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On small distances of small 2-groups

NATALIA ZHUKAVETS

Abstract. The paper reports the results of a search for pairs of groups of order n that
can be placed in the distance n?/4 for the case when n € {16,32}. The constructions
that are used are of the general character and some of their properties are discussed as
well.
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1. Introduction

Let G(o) and G(x) be finite groups of order n. Since they are defined on
the same set, one can measure their distance dist(o,*) as the number of pairs
(a,b) € G x G with aob# axb.

It is known ([2]) that dist (o, *) < n?/9 implies G(o) = G(*). For 2-groups we
have a sharper result ([3]), since for n a power of two one always has G(o) = G(x)
when dist (o, %) < n?/4. The latter estimate is the best possible, because there
are many cases of non-isomorphic 2-groups that are in the distance n?/4.

Say that groups G1 and G2 of the same order can be positioned in the dis-
tance d, if there exist groups G(o) 2 G and G(x) = G with dist (o, *) = d.

In [3] there was described a general situation, in which groups G1 and G2 can
be positioned in the distance n2 /4, where n is the common order of G and Ga:

Theorem 1.1. Suppose that groups Gi1 and Go of the same order n have a
common subgroup S that is of index two. Furthermore, suppose that for i € {1,2}
there exist such a; € G; \ S that alsal_l = agsagl for all s € S. Then G1 and
Go can be positioned in the distance n? /4. (]

This statement can be used to verify that Cy; and Cy x C can be placed in
the distance 4k2, k > 1 (where C,, means the cyclic group of order n), or that
Qor and Dy, k > 3, can be positioned in the distance 92k—2 (we denote by Dan
the dihedral group of order 2", and by QQon the generalized quaternion group of
order 2).

We shall use two different constructive methods in order to obtain from a group
G (o) such a group G(x) that dist (o, *) = n?/4, n = |G|. The first of them reflects
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the above statement, and the second one is concerned with a bit more complicated
situation, in which one deals with a normal subgroup of index 4, factor over which
is isomorphic to E4 in both groups (Fj denotes the elementary abelian group of
order n).

Petr Vojtéchovsky, in his diploma thesis [4], investigated (among others) groups
of order 8 and obtained the following table:

[Cs] [CaxCo] [Es] [Ds] [Qs]

[Cs] | 16 16 18 24 24
[Cy % Co] 16 16 16 16
[Es) 24 16 24
[Dg] 16 16
[@s] 24

Here square brackets are used to denote the isomorphism class of a respective
group, and each entry gives the minimal distance in which the groups from the
corresponding class can be positioned (the diagonal refers to the situation when
groups are isomorphic, but not identical).

This table shows that groups of order 8 yield a connected graph, when vertices
of the graph are the (isomorphism classes of) groups of order 8, and edges are
between those groups that can be positioned in the distance 16 (we shall be
concerned here only with distances of non-isomorphic groups).

Now, it is quite natural to ask if a similar graph will be connected for groups
of every order n, n a power of two.

The answer is known to be positive for n € {2,4,8,16,32}, and the respective
results are described in Section 3.

2. The methods
Proposition 2.1. Let G = G(+) be a group, S < G its subgroup of index 2, and
h € Z(G)N S. Define a new operation x on G by

uv, if ueS or veS,

UXxV =

woh, if ue G\S and veG\S.
Then G(x) is a group. O
Proposition 2.2. Let G = G(-) be a group, U < G and V < G its subgroups of
index 2, S = U NV a subgroup of index 4, and h € Z(S) such an element that

huh = u for allu € U\ S and hvh = v for allv € V'\ S. Define a new operation
* on G by

uv, if ueU or vev,
uxv =< uvh, if u¢U and veU\S,
wvh™,  if u¢ U and ve G\ (UUV).
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Then G(x) is a group. O

The proofs in both cases consist of showing that the operation x is associative.
That can be done by a direct verification, and hence the proof is omitted here
(a somewhat shorter proof that does not resort to a blind verification of all cases
can be found in [5]).

