (with the same period 7 = 1) of f and f; to the whole R. From (i), we
know that f. € B?a.p. and then, there exists a trigonometric polynomial P- such
that || fe — P:[| < ¢, hence
1F = Pellg < 1 = Fellg + 10 = Pl
<|f = fellpo + [1£e = Pel,
<e+e,
ie. ]76 f?‘z’a.p. ]

Lemma 3. Let (¢,1) be a complementary pair of normalized Orlicz functions.
Then:

(i) if f € B%a.p. and I fllg # 0 we have p¢(ﬁ) = ¢(1). Moreover if
f € {u.a.p.}, then

pe(f) = o(1) = IIfllp = 1;
(ii) if f € B®a.p. and g € BYa.p., we have f - g € Bla.p., and,

(4.1) M(Ifgl) < Ifls-llglly  (Holder's inequality).
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PRrOOF: (i) Let &5, > 0 be such that lim,,—~ e, = 0. Then p¢(”f”¢{+€n) < ¢(1).

— f : [ g
Moreover fp, = TMoTen modular convergent to 7T, Since

p¢( ! / >— ¢< enf >_ np¢< f2>—>0asn—>oo.
£l +en 1flls £l sl f 1l + €n) I1£1

It follows from Proposition 1 that lim, oo pg(fn) = pd)(m) < ¢(1). On
the other hand, since p¢(m) > ¢(1), using the same argument we get
p“ﬁ) > ¢(1) and finally p¢(m) = ¢(1).

Suppose now that f € {u.a.p.} and p¢(£) = ¢(1) for some a > 0. The function
¢(£) being also u.a.p., from (2.3) we get ¢(£) = ¢(W) and then, since ¢ is
strictly increasing, || f[|4 = a.

(ii) If [| f[|4 # 0 and [|g[,, # O, it follows directly from Young’s inequality and (i)
that

M(|fgl) < 1fllg - lgllyp-

This inequality remains true whenever || f|l, = 0 or (and) ||gl|,, = 0.
Let (Py) and (Qy) be the sequences of Bochner-Fejér’s polynomials that con-
verge respectively to f and g in the respective norms. We have

M(|fg_PnQn|) SM(|f||g_Qn|)+M(|Qn||f_Pn|)
<fllg-llg—Qnlly +llglly - [1f — Pallg:

so that M(|fg — PnQn|) — 0 if n — oo, i.e. fg € Bla.p. O

Lemma 4. For f € B®a.p., we have:

@ I/l = inf {01 o (kf)), k> 0}.
Moreover, ||f|llg = g5 (1 + pg(ko f)) for some ko > 0.

@) o) < lIflly #0.
(i) oISl < fllls < gyl F Nl

PROOF: (i) The proof will be done in several steps.

(a) From easy computations we get

I1£1ls = sup {M(If9]),g € BY ap.pylg) <1}

1
< gy oup {MSA). b € B ap.py(0) < (1)}
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Now, since py,(h) < ¢(1) implies ||k, < 1, using Hélder’s inequality it follows,

1
(4.2) £ llg < Wl\fl\qs-

(b) First, we suppose f = P is a trigonometric polynomial.

Consider the function F : [0, +o0o[— [0, 400, F(k) = py[¢' (k|P(t)])]. If P # 0,
by Lemma 1, there exist o, 8, 6, with 0 < a < @ and 6 € (0,1) such that
(G) > 0, where G = {t e R, a < |P(t)] < 5}.

It follows then,

SR 2 T o [ W EP@) dr 20w [ ]

T—+4o00 2T

Now, since an Orlicz function increases to infinity with its derivative (cf. [3],
[11])) we get limy_, o, F(k) = +oo. Let us show that F is continuous. For, let
ko €]0, +oo[ and {ky} be a sequence of scalars converging to kg. A trigonometric
polynomial being uniformly bounded, we put ||P|lcc = M. Using the uniform

continuity of ¢’ on the interval [kOM 3k%M ] we have: Ve > 0, I3ng such that

n>ng = |¢ (kn|P|) — ¢/ (ko|P)| < ¥ (e);
hence,
(4.3) Py [¢' (Bn| P[) — &' (Kol P])] <

Let us put fn, = ¢/(kn|P|) and f = ¢(ko|P|). Then, clearly f, € {u.a.p.} and
f € {ua.p.}. Since ¢ is increasing, we have moreover f, < ¢'(2ko|P|). Now,
from (4.3) we have limy, o0 py(fn — f) = 0. Finally in view of Proposition 1.(i)
we get limy—oco py(fn) = py(f) and then F' is continuous at kg. Consequently,
since F(0) = 0 and limg_ .o, F'(k) = 400, there exists kg €]0,+oo[ for which
pyld’ (ko|P|)] = 1. To end the proof of (b), consider the following inequalities:

M(Pgl) = 2 M(kPg)) < 3 [pg(kP) + ()], k>0,

o

We get immediately

1Pl < jut {10+ psthP) ).

