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On projectively quotient functors

T.F. ZHURAEV

Abstract. We introduce notions of projectively quotient, open, and closed functors. We
give sufficient conditions for a functor to be projectively quotient. In particular, any
finitary normal functor is projectively quotient. We prove that the sufficient conditions
obtained are necessary for an arbitrary subfunctor F of the functor P of probability mea-
sures. At the same time, any “good” functor is neither projectively open nor projectively
closed.
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Introduction

All spaces are assumed to be Tychonoff and all mappings are continuous.
Recall that a covariant functor F: Comp — Comp acting in the category of
compact spaces is called normal if it has the following normality properties:

preserves the empty set and the singletons, i.e., F(0) = ) and F({1}) =
{1}, where {k} (k > 0) denotes the set {0,1,...,k — 1} of nonnegative
integers smaller than k. In this notation, 0 = {(};

is monomorphic, i.e., for any (topological) embedding f: A — X, the
mapping F(f): F(A) — F(X) is also an embedding;

is epimorphic, i.e., for any surjective mapping f: X — Y, the mapping
F(f): F(X)— F(Y) is surjective;

preserves intersections, i.e., for any family {A, : « € A} of closed subsets
of a compact space X, the mapping F(i):({F(4a) : @ € A} — F(X)
defined by F(i)(x) = F(ia)(x), where iq: Ao — X are the identity em-
beddings for all o € A, is an embedding;

preserves preimages, i.e., for any mapping f: X — Y and an arbitrary
closed set A C Y, the mapping F(f | f~1(A)(f~1(A) — F(A) is a

homeomorphism;

o preserves weight, i.e., w(F (X)) = w(X) for any infinite compact space X;
e is continuous, i.e., for any inverse spectrum S = {Xa;wg ca € A} of

compact spaces, the limit f: F(lim S) — lim F(S) of the mappings F(7q),
where 74:1im S — X, are the limiting projections of the spectrum S, is
a homeomorphism.
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In what follows, we assume that all functors under consideration are monomor-
phic and preserve intersections. We also assume that all functors preserve non-
empty spaces. The latter assumption is not an essential limitation; the only
functor it excludes from consideration is the empty functor, i.e., the functor F
that maps any space to the empty set.

Indeed, suppose that F(X) = ) for some nonempty compact space X. Then
F(@) = F(1) = 0, because F is monomorphic. Let Y be an arbitrary nonempty
compact space. Consider the constant mapping f:Y — 1. We have F(f)(F(Y))
C F(1) = 0; therefore, the space F(Y) is empty, because it is mapped to the
empty set. Thus, we have proved that there exists a unique monomorphic functor
that does not preserve nonempty spaces.

By exp, we denote the well-known functor of hyperspace of closed subsets.
This functor maps every (nonempty) compact space X to the set exp(X) of all
its nonempty closed subsets endowed with the (finite) Vietoris topology (see [5])
and a continuous mapping f: X — Y to the mapping exp(f): exp(X) — exp(Y)
defined by exp(f)(4) = f(A).

In this paper, we introduce notions of projectively quotient, open, and closed
functors. We give sufficient conditions for a functor to be projectively quotient
(Theorem 1). In particular, any finitary normal functor is projectively quotient
(Corollary 2). We prove that the sufficient conditions obtained are necessary for
an arbitrary subfunctor F of the functor P of probability measures (Theorem 2).
At the same time, any “good” functor is neither projectively open nor projectively
closed (Theorems 3 and 4).

The main part

Let F:Comp — Comp be a functor. By C(X,Y), we denote the space of
continuous mappings from X to Y with the compact-open topology.

In particular, C({k},Y) is naturally homeomorphic to the kth power Y* of
the space Y; the homeomorphism takes each mapping &:{k} — Y to the point
(£(0),...,&(k — 1)) e YF.

For a functor F, a compact space X, and a positive integer k, we define the
mapping

mrx .k Ok}, X) x F({k}) — F(X)
by
Tr x k(& a) =F(E)(a) for € C({k},X) and a€ F({k}).
When it is clear what functor F and what space X are meant, we omit the
subscripts F and X and write mx j or 7, instead of mx x .
According to a theorem of Shchepin ([1], Theorem 3.1), the mapping

F:0(Z,Y) — C(F(Z),F(Y))

is continuous for any continuous functor F and compact spaces Z and Y. This
implies the following assertion.
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Proposition 1 ([2]). If F is a continuous functor, X is a compact space, and k
is a positive integer, then the mapping 7F x ) Is continuous.

Let F, be the subfunctor of a functor F defined as follows. For a compact space
X, Fi(X) is the image of the mapping 7z x i, and for a mapping f: X — Y,
Fi.(f) is the restriction of F(f) to Fj(X). It is easy to verify that the diagram

C({k}, X) x F(RY) L4 ok, v) x F({k))
(1) 7TXJcl lﬂ'Y,k

F(X) V), FY),

where (&) = f o &, is commutative; therefore, F(f)(F5(X)) C Fr(Y), and Fy, is
a functor.

A functor F is called a functor of degree n if Fp(X) = F(X) for any compact
space X but Fp_1(X) # F(X) for some X.

For a functor F and an element a € F(X), the support of a is defined as
the intersection of all closed sets A C X such that a € F(A); it is denoted by
SUpp £ ( X)(a). When it is clear what functor and space are meant, we denote the

support of a merely by supp(a).
By definition,

(2) f(supp(a)) D supp(F(f)(a))
for a continuous mapping f: X — Y and a € F(X). Clearly,
(3) a € F(supp(a)).

If a functor F preserves preimages, then F preserves supports, i.e.,

(4) f(supp(a)) = supp(F(f)(a))-
Proposition 2. For any functor F and compact space X,

Fip(X) ={a € F(X) : [supp(a)| < k}.

PrOOF: The inclusion C follows from the definition of the set Fj(X) and con-
dition (2). Let us verify the reverse inclusion. Suppose that ¢ € F(X) and
supp(a) consists of | different points zg,z1,...,2;_1, where [ < k. Consider
the mapping f:supp(a) — {k} specified by f(x;) = i. By (3), the element
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b= F(f)(a) € F({k}) is defined. Let &:{k} — X be the mapping such that
£(i) =a; for i <1 —1 and &(j) = xj_q for I < j. Then

(&, 0) = F(£)(b)
=FE(F(f)(a)) = F(§ o f)a) = F(idsypp(a))(a)
= 17 (supp(a) (@) =
Therefore, a € Fi(X), which proves Proposition 2. O

The definition of support and property (3) imply the following assertion.

Proposition 3. For a functor F, a compact space X, and a closed subset A
of X,
F(A)={a e F(X):suppa C A}.

Chigogidze [3] extended an arbitrary intersection-preserving monomorphic fun-
ctor F: Comp — Comp over the category Tych of Tychonoff spaces by setting

F3(X) ={a € F(BX) : supp(a) C X}

for any Tychonoff space X. If f: X — Y is a continuous mapping of Tychonoff
spaces and Sf: 3X — BY is the (unique) extension of f over their Stone-Cech
compactifications, then (2) implies that

FBHFp(X)) € Fp(Y).

Therefore, we can define F3(f) = F(8f) | X, which makes F3 a functor.

Chigogidze proved [3] that, if a functor F has some normality property, then
F3 also has this property (modified when necessary). The definition of the functor
Fp implies, in particular, that

(5) F(suppsz, (x)(@)) = supp -, vy F3(f) (@)

for any preimage-preserving functor F:Comp — Comp, continuous mapping
f:X =Y, and a € F3(X). In what follows, we denote both functor F: Comp —
Comp and its extension Fg: Tych — Tych over the category of Tychonoff spaces
by the same symbol F.

For a Tychonoff space X, a functor F: Comp — Comp, and a positive integer k,
we put

Fi(X) = 77 px k(C({k}, X) x F(k))

and denote the restriction of 77 gx 1, to C({k}, X)x F({k}) by 7x x - If f: X —
Y is a continuous mapping, then F(3f)(Fi(X)) C Fi(Y); this is implied by the
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commutativity of diagram (1) for the mapping 3f. Therefore, setting Fp.(f) =
F(Bf|F (X)), we obtain a mapping
Fi(f): F(X) — Fi(Y).

Thus, we have defined a covariant functor Fj:Tych — Tych that extends
Fi: Comp — Comp. Proposition 2 implies the following assertion.

Proposition 4. If F:Comp — Comp is a functor, then Fj: Tych — Tych is a
subfunctor of the functor Fg, and
(6) Fp(X) = Fa(X) N Fi(BX)

for any Tychonoff space X .

Proposition 5 ([1, Proposition 3.11]). For any compact space X and functor F,
the mapping
suppr(x) : F(X) — exp X

is lower semicontinuous.
Let U C X be an open set. Put
F+(U)={ae F(X) :supp(a)NU # 0}.
Proposition 5 is equivalent to the assertion that the set F (U) is open for any

open U C X.

Proposition 6. For a compact space X, a functor F, and a positive integer k,
the set Fi(X) is closed in F(X).

PrOOF: Take a € F(X)\ Fp(X). According to Proposition 2, | supp(a)| > k + 1.
Let xq,...,z} be pairwise different points from supp(a), and let Uy, ...,U; be
their pairwise disjoint neighborhoods. By Proposition 5, the set F4(Up) N---N
F4+(Uyg) is then a neighborhood of a, and it is disjoint from Fi(X) by virtue of
Proposition 2. ([

Remark 1. The definition of the set Fi(X) and Proposition 1 imply that Fj(X)
is closed in F(X) for any continuous functor F.

Propositions 4 and 6 imply the following assertion.

Proposition 7. For a Tychonoff space X, a functor F, and a positive integer k,
the set Fj,(X) is closed in Fg(X).

Let us mention several simple but important facts.
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Proposition 8. If f: X — Y is a closed mapping and Z C Y, then the mapping
22 - 2
is also closed.

Proposition 9. Let f: X — Y be a continuous surjective mapping, and let X1,
..., Xy be closed subsets of X such that

1. X=X1U---UXp;

2. all f(X;) are closed in Y;

3. all f | X;: X; — f(X;) are quotient mappings.
Then the mapping f is quotient.

Proposition 10. If f: X — Y is a continuous mapping, Xq is a subset of
X: f(Xo) =Y, and f | Xg is quotient, then f is also quotient.

We say that a functor F is finitely open if the set Fi({k + 1}) is open in
F({k+1}) for any positive integer k. For example, the finitary functors, i.e., the
functors F such that F({k}) are finite for all positive integers k, are finitely open.
We say that a functor F is projectively quotient if, for any Tychonoff space X and
any positive integer k£, the mapping

mrx e C{E} X) x F({k}) — Fi(X)
is quotient.

Theorem 1. Any continuous finitely open functor F: Comp — Comp preserving
the empty set and preimages is projectively quotient.

PRroOOF: We prove that the mappings 7 x = 7 are quotient by induction on .

The mapping 7 is bijective. Indeed, supp(F(§)(a)) = £(0) by (5). (We have
supp(a) # 0, because F preserves the empty set.) This and the injectivity of
the mapping F(§) gives the injectivity of 71. As to the inverse mapping, it takes
F(&)(a) to the pair (&,a). Therefore, the mapping 77 x 1 is a homeomorphism
as the restriction of the homeomorphism 77 gx 1 to a subset.

Suppose that the mappings 7; are quotient for all positive integers i < k. Let
us prove that w1 is quotient. We denote the identity embedding of the space
{k} into {k + 1} by e and put &g = {a € F({k + 1}) : supp(a) C e({k})} and
@) = F({k+1})\ F({k}). According to Proposition 3, the set g coincides with
F(e({k})) and is therefore compact. The set ®; is also compact, because F is
finitely open. Next, we put

Z9=C({k+1},X)x®; fori=0,1
and

Z}=C({k+1},8X)x & fori=0,1
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and denote the restriction of mgx 41 to Zg by fZ] (i,7 € 2).
Let us prove that

(7) 10(20) = Fi(X).

For this purpose, it is sufficient to specify an epimorphism g: Zg — C({k}, X) x
F({k}) such that

(8) f=nxrog.

Consider the mapping h: C({k + 1}, X) — C({k}, X) defined by h({) = {oe.
Under the identification of C'({i}, X) with the power space X*, the mapping
h corresponds to the projection X k+1 _, X* parallel to the last coordinate.

Therefore, the mapping h is open. The mapping g = h x idg, is also open. For
(&,a) € C({k+ 1}, X) x ®g, we have

(T‘—X,k © g)(& a) = WX,k(h(g)v a)
=nxk(foea)=F(loe)(a) =TF(§)(F(e)(a)) = F(§)(a)
= mxk+1(a) = f0(a)

(the equality F(&)(F(e)(a)) = F(&)(a) holds because supp(a) C e({k})). This
proves (8) and, thereby, (7). In addition, (8) implies that the mapping fg is
quotient as the composition of the open mapping g and the quotient (by the
induction hypothesis) mapping 7x .

Now, let us establish some properties of the mappings f{) and fll First,

9) 2= (7).
Let us show this. Note that, according to (5),
(10) supp(mg+1(¢; @) = §(supp(a))

for any ¢ € C({k + 1}, 6X) and a € F({k +1}). If (¢,a) € Z}, then supp(a) =
{k + 1}, and hence

(11) supp f1 (&, a) = E({k + 1}).
Therefore,
(12) 2 ={{¢a} € 21 :¢({k+1}) C X}.

Hence, if fll(ﬁo,ao) = fll(fl,al) and (£o,ag) € Z?, then (£1,a1) € Z?. This
proves (9).
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Equality (9), Proposition 8, and the compactness of the set le, which follows
from the assumption that F is finitely open, imply that the mapping f? is closed
and, consequently, quotient. Let us show that

(13) R(Z) = A (Z1) N Fp(X).

It is sufficient to verify the D inclusion. Suppose that fll(ﬁ,a) € fll(le) N
Frr1(X). Then X O supp(fi(¢,a)) = &({k + 1}) (the last equality is implied
by (11)). Therefore, by (12), (¢,a) € Z?, which proves (13).

Equality (13) and the compactness of fll(le) imply the closedness of f{’ (Z?)
in Fj,1(X). In addition, the inclusion fi(Z{) > Fp;1(8X)\ Fr(BX) and (13)

give
(14) F(ZD) > Fia (X) \ Fr(X).

Put Z =200 ZY and f = 7x 41 [ Z. By (7) and (14), Im f = Fp41(X). As
mentioned, the mappings f = f|Z? are quotient, and the set f)(Z)) = f(Z9)
is closed. Equality (7) and Propositions 4 and 7 imply that the set f(Z§) is also
closed. According to Proposition 9, the mapping f: Z — Fj1(X) is quotient.
This and Proposition 10 imply that the mapping mx ;41 is quotient too, which
completes the proof of Theorem 1. O

Corollary 1. Any finitary continuous functor F: Comp — Comp preserving the
empty set and preimages is projectively quotient.

Corollary 2. Any finitary normal functor, in particular, the hyperspace functor
exp, is projectively quotient.

In relation to Theorem 1 and its corollaries, several questions arise.
The first question is as follows:

Question 1. Is Theorem 1 valid without the assumption that the functor F is
finitely open?

This question is especially important because not all normal functors are fini-
tely open. In particular, the functor P of probability measures (which is the most
interesting normal functor) is not finitely open. Theorem 2 proved below not only
gives a negative answer to Question 1, but also characterizes the quotient normal
subfunctors of the functor P.

Arbitrary normal subfunctors of the functor P are described in [5], [6].

Theorem 2. A normal subfunctor F of the functor P is projectively quotient if
and only if F is finitely open.

PRrROOF: The ‘if’ part follows from Theorem 1. Let us prove the ‘only if’ part.
Suppose that the set F({k + 1}) \ Fr({k + 1}) is not closed for some positive
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integer k. Take a sequence {u, : n € w} C F({k+ 1}) \ Fr({k + 1}) of measures
converging to a measure u € Fi({k + 1}). The support of the measure p com-
prises no more than k points. By symmetry considerations, we can assume that
these points are among the first k points of the set {k + 1}, i.e., p € F({k}) C
Fir({k+1}). Each finitely supported probability measure is a convex combination
of Dirac measures. Suppose that

p=mgd(0) +---+mp_16(k — 1)

and
pn =mgo(0) + - +mp_10(k — 1) +mpo(k).

Some of the numbers m; may be zero, while all m;-‘ are nonzero. Since the
sequence {fn} converges to u, the sequence {mf'} converges to zero. Consider
the mapping f: {k+1} — {2} that takes the set {k} to 0 and the point k € {k+1}
to 1. The image of the measure p under this mapping is A = mgd(f(0)) +--- +
my—10(f(k — 1)) = 6(0), and the image of pp is Ay = €"0(0) + m}d(1), where
e =mg +---+m}_;. Clearly, A\, € F({2}) \ F1({2}) and A = 06(0) € F1({2}).
The convergence of the sequence {\,} to the measure A implies that the functor
Fo is not finitely open. Let us take the space w of nonnegative integers as X and
show that the mapping 12 = 77, 2: C(2,w) x Fa(w) — F2(w) is not quotient.

Take the measure v, = €"0(0) +mjd(n + 1) in Fa(w). Since the sequence
{mJ}n converges to zero, the sequence H = {vp,} converges to the Dirac measure
4(0). Thus, it remains to prove that the set 7T2_1(H) is not closed. Let us show
that it is discrete. Identifying C'(2,w) with w?, we easily see that Ty 1(un) consists
of the two points

Q= ((0,n +1),e"5(0) + mPs(1))

and
el = ((n+1,0),mPs(0) + €"5(1)).

Clearly, the set w5 1(H ) is discrete in itself. Suppose that there exists a point

n e 7r2_1(H) \ 73(H). Let n = ((ap,a1), ). Then the definition of ¢!, for i = 0,1
implies that a; = 0 for some i. To be definite, we assume that ag = 0. Then
a1 = n for some n > 1. Therefore, the set {(0,n)} x F({2}) is a neighborhood of

7 containing only one point ¢?_; of the set Ty L(H). This completes the proof of
Theorem 2. (]

The second question is also related to Theorem 1:

Question 2. Is Theorem 1 valid without the assumption that F preserves the
empty set?

A negative answer to this question is given by the metrizable cone functor
Conep,. Recall that Conep,(X) is the cone over the space X such that its vertex

569
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vg has a countable neighborhood base. For any metrizable space X, Conep (X)
is metrizable. Hence, for example, the mapping 7 1 : R x [0,1] — Cone, (R) is
not quotient.

The third question is as follows:

Question 3. Is Theorem 1 valid without the assumption that F preserves pre-
images?

I do not know the answer to this question. The best known non-preimage-
preserving functor is the superextension functor A, which has all the normality
properties except this one.

Question 4. Is the functor A\ projectively quotient?

Another group of problems is related to the potential possibility of obtaining
stronger properties of the mapping w7 x under certain constraints on the functor
F. We say that a functor F is projectively open (closed) if the mapping 7r x j, is
open (closed) for any Tychonoff space X and a positive integer k. A functor F is
said to be finitely nondegenerate if the set F({k + 1}) \ Fr({k + 1}) is nonempty
for some positive integer k.

Proposition 11. If F is a finitely nondegenerate functor preserving preimages,
then

F({2H \ F1({2}) # 0.

PRrROOF: Let k be the positive integer mentioned in the definition of a finitely
nondegenerate functor. Take some element a € F({k+1})\Fr({k+1}). Consider
the mapping f from {k + 1} to {2} that takes the set {k} to the point 0 € {2}
and the point £ € {k + 1} to the point 1 € {2}. Put b = F(f)(a). Since
supp(a) = {k + 1} and F preserves supports, we have supp(b) = f(supp(a)) =
f({k+1}) ={2}. This proves Proposition 11. O

Proposition 12. If F is a finitely nondegenerate continuous functor preserv-
ing preimages and singletons, then F1(X) is nowhere dense in Fo(X) for any
nonempty first countable compact space X without isolated points.

PROOF: Take a € F1(X). By the definition of 1 (X), there exist £ € C({1},X) =
X and b € F1({1}) such that a = 71(&,b) = F(&)(b). Since F is finitely nonde-
generate, by Proposition 11, there exists ¢ € F({2}) \ F1({2}). The assumptions
made about the compact space X imply that there exist two disjoint sequences
{zn} and {yn} converging to the point x = £(0). Let &, € C({2},X) be the
mapping defined by &,(0) = x, and &,(1) = yn. Put ap, = m2(&y,c). Since
supp(c) = {2} and F preserves supports, we have

supp(an) = supp(F(&n)(c)) = &n(supp(c)) = £n({2}) = {&n, yn}-
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Therefore, a, € Fo(X) \ F1(X). Let ¥ € C({2},X) be the mapping defined by
(i) = £(0) = x for i = 0, 1. Clearly, the sequence {{,} converges to ©). Therefore,
the sequence {(&,,c)} converges to (1,c), and the sequence {m2(&p, )} = {an}
converges to ma (1, ¢), because the mapping 7o is continuous. Since supp(c) = {2}
and F preserves supports, we have

supp(m2 (¢, ¢)) = (supp(c)) = ¥({2}) = {¥(0), v (1)} = {z, 2} = {z};

this and (3) give ma(v),¢) € F({z}). On the other hand, supp(a) = {z}, and
hence a € F{z}. Therefore, a = m2(1, ¢), because F preserves singletons. Thus,
for an arbitrary point a € F1(X), we can find a sequence {an} C Fo(X) \ F1(X)
converging to a. This proves Proposition 12. (Il

Theorem 3. No finite nondegenerate finitely open continuous functor F pre-
serving preimages and singletons is projectively open.

PRrOOF: It is sufficient to show that the mapping 7o = 7 1 2, where I is a closed
number interval, is not open. Since the functor F is finitely open, the set F;({2})
is open in F({2}). Therefore, the set C' ({2}, 1) x F1({2}) is open in C({2},I) x
F({2}). Thus, if the mapping 72 were open, then the set mo(C'({2},1) x F1({2}))
would be open in Fa(I). But, since F preserves supports, w2 (C({2}),I) x F1({2})
is contained in (and coincides with) the set F7(X), which is nowhere dense by
Proposition 12. This completes the proof of Theorem 3. (]

Remark 2. In Theorem 3, the assumption that F is finitely nondegenerate is
essential. As an example, we can take the continuum exponent functor exp® (of
hyperspace of subcontinua). It is a finitary functor satisfying all the normality
conditions, except it is not epimorphic. For any Tychonoff space X and positive
integer k, we have (exp®)g(X) = (exp)1(X) = X and C(({k}, X) x exp*({k})) =
X% x {k}. The mapping 7}, = Texpe, X,k 1S open, because it is the sum of the
mappings 7, | X x {i} of open subspaces X* x {i}, where each 7, | X* x {i}
coincides with the projection X k — X onto the ith coordinate.

Theorem 4 proved below shows that no “good” functors F can be projectively
closed. As previously, we start with auxiliary statements. Recall that a functor
F:Comp — Comp is called a functor with continuous supports if, for any compact
space X, the mapping

suppr(x): F(X) — exp X

is continuous. Note that, for any Tychonoff space X, the mapping
supp]_-ﬁ(X):]:ﬁ(X) —exp X

is continuous as the restriction of the continuous mapping suppr(gx) to Fp(X).
In what follows, we denote the mapping SUPDP 4 (X) by supp F(X)-

571
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Proposition 13. For a functor F with continuous supports, the mapping
suppr(x): F(X) — exp X
is closed as a mapping onto its image.

Indeed, it suffices to show that supp F(X) I8 the restriction of the closed mapping
suppr(gx) to its full preimage ([6]), i.e.,

-1 -1
SUPP () (K) = Supp 5 ¢ (K)
for any compact K C X. But this follows from the definition of the set
F(X) = F(X) C F(BX).
Theorem 4. No preimage-preserving continuous functor F with continuous sup-
ports is projectively closed.

PRrROOF: It is sufficient to show that the mapping 7TF R,2 is not closed. First, we
do this for the functor F = exp. Consider Z, = ((%,n), 0) € R? x exp({2}) and
Z={Zn:n=1,2,...}.

Obviously, the set Z is closed in R? x exp({2}), while meyp g 2(Z) = {{%} n=
1,2,...} is a sequence converging to {0} € expy(R); here, {0} is the nonempty
subset comprising one element 0 € R. Thus, not only the mapping ey, g 2, but
also its restriction 7y to the closed set C({2},R) x {0} is not closed.

Now, suppose that 77 g o is closed for some functor . Take any a € F({0})
(recall that all functors are assumed to preserve nonempty subsets). Then the
mapping 7, = mrr2 [ C({2},R) x {a} is closed as the restriction of the closed
mapping mr g 2 to a closed set. Let

ha: C({2},R) x {a} — C({2},R) x {0}
be the homeomorphism defined by

ha(§,a) = (,0).
Then
(15) T(0} © ha = SUPPF R 2 OTa-
Indeed,

(supp £ R 2 °7a)(§, @) = supp(7a(§; a)) = supp(F(§)(a)) = {(supp(a)) = £(0)
(supp(F(&)(a)) = &£(supp(a)) because F preserves supports). On the other hand,
7m0} © ha(§, a) =m0} (£, 0) = exp(£)(0) = £(0).

Thus, (15), the closedness of 74, and Proposition 13 imply that the mapping
Tio} © hq is closed. Therefore, 0} is also closed as a left divisor of a closed

mapping (here, it is only essential that hg is epimorphic). This contradiction
completes the proof of Theorem 4. (I
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