The group G(x) obtained by the method of Proposition 2.1 will be denoted by
G]S, h], and the group obtained by the method of Proposition 2.2 will be denoted
by G[U, V, h]. It is obvious that dist (-, ) = n?/4 holds in both cases, if G is finite
and of order n.

The following statement can be, again, verified in a direct way, and so the proof
is not included.

Proposition 2.3. Let G = G(-) be a group.
) IfS<G,|G:85 =2 heZ(G)NS and G(x) = G[S,h], then G(-) =
G(*)[S,h™1].
i) fU<GV<GI|G:U=|G:V|=28=U0UnV,|G: S =4,
h € Z(S) and hxh = x for all x € (UUV)\ S, and if G(x) = G[U,V, h],
then G(-) = G(x)[U, V,h™1]. O

Say that groups G and Gy are 2-related if Go = G1[S, h] for some h € Z(G1)N
S, where S < Gp and |Gy : S| = 2. Say that groups G; and Go are 4-related if
G2 = G1[U,V, h] for some h € Z(S), where U < G1, V < Gy, |G1 : U| = |Gy :
V=2 S=UNnV,|Gy:S=4and heth = z for all z € (UUV)\ S. Put
QU,V)={he Z(S); hth=zforallz € (UUV)\ S}.

We have observed in Proposition 2.3 that the relation of being 2-related (4-
related) is symmetric. Moreover, under the notations of Proposition 2.2, one can
define another operation ® on G by

vu, if veV or uel,
v@®u=2<3 vuh™t, if v¢V and weV\S,
vuh, if v¢V and ue G\ (UUV).

Then the mapping a : G — G, afa) = a for a € UUV and a(a) = ah™! for
a € G\ (UUV), is an isomorphism of groups G(x) = G(®).

It is easy to verify that if the operation x is defined as in Proposition 2.1
and if x* denotes the inverse of z € G with respect to *, then the equality
zyz~' = x %y * 2* holds for all 2,y € G. Hence the groups Gi and Gy are
2-related if and only if they satisfy conditions of Theorem 1.1.

We are not going to develop here the theory of 2-related and 4-related groups in
full. That has been done partly in [5], and a paper that will cover various aspects
of those constructions is under preparation. The aim of this paper is to illustrate
in this section the concept of 2-relatedness and 4-relatedness upon groups Doy,
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Qqr and SDyx (where SDan denotes the semidihedral group of order 2"), and
to discuss, in Section 3 the powers and limitations of this methods in the case of
small orders.

We have already mentioned in Introduction that groups Q9x and Dok, k > 3,
can be positioned in the distance 2252, Moreover, in [1] there was shown that
groups Dy and SDyr, k > 4, can be positioned in the distance 92k—2

First we give some general observations.

as well.

Lemma 2.4. If a € Aut(G), S < G is a subgroup of index 2 and h € Z(G)N S,
then « is also an isomorphism G[S, h] 2 G[a(S), a(h)].

PROOF: Denote the operation of G[S, h] by * and the operation of G[a(S), a(h)]
by ®. Then for u,v € G with {u,v} NS # 0 one has a(uxv) = a(uv) =
a(u)a(v) = a(u) ® a(v). Suppose now that v € G\ S and v € G\ S. Then
a(u*v) = aluvh) = a(u)a(v)a(h) = alu) ® a(v). O

Lemma 2.5. If « € Aut(G), U < G and V < G are different subgroups of
index 2 and h € Q(U,V), then « is also an isomorphism

G|U,V,h] = Gla(U), a(V), a(h)].

PRrROOF: Denote by * the operation of G[U,V,h] and by ® the operation of
Gla(U),a(V),a(h)]. Then for u,v € G with u € U or v € V one gets a(u *v) =
a(uw) = a(u)a(v) = a(u) ® av). Ifu ¢ U and v € U\ V, then a(u *v) =
a(uvh) = a(u)a(v)alh) = a(u) ®a(v), and in the case u ¢ U and v € G\ (UUV)
one gets a(u*v) = a(uvh™) = a(u)a(v)a(h) ™t = a(u) ® a(v). O

Lemma 2.6. If U < G and V < G are two different subgroups of index 2, and
h € Q(U,V) equals k? for some k € Q(U,V), then G[U,V,h] = G