Now, considering the case of equality in the Young’s inequality, it follows

1 /
Pl = k—OM(lkoPI - ¢ (Kol P[))

Zk—lo(%(koP)—i—pw[ ¢/ (ko|P|)]) > ki(%(kop)ﬂ)
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and, finally,

1Pl =t { £0o(P) + )| = 1o athoP) + 1)

Notice that we have also || P|||, = M(|P(z)| - ¢/ (ko| P(x)])).

(c) We now show that the result of (b) remains true for f € B®a.p. For, let
{Py} be the sequence of Bochner-Fejer’s polynomials of the approximation of f.
From (b) we know that

1
(44)  Vn>1,3k, €]0,+00] such that [[|P,||s = {k_(l + p¢(knPn))} .
n
Hence, from (4.2) and the properties of the Bochner-Fejér’s polynomials
(see 2.2.1.), we get
1 1 1
— < ||| P, < —||P, < ——
= <Palls < 7 1Palls < 7751l

and thus k, > % = c¢1 > 0. Let us show that k, < co, Vn > 0, for some

constant co. Indeed, if this were not the case, there would exist a subsequence
denoted by {ky,} increasing to infinity and then

+T

L=py [¢/(kn|Pal)] = Tim (¢ (kn|Pa()])) da

o 3T | o

T ]- /
> T o /G 0 Gl Pa(@)])
1

> TE_‘EOO 5T an(sb’(knal))dt > 019 [¢ (kna1)] — o0, as n — oo,
where G, 01, a1 are defined in Lemma 1. A contradiction. Now the sequence
{kn} being bounded, there exists a subsequence denoted by {k,} that converges
to some ko with 0 < ko < +o00. We assert that lim,—co pg(knPn) = pg(kof).
Indeed, we have by 1. and 2. of 2.2.,

1 1
po(knPn = kof) < 5pg(2(kn — ko) Pn) + 504 (2ko(Pn — f))
1
< [bn = kolpg(f) + 504 (2ko(Pn — f))
and then limy— oo py(knPn — kof) = 0. Now, in view of Proposition 1.(iii) it
follows that lim,,  _ pg(knPrn) > pg(kof). On the other hand, from the inequality
Pe(knPn) < pg(knf) (cf. 2.2.1.), we have

im pg(knPn) < Tim py(knf) = lim pg(knf) = pg(kof)-

n—oo
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Hence,

hm p¢(knPn) < pplkof) < lm pgy(knP), ie. nli_)moop(b(knPn) = pg(kof).

n—oo

Finally, letting n — oo in (4.4) we get,

Ay = (p¢(kof) +1).

(ii) Suppose first that f € {w.a.p.}, f # 0. Let g € B¥a.p. Then:

(a) If py(g) <1, we have M(|fg]) <[ fll4-

9 1 . -

(b) If py(g9) > 1, we have p¢(p¢(g)) < o) py(g) = 1 and then,
M(’fﬁ’) < [I£lllg-
It follows that in all cases, we have M (| fg|) < max(1,py(g)) - [Ilflll4-
Suppose now that g = ¢’(W), hence g € {u.a.p.}. Using the case of equality
in the Young’s inequality and the fact that in this case the limits exist, it follows:

’ (W) touls (} P D < max(L, py(9))

so that we get pd,(m) <1

Consider now the case of f € B®a.p. Let {P,} be the sequence of Bochner-Fejer
polynomials of the approximation of f. We have:

P, >
Pl m—=——— 1) <1, Vn>1.
¢ (|||Pn|||¢

But, in view of Lemma 4(i) and 1. of 2.2., we can write:

Pl = jut {0+ poP) < jut {2004 pok0) | = 1151,

o () 58 =
[I1f1llp I1Pnlllg / —

and then by (ii) of Proposition 1, p¢(|“ ff\|\¢) =L

so that,

(iii) From the inequality p¢(m) <o) p (\|\f|\|¢) P(1) it ollows fllg <
ﬁ|||f|||¢. Now, in view of (4.2), we get ¢(1) - [|f |4 < I flls < {ry ||f||¢ O
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Lemma 5. If f € B¥a.p. then

11l = sup {IM(Fg)l, g € BPap., pslg) <1}
= sup {IM(fQ)l, Q €P, pylQ) < 1}.

PrOOF: We consider first the case when f = P € P. In view of (4.1) we have
IM(PQ)| < [IIP[lly, VQ € {wa.p.}, pg(Q) < 1. Moreover, from the proof of
Lemma 4.(i), there exists 0 < kg < oo such that py[¢'(ko|P|)] = 1 and

I1Plly = M (|P] -4 (kolP(x)])) = M (P(x) - sign P(x) - ¢/ (ko| P(x)])) -
Now, since sign P(z) - ¢/ (ko|P(x)|) € {u.a.p.}, it follows that
(45) 1Pl = sup {IM(PQ), @ € {nap), ps(@) <1}
(To see that sign P(x) - ¢/(ko|P(z)|) € {u.a.p.}, note that the function F(u) =
u - W if w # 0 and F(0) = 0 is continuous so that F(P) € {u.a.p.} if

P € {ua.p.}.) In fact, we have also || P|[|,, = sup{|M(PQ)|, Q € P, ps(Q) < 1}.
Indeed, from (4.5) we may write: Ve > 0,3Q: € {u.a.p.} such that py(Q:) <1

and [|P[ly < [M(PQ¢)| +e. But, for Q- € {u.a.p.}, we may find Q- € P with
pp(Qc) < pp(Qe) < 1and [|Q: — Qclly < m It follows then,

|M(PQ€)| < |M(P©a)| + M(|P| ! |Qa - @eD
< |M(PQ:)| + [[Plly - 1Qe — Qelly < [M(PQ:)| +¢
and then [||P]ll, < |M(PC~2€)| + 2¢. Finally, [|P[[, = sup{|M(PQ)|, Q €

P, py(Q) < 1}. Consider now the general case of f € BYa.p. Let {P,} be
the sequence of Bochner-Fejer’s polynomials that converge to f in BYa.p. Put

I(f) = sup{|M(fQ)|, Q € P, py(Q) < 1}.

Then I(f) < sup{M(|fQ|), Q@ € P, py(Q) < 1} < || flll- Moreover, Ve >
0, Ing such that Vn > ng one has, [|f — Pullly < e and [[|fllly < [[[Pnllly + e
Then, using the particular case and Hélder’s inequality,

I£llly =& < llIPallly = sup{|M(PrQ)|, Q € P, pg(Q) <1}
<sup{|[f = Pully - [Qllg, @ € P, pg(Q) <1}
+sup{|[M(fQ)I, @ € P, py(Q) <1}
<I(f)+e.

Finally, I(f) <|[|fllly < I(f) + 2¢. Now, since € > 0 is arbitrary, we get I(f) =
Il fllly- This is the desired result. O

113
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5. Reflexivity of the space B¢ a.p.

Theorem 1. The space B¢ a.p. is reflexive iff ¢ € Ay N</2 (i.e. ¢ and its con-
jugate 1 satisfy the Ay-condition).

PrOOF: Sufficiency. If ¢ € AyN<yg then (cf. [5]), there exists an Orlicz function
gbl equivalent to ¢ and satisfying the Ag-condition (with its conjugate function) on

= [0, +o00[ . We also know that we may associate with ¢; an equivalent func-
tlon ¢9 which is uniformly convex on R*. Clearly ¢o satisfies the As-condition
and is also strictly convex on RT. From [8] the space B?a. p. is then uniformly
convex and hence also reflexive.

Necessity. Suppose that ¢ does not satisfy the Ag-condition. We will show
that B%a.p. contains an isometric copy of Cy, the classical Banach space of se-
quences converging to 0. This leads to a contradiction with the reflexivity of
B?a.p. Let S,, n > 1, be a family of disjoints subsets of [0,1[ such that
0 < p(Sn) < % and U,>1Sn C [0,1[ . Let ap1, n > 1 be a sequence of
real numbers with ¢(a, 1) > ﬁ > % Since ¢ does not satisfy the As-
condition, for every fixed n > 1, we may find a sequence (ay, ;)i>1 increasing to

infinity and such that ¢((1 + l)an E) > 2k¢(an7k), k > 1. For each n > 1, let

{Sh,k} be a family of disjoint subsets of Sy, with u(S,, ;) = %, and set

fn =2 k>00nkXs, , on[0,1[. Let fn be the periodic extension of f,, to the whole
R, with period 7 = 1. By Lemma 2 we know that fn € §¢a.p., n=12...
Moreover,

o) = /¢>|fn Dt =3 Glan)i(Snr)

k>1

22n+k )_¢() 1,2,... .

k>1

For a > 1 there exists kg such that 1 + l < a, Yk > kg and thus,

s(afn) = /(balfn Dt =3 daan 1 )p(Sn k)

k>1
1
(5.1) >Y ¢ ((1 + E) an,k) (S, k)
k>1
ZZgbank Z(b = +4o00,Vn > 1.
k>ko k>ko

We get finally anHd) =1.



Duality properties and Riesz representation theorem in B%a.p.

With each ¢ = (c¢n)n>1 € Co we associate the function fc = >1 cann. We
assert that fc € B a.p. Indeed, if fN = Eivzl cnfn, we have clearly fN € B%a.p.
and then it is sufficient to show that the sequence {fN} is norm convergent to fc
or that for each A > 0, limy_, oo pd)(/\(:fvc —fz) =

2o~ T =0 3 enfa) = [ o 3 dens) i
(5.2) an n=i

d(Aen fn) dt

nzNj

Take N such that Ac, < 1 for n > N, we will have,

szb/\cnank Zz¢ank )

n>NEk>1 n>N k>1

<z<z M)s%

n>N “k>1

which tends to zero when N — oo. Hence, the space being complete (cf. [4]), we
get fo € B®a.p. Now consider the mapping,

P: Co — §¢~a.p.
C=(cn)n>1 -~ fe

We will show that P is an isometry. For A < ||¢||cc there exists an ng such that
Cng _

—% = ap > 1. Consequently:

p¢(§c) /01¢<§%nfn>dt2/01¢(anofno)dt=+oo, (see (5.1)).

If A > ||¢]loo, we will have,

(B)- [ 5 [oon=5 (5 58) o0

Finally, chHd) = ||c|]lco and P is an isometry.

Necessity of the Aj-condition for . Since ¢ € Ay, from Lemma 2.(ii),
B®a.p. contains an isometric copy of L?([a,b]) for each a,b € R. Now, the
As-condition for 1) is necessary for the reflexivity of the Orlicz spaces L?([a,b]),
a,b € R, and hence also for the reflexivity of B? a.p. O
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6. Riesz representation theorem in B%a.p.

Theorem 2 (Riesz representation theorem). If ¢ € Ag N /o then [B®a.p.]* is
isomorphically isometric to BYa.p. More precisely: If G is a continuous linear
functional on B® a.p. then there exists a unique g € BY a.p. such that:

(i) G(f)=M(fg), V[feBPap;
(i) &1 = Mlgllly-

Conversely, the condition ¢ € Ay N</2 is necessary for this identification.

PROOF: Let us consider the linear mapping

A: BYap. — [B%ap]|*
g - Al 7

A is well defined, and in fact it is an isometry since by Lemma 5:

A(g)(f) = M(fg)-

A9l = sup [M(fg)|l = llgllly-
pe(f)<1

It remains only to show that A is surjective. Let E = A(BYa.p.). Then E is a
complete subspace of [B¢ a.p.]*. From Banach’s classical results, it is sufficient to
show that for each F € [B®a.p.]** such that F(A(g)) = 0, Vg € BY a.p., we have
also F = 0ie. F(h) =0,Yh € [B?a.p.]*. For,let F € [B®a.p.]** be such that
F(A(g)) = 0, Vg € BYa.p. Since B?a.p. is reflexive, there exists f € B%a.p.
such that w(f) = F, (where 7 is the canonical isometry), i.e.

m(f)(A(g)) = A(g)(f) = M(fg) =0, Vg € B ap.

It follows immediately (see Lemma 5) that || f[|, = 0 and then || F'[| = 0.
Conversely, if the identification [B?a.p.]* = B¥ a.p. holds, we will also have

[B?a.p]™ = [BYa.p]* = B®ap.,
so that B®a.p. is reflexive and, consequently, ¢ € Ay N a. (I
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