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Limit theorems for rank statistics
detecting gradual changes

ALES SLABY

Abstract. The purpose of the paper is to investigate weak asymptotic behaviour of rank
statistics proposed for detection of gradual changes, linear trends in particular. The
considered statistics can be used for various test procedures. The fundaments of the
proofs are formed by results of Huskova [4] and Jaruskova [5].

Keywords: gradual type of change, location model, rank statistics, weighted suprema,
limit theorems
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1. Introduction

The basic underlying problem is testing a sequence of i.i.d. (time ordered)
random observations X7, ..., X, having the same common continuous distribu-
tion against an alternative that at an unknown time point there is a beginning of
gradual type of change in location such that the trend after the change point is
linear. Namely, we test

H: X,=0+¢;

against
1—1m
A X;j=0+4+0——1Is,,y +6 forsome 1<m<n and §#0
n

where €1, ... ,en arei.i. d. with continuous distribution function F'(x,0) provided
that F(z,0) = F(x — ) = F(z). However, statistics studied in the sequel can be
used for testing other and more complicated alternatives, see Slaby [7].

Let Rin, ..., Ron be the ranks corresponding to the observations Xy,... , X.
Consider two simple linear rank statistics

k
1) Sie(@) = (a(Rin) — an)
—

)
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592 A. Slaby

and
- i—k
(2) Sop(@) = > (a(Rip) —an) -
i=k+1

where k =1,... ,n, and a(1),... ,a(n) are scores with properties

1< 2
(3) - > (a(i) —an)” > Dy

i=1
and
1< 2

(4) ﬁz;\a(i)_m 1 < p,

1=

for some finite positive constants D1, Do and 7 independent of n. Here
1 n

) Uy = — a().

(5) P

Huskovd [4] studied limit behaviour of weighted suprema and L,-functionals
based on S1x(a) and, then, proposed corresponding testing procedures for abrupt
change in location model setup. Whereas Si;(a) is more suitable for testing
abrupt changes, analogous weighted suprema based on Sy (a) can be better em-
ployed to test gradual changes, particularly changes of linear trend in the location
model.

The crucial result of Huskova [4] is that limit behaviour of the treated statistics
is the same as the limit behaviour of the respective functionals of sums of certain
i.i.d. random variables. Limit theorems for i.i.d. random variables, see Csorgé
and Horvéth [1], can be then extended to ranks. Huskovd [4] shows that instead
of investigating behaviour of Sy (a), it is sufficient to check behaviour of

k
(6) Zip(a) =Y (a(1 + [nU;]) — an)

=1
where
(7 U, =F(X;), i=1,...,n,
and [a] denotes the integer part of a. Notice that for k =1,... ,n we have

(8) ESik(a) =EZjg(a) =0
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and
O Varua) = 5 Var {Zi(a) - ()| = T o)
where
2 1 - . — \2
(10) on(a) = 1 - (a(i) —@n)”.

i=1

General formulae for expectation and variance of simple linear rank statistics can
be for example found in Héjek and Sidék [3], see Theorem c of Section 3.1.

A similar approach can be used in the case of statistics based on Soj,(a), namely,
we consider

n

(1) Zop(a) = 3 (a(1+ [nU;]) — @n)

i=k+1

1 —k
n

instead of Syi(a). There is a simple but very important relationship between
Z11(a) and Zyi(a). Obviously

n—=k

n—1
(12) Zopla) =~ 3 Zufa) + " 200,
i=k

The same holds for Si;(a) and So(a), however, since S1,(a) = 0 the analog of
(12) can be simplified to

n—1
(13 Sor(@) =~ 3 Sui(a).
i=k

Finally note that for kK = 1,... ,n we obtain
(14) ESy(a) = EZy,(a) =0
and

(15)  Var Sop(a) = % Var {sz(a) _n= ’“)(27;2_ Rt l)zm(a)}

=v(n, k) op(a)
where

n—- n— n — n—k)2(n — 2
(16) v(n, k) = (n—k)( k—é-?;)(?( k)+1) k) Elng) k+1) |
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2. Limit theorems

The main results are summarized below in Theorem 1. These results have
been mentioned without any proof in Theorem 2 of [7] and employed there in
a comparative simulation study.

Theorem 1. Let Xq,...,X, be iid. random variables with common conti-
nuous distribution function F. Let assumptions (3) and (4) hold.

(i) Asn — oo, for arbitrary y € R,
1 1
Vv2loglo n — ——— | Soi(a
{ 8708 k<n 1y/v(n, k) an(a)‘ 2k ( )‘

3
< y-+2loglogn + log 4£} — exp(—2¢e7Y)
7T

where v(n, k) is defined in (16).

(ii) If moreover, as n — oo,

2/(24n) |
(18) %—>oo and niGogn_}(L
then for arbitrary y € R, as n — oo,
(19)
1
2log —~ S — 26, + So p_
{ o8 G G<hin—G \Jwn,G) onla ‘ 2k+G (@) — 2Sai(a) + So p_c(a)|
< y+210g— + log \/5} — exp(—2e7Y)
where
G(2G?+1) G4
(20) wn,q) =SB +D G

3n2 n3

The theorem below is a result analogous to Theorem 1 but it assumes certain
i.i.d. variables instead of the ranks.

Theorem 2. Let Xi,...,X, be iid. random variables with EX; = 0,
Var X1 = 1 and E|X1|?>T" < 0o for some 7 > 0. For k =0,... ,n denote

(21)

1=k+1
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(i) Asn — oo, for arbitrary y € R,

(22) P{\/2loglogn <n 1\/—‘ k‘

3
<y + 2loglogn + log 4£} — exp(—2e~Y)
T

where

mn—k)n—k+1)2n—-k)+1)
6n2 '

(if) If moreover condition (18) holds then for arbitrary y € R, as n — oo,

/ n 1 ~ ~ o
24 P 2log — — |5 - 25 Si_
( ) { 0og G G<%13;(_G \/m | k+G k+ Ok G‘

<y+2 log% + log g} — exp(—2e7Y)

(23) 5(n, k) =

where

_ G(2G* +1
(25) () = FE¢ T
3n
Corollary. Convergence (22) remains true if v(n,k) is replaced with v(n, k)

defined in (16). Similarly, convergence (24) remains true in the case that w(n,G)
is replaced with w(n,G) defined in (20).

The following theorem, which can be considered to be an extension of Theo-
rem 3 in [4], poses the crucial step in the proof of Theorem 1. It is an interlink
between Theorem 1 and Theorem 2.

Theorem 3. Under assumptions of Theorem 1, as n — oo,

1
(26) ISII?SaIT}LC—l m |Di(a)] = Op (max {n_l/z, n_"/(2+’7)} (1+log n))
where ( B)( k1)

—k)(n—k+
Du(@) = Snla) ~ (Zasla) - NI 7, 0))

Moreover, if assumption (18) holds then

1 _
(1), gmax |~ |Ditl@) = 2Di(a) + Dy-(a)| = op ((logm) /%)
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Remarks.

1. Compare our Theorem 1 to Theorem 2 of [4] and notice that mutual rela-
tionship between behaviour of maxima of cumulative and moving sums is different
in our case. Also, note that a printing error occurred in Theorem 2 of [4] and
condition (1.17) should accord with our condition (18). The error was dragged
in [7] as well. In fact condition (18) can be slightly relaxed as follows

2/(2+n)
T and " log(n/G)

e a — 0.

However, (27) then holds with op ((log(n/G))_l/z) on the right-hand side.

2. Of course, convergence (19) and (24) also remains true if w(n,G) and
@(n, G) is replaced with (2/3) - (G3/n?).
3. Corollary of Theorem 2 can be further extended to

n

(28) G= 3 (-, =k

n
i=k+1

where X,, = n~! 31 X;. The assumption of zero mean can be relaxed in this
case. The limit behaviour in question holds as well if the assumption of unit
variance is relaxed and (21) or (28) is standardized by appropriate estimate of
variance. See [5] for the discussion. Note in this context that the problem of
estimation of mean and variance does not arise in the case of ranks because (5)
and (10) are known.

4. The use of the above functionals of Sy (a) for testing changes in the loca-
tion model as well as applicability of the limit theorems is — besides others —
discussed in [7].

3. Proofs
Proof of Theorem 3. Using (12) and (13) we can write

n—1
Di(a)=-=>_ Ai(a)

i=k

where
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It follows that

1 1
(29) 1§rl§1§a§—1 v(n,k)' k(a)l n m<n 1 n k Z
1 n_
< =
~n1 <n1 nk 1<z<n1 n—z)' i(a)l
and
1
30 ———|D - 2D Dy
(30) G<Il?<a§—a\/m| k+c(a) k(@) + Di_g(a)l
1 1| =L k+G-1
= ma S A:(a) — Aila
G<k<r}z(—G\/mn i:;G i(a) ; i(a)
1 2G 1
S T — |A(a)].
—\/m\/ﬁlgr{?g{_lﬁ| i(a)|

Theorem 3 in [4] implies that

(31) | Jnax P |A ) =0Op (max{ 1/2 ,n_"/(2+n)} 1+ logn))

and
= —1/2_p,—n/(2+n)
(32) x| = |A,(a) = Op (max {n!/2n b
Since
v(n,k) 1 1 1 1 n—k+1
(n—k)3 T n2 (1+n—k) (§+6(n—k)_ 4n )

we can easily see that v(n,k)/(n — k)3 is increasing in k independently of n. It
follows that v(n,k)/(n — k)2 = O (n‘2) for arbitrary 1 < £ <mn — 1 and hence

(n— k) _
X Sy oM

This along with (29) and (31) yields behaviour (26).
By condition (18) we have

1 2G -0 ((n/G)l/Q) — 0 (n1/2—1/(2+17) (logn)_1/2) '

Vw(n,G) vn

This along with (30) and (32) yields (27).
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Proof of Theorem 2. Assertion (i) of Theorem 2 coincides with Theorem 1
in [5]. The corollary presents a result which is half a step to Theorem 2 of the
paper and is proven ibidem. Theorem 2 of [5] shows the convergence for S, 1. defined
in (28) and standardized by \/v(n, k).

To prove assertion (ii) assume at first that X7, ... , X;, are normally distributed
and define a zero-mean standardized Gaussian process

1 n
t) = ———=1Y , 0<t< =2
én(t) 2.0 [G(t+1)] G
where
k+G-1
~ ~ —k+ G E+G—i
(33) Y, = Sk+q — 28, +Sk—g = Z X Z X; i
i=k—G+1 i=k+1

For k> G and k +1 < n — G we have
Cov (Y, Yiq1) = Cov(Yg, Yat1) = Rua(l)-

Hence, if n/G — oo then &, (t) converges to a zero-mean standardized stationary
Gaussian process {£(t),t > 0} with autocovariance function

_ a([G1])
(34) p(t) B n/g—wo W ’

Now investigate properties of p(t). For 0 <1 < G — 2 we get

B ZG: iiol, Gz*:l 26 —i -1l QGZ‘:l 2G —i 2G+1—i
_. n n . n n . n n
i=l+1 z—G—i-l i=G+Il+1
1 G-1-1
:—<Z z—i—lz—i—z i+ G—1)+ Z G—1—-1) —z))
i=1
Plugged in (34) it implies
3 1—t t 1—t
p(t)zi(/ (s+t)sds+/(1—3)(1+s—t)ds—|—/ (1—3)(1—s—t)ds)
0 0 0
3.2 3.3
—1-S24 ¢
2 +4

for t € (0,1). Further if [ > 2G then R,, ¢(I) = 0 and hence p(t) = 0 for t > 2.
Realize that

max {€u(t) — £(t)} = op (1)

t>0
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and apply Lemma 1 of [5] or the original Theorem 12.3.5 of [6] for £(t) to obtain
convergence (24) for normally distributed X1,... , Xp.

By virtue of results of Einmahl [2] there are i.i. d. random variables X IEN) with
standard normal distribution such that

k
1/(24n) Z X X(N | OP (1)
=1

max k—
1<k<n

Hence, by (33) and (25) and according to condition (18) we have

(35)
k
1 (N) 1 2G (V)
- V.Y, < — )( - X5
G<gf§—6,/ﬁXn,G)‘ (R w(n,G) n 1<k i=1 ’ )

nl/(2+mn) ny—1/2
=0p <T> =op ((loga) )

where Yk(N) are obtained by replacing X; with X Z.(N) in (33). It concludes the
proof of assertion (ii). Its extension in the corollary is straightforward since (34)
and (35) hold true for w(n,G) as well.

Proof of Theorem 1. According to (3), (4) and (7)

a(l1+ [nU;]) —an

(36) (@)

1=1

are i.i.d. random variables with zero mean, with essentially unit variance, and
with finite absolute moment of order 241, n > 0. Thus, by Corollary to Theorem 2
we have

(37) max S N | Zog(a)| = Op (\/loglogn)

1<k<n—1 \/v(n, k) on(a)

and the rate in (37) cannot be improved.
It can be easily seen that 4n*(n — k)™2(n — k 4+ 1)~ 2v(n, k) is decreasing for
0<k<nand

1<k<n—1 y/v(n, k) 2n

that is attained for k¥ = 1. Thus, by central limit theorem we have

1 1 (n—kKn-k+1)
max
1<k<n—1\/v(n, k) on(a) 2n2

|Z1n(a)| = Op (1).
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This along with (37) implies that
1 1 n—k)n—k+1)
38 — Z - Z
( 1§I]£1§8,7)L(_1 /—v(n, k) an(a) 2k (a) 27’L2 1n(a)

=0p (\/@)

and properly standardized 1. h.s. in (37) has the same limit distribution as the
standardized 1.h.s. in (38). Now apply Theorem 3 to show convergence (17).
Proof of convergence (19) is analogous.
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