PROOF: Choose u € U\ S,v € V\ S, S=UNV and put v/ = v and v' = vk.
Furthermore, put G(x) = G[U, V, h]. The automorphisms of S which are induced
by elements of U or V are the same both in G and G(x). As k belongs to Q(U,V) <
Z(8), we see that v and v’ induce the same automorphism of S. Furthermore,
u'xu’ = u? holds trivially, and v'xv' = vkvk = v? follows from k € Q(U, V). Now,
u' v =uvk € G\ (UUV), and so (v’ xv') % (u/ %v') = wokuvkh™' = uvkuvk ™1,
which equals (uv)(uv). Therefore, rules s — s (s € S), u — u/, v — v induce an
isomorphism G = G[U,V, h]. O

Lemma 2.7. Suppose that U < G and V < G are two different subgroups of
index 2 and hy, hg are elements of Q(U, V). If hl_lhg = k2 for some k € Q(U,V),
then G[U,V, hi] = G[U, V, ha].
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Proor: Put G; = G[U,V,h;], i € {1,2}. Denote by * the operation of G
and by ® the operation of G2 and consider u,v € G. If uw € U or v € V, then
u®v = uv = uxv. Assume u € G\U. Ifv € U\V, then u®v = uvhik? = uxvxk?,
IfveG\(UUV), thenu®v= uvhl_lk_2 = uxvxk~2. But then G = G5 by
Lemma 2.6. (]

Note the well known fact that if G is non-abelian of order 2"+ with a cyclic
subgroup C of index 2, then either G = Dynt1, n > 2, or G = Qgn+1, n > 2, or
G =2 SDgnt1, n > 3, or G = Modgn+1, n > 3. Recall the defining relations of
these groups:

Don+1 : 2 =1, 2 =1, yay L =L
Quni1:  x¥ =1, 9% = L
SDgn1: 22" =1, 42 =1, yoy~ !t =2 12" and
Modgn+1 : 22 =1, 2 =1, yay L = L2t

Now we are ready to study the 2-relatedness of the groups Dgn+1, Qon+1 and
SD2n+1 .

If U < G is a subgroup of index 2, then either U = C or |U : UNC| = 2.
Assume C' = (z) and choose y € G\ C so that the order of y is the least possible.
If U # C, then the group (z2) = U N C is of index 4 in G and G/(x?) is a four
element group of exponent 2.

Group G is assumed not to be cyclic, and hence it has at least one subgroup
U of index 2 that is different from C. Therefore, the only subgroups of index 2 in
G are (z), (x2,y) and (22, xy), and (x2) is the only subgroup of G which yields a
factor isomorphic to Fj.

Conditions of Theorem 1.1 are satisfied, and so the groups Dgn+1 and Qon+1
are 2-related by means of C' and, as any non-abelian group cannot be 2-related to
an abelian group, we see that none of these four groups can be 2-related to any
other group by means of C.

Other subgroups of index 2 will be investigated later. However, just now note
that the centre of Dont1, Qgn+1 and SDgn+1 is a two element group and so

h=x2"""is the only possible choice for the definition of a new operation x when
proceeding like in Proposition 2.1.

Consider now G = SDgni1. If S = (22 y), then S = Dgn and for G(x) =
G[S, 22" '] we obtain zxz = 22¥2" " and yxz xy* = yoy =l = 212" = g%,
The group G() is thus isomorphic to Dont1. If S = (22, xy), then S = Qan

—1 —1
T yxy =22 yrawyt =

and in G(x) = G[S, :102”71] one gets T xr =
yay~! = 2712"7" = 2* and hence G (%) = Qqn1.
If G is Dynt1 or Qgn+1, then there exists an automorphism that fixes = and

sends y to xy. Hence by Lemma 2.4 only the case S = <m2,y> needs to be
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considered. For G = Qg one can use the automorphism argument again, since
in this case S = (y) and there exists an automorphism with z — y and y — x.
If G = Dg, then S is elementary abelian and h = 22 equals y*y. Elements
and #/ = zy~! induce the same automorphism of S. Furthermore, 2/ x 2/ =
zy Loy~ lh = (:vy_lx)yx = zy~lyz = 22, and there exists an isomorphism
G = G[S, h] with s — s and zs — 2's for all s € S. Assume now n > 3. Up to an
isomorphism just one 2-related group can be obtained from G, and as SDgn+1 is
2-related to G, we see that SDgn+1 is the only possibility.

So, we have proved the following statement:

Proposition 2.8. (i) The groups Qg and Dg are 2-related and there exists,
up to an isomorphism, no other group 2-related to any of them.

(ii) Assume n > 4. The groups Dan, Qon and SDon are pairwise 2-related

and there exists, up to an isomorphism, no other group 2-related to any

of them. O

Let us now study which groups will be 4-related. Suppose again that G is one of
the groups Dgnt1, Qon+1 or SDgnt1, U < G and V' < G are subgroups of index 2
and S = U NV is a subgroup of index 4. As was shown above, S is necessary
isomorphic to (z2). To define a new operation described in Proposition 2.2 we
can use an element h € Z(S) = S which satisfies huh = u for all w € U\ S and
hvh =wv for allv € V'\ S.

Assume n > 3. If one of the subgroups, say U, is cyclic, then only the choice
h=22""" is possible.

In SDon+1 one then gets yx x xy* = y:cy_lxykl =z l=o* V= (22 y),
then y xy = y? = 1, and G(%) is isomorphic to Dont1. If V = (22, xy), then
gy =y222" " = 22" and G(*) 2 Qgnt1.

For V = (22,y) we obtain in Dynt1 relations yxy = 1, yxaxy* = yxy_lacykl =
2= 142"7" and in Qon+1 relatlons (wy) (xy) = ayzyr? ' =1, (xy)*xz* (zy)* =
(a:yxxyhl) * (zy) = a:y:cx2 TyT 22" = = zya’y~ly? = 2=12"7" In both cases
G(%) = SDgnt1. Moreover, by Lemma 2.5, the choice V = (22, zy) will bring
us the new group isomorphic to SDyn+1 as well as there exists an automorphism
with  — x and y — xy.

It remains to consider the case U = (z2,y) and V = (22, 2y). Now the equa-
lities hyh = y and haxyh = xy hold for any A € S but, by Lemmas 2.6 and 2.7,
the choice of h can be limited just to 2. In all groups the relations z x 2 = 1,
pxr2Ha* = p3xx = 22, yraxy* = yr?y ! = 272 and zxyxx = zyz are true. If
G i8 Dgn+1 or Qgn+1, then zyz equals y, and hence G(x) = Dan xCq if G = Dgn+1,
and G(x) = Qan x Co if G = Qgn+1. If G = SDgut1, then zyr = y:zc2"71
and we can see that G(*) is isomorphic to a group with the defining relations

27L71

(z,y,2; x =1,92=1,22=1, yay=a"", zaz =1z, 2yz = yx2n72>.
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This group is isomorphic to

@sg, then, by Lemma 2.5 only one 4-related group exists, as all subgroups

IftG
of index 2 can be permuted by automorphisms.

Cy4 x Cy. We can illustrate this fact by the following multiplication tables:

I~ O 00 F NN O
NelNolll DS ol IR S =)
WO N0 H - O[O —H (AN ™
< |t OO ~H O|Mm AN
NN N[ O ©|FH 0
NN MO (O D~ <A
N O M AN <H D~ O
OO~ AN M H 1o © b~
N[O = N N <H 1o O -
QO

X

S

M~ © 10 F NN O
NelNoll DS ol S =)
0N <O D~ (O — |0 AN
<t |t O O+ O M
NN N[O (b~ ©|<F O
NN MN|H O[O b~ o <H
= O M AW <F DO
SO H AN ™M <f 1o O b~
VO = AN N <H 1O O I~
&

Dg, then two of subgroups of index 2 can be exchanged by an auto-

IfG
morphism. The only choice for h is 22. There can thus exist at most two groups

4-related to Dg. One of these groups is isomorphic to Cy4 X Co and the other group
is isomorphic to Eg. These facts can be verified also by the multiplication tables:

I~ O F|N N O —
OO I~ |t oM N |+ O
WO N0 H - OO =N N
|t O[O | O N AN
MNM AN A O D~ O 10 <A
NN M O~ © b~ <H 1o
O M AN < O
SO —=H N M 1o O b~
@01234567
X

S

I~ © < 10N M|~ O
OO M~ FH|MW N O~
WO N0 F (O - [O — | A
|t O~ O O M
MNM AN A O D~ O 10 <A
NN M O — © b~ 0
= O M AN LW <H D~ O
OO NN ™M <H 10 © b~
D801234567

D~b- OO H o0 N[+ O
QO I~ |F 1o N MO —
WO N0 Hib- © — O(Mm A
< H OO I~ O H[N ™
NN N — O~ O 10 <
NN M O O D~ <o
= O M AL H DO
OO~ AN M <F 10 O b~
pMOOTAn/ﬂn,JA_..raﬁupf
I~ ©O|F o MmH O
QO M~ Hn N[O
N F O~ O —H (M A
< | O~ O A O™
NN N — O~ O 10 <
NN M O~ O~ <o
= O M AL FH DO
OO H N M 1O O -
D0001234567
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Now we are ready to formulate a statement that fully describes 4-relatedness
with respect to Q9n+1 and Don+t1, n > 2, and to SDgn+1, n > 3.

Proposition 2.9. (i) Group Qg is 4-related, up to an isomorphism, only to
C4 X Cg.
(ii) Group Dg is 4-related, up to an isomorphism, only to groups Eg and
04 X 02.
(iii) If n > 3, then Don+1 is 4-related, up to an isomorphism, just to groups
SD27L+1 and Dgn X Cg.
(iv) If n > 3, then Qqn+1 is 4-related, up to an isomorphism, just to groups
SD2n+1 and an X 02.
(v) The groups to which SDgni1, n > 4, is 4-related, are — up to an iso-
morphism — the following ones: Dgnt+1, Qon+1 and the group with the

defining relations (x,y, z; 227 = L, y2=1, 22=1, yzy =2, za2 =

x, 2Yyz = y:102n72>. The latter group is a semidirect product of Con—1 x Ca
and Cy. O

Some further results about 2-relatedness and 4-relatedness can be found in [5],
and will appear later in a paper which is under preparation. Let us mention here
that the situation is quite simple when at least one of the groups is abelian, and
that Modsn can be subjected to the same analysis as Dan, Qon and SDan.

3. The computations

Say that groups H and K are transitively 2,4-related, if H = K or if there
exists a chain of groups G1,...,Gy such that H = G1, K 2 G, n > 1, and for
each i, 1 <i <mn—1, the groups G; and G;41 are 2-related or 4-related.

Theorem 3.1. (i) Any two groups of order n, where n € {2,4,8,16}, are tran-
sitively 2, 4-related.
(ii) Any two groups of order 32 are transitively 2, 4-related, but for one ex-
ception: the group with the defining relations

(.Y, 2; at = 1,212 =1,z = 17$Z/17_1 = 22%@233_1 = Zyayzy_l = z)
is not 2, 4-related to any non-isomorphic group. ([l

The proof of (i) for n = 2 is void, and for n = 4 one can use the well known
table pair of F4 and Cjy:

Eq|0 1 2 3 Cy|0 1 2 3
00 1 2 3 00 1 2 3
111 0 3 2 111 2 30
212 30 1 212 301
313210 31301 2
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The case n = 8 follows from Vojtéchovsky’s table (see Introduction), and the
cases n € {16,32} are considered in detail in my thesis [5].

I have considered the defining relations of all groups of order n € {16, 32}, and
I have systematically enumerated all possible parameters S and h (or U, V and h)
for each of these groups. Some situations could have been easily refuted because
of an obvious isomorphism to the original group or by general statements like
Propositions 2.8 and 2.9. In the remaining situations I worked out the defining
relations of the new group and, often using GAP, I found the group to which the
‘new’ group is isomorphic.

One gets from Theorem 3.1(ii) that the constructions of 2-related and 4-related
groups are not sufficient to proof the conjecture that for each n, n a power of two,
and for all groups H and K, |H| = |K| = n, one can find a chain Gy, ...,Gy of
such groups of order n that G1 = H, G}, = K, and G; and G411 can be positioned
in the distance n2/4 for every i, 1 <i < k.

However, for n = 32 this conjecture holds. In fact, the failure of 2,4-relatedness
to provide the transitive connection led Ale§ Drépal to look for further methods
how close 2-groups can be constructed and one of the new methods really worked
for the case of the group described in Theorem 3.1(ii). This group can be posi-
tioned in the distance 256 to several groups, one of them being the group with
the defining relations

4 .2

(r,y,2; a® = 1,y% =2, 2% = Laya™t =y~ !

Vb yzy™t = 2).

2,22
The details will be given in a later paper.

This paper is concluded by the proof of the negative part of Theorem 3.1(ii).
We shall thus prove:

Lemma 3.2. The group G with the defining relations

1

(x,y, 2 rt = 1,y2 = 1,24 =1l,zyx” " = z2y,xzx_1 = zy,yzy_l = z)

is not 2, 4-related to any non-isomorphic group.

PRroOF: This group is a semidirect product of a normal subgroup N = (z,y) =
C4 x Co and a cyclic subgroup (x) = Cy. Really, for any integer numbers a,b € Z
one has z2%ylr~1 = zat2byatb,

Suppose that M is a maximal subgroup of G which does not contain N. Then
G = NM and Cy = G/N = NM/N = M/(N 0 M). Now, N N M has index 4
in M, and hence |N : NN M| = 2. Moreover, NN M is normal in G, since N < G
and M < G. So the intersection N N M must be (22,y), because zzz~! = zy,
zzyz~' = 271 imply that neither z nor zy lies in N N M. Then (22,y) is the
unique subgroup of N which is of index 2 and normal in G.

Put K = (22,y), and note that G/K is isomorphic to Cy x Cy and has ge-
nerators 2K and zK. Our remarks above show that K is a subgroup of ®(G),
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the intersection of all maximal subgroups of G. Therefore, ®(G) = (K, z?) and
G/®(G) = Cy x Cy. From xz2z71 = zyzy = 22 it follows that 22 lies in the
center of a group G and, from the general properties of the center of a semidirect
product, Z(G) = (z2).

Therefore, the only subgroups of index 2 in G are My = (K, z) = (z,22,7),
Moy = (K, 22, 2) = (22, 2,y) and M3 = (K, 22 x2) = (x2,22,y), because (x2)? =
rzrz = xzayr = 2ays ta? = yx?. If A <9 G satisfies G/A = Cy x Co, then A
contains ®(G). Since ®(G) is of index 4, we see that A has to equal ®(G).

Note that x2yz? = y. Therefore, ®(G) = (22) x (22) x (y) is elementary
abelian and h (as in Propositions 2.1 or 2.2) must be from the center of G, so
h = z2. Tt is easy to verify that there exists an automorphism ¢ € Aut (G) with
x> 122, 2+ 2z, y— y, and that o(M7) = M3, o(Ma) = Ms and ¢(M3) = Mj.

Let us describe the isomorphism types of maximal subgroups of G. From the
defining relations one obtains z2zz2 = x(wzx_l)x_l = zayzr ! = zyz2y = 271,
and so My = (22,2) x (y) = Dg x Cy. It is clear that in M equalities 2% =
1, y? =1, (222 =1, 222271 = 22, yoy~! = 2%z and yz%y~! = 22 hold. And
so Mj is a semidirect product of its normal subgroup (z, 22) ~ (C4 x C9 and a
two-element group (y).

We shall now look for groups that are 4-related with the group G. By
Lemma 2.5, only two cases need to be considered, since G[My, Mo, z?] is iso-
morphic to G[Ms, Ma, 22].

Consider first the case U = My, V = Mp, and denote G[U,V, 22| by G(x).
Because M; and My are subgroups of G(x), elements z,y,z have in G(x) the
same order as in G = G(-) and, because {z,y} € U and {y,z} € V, equalities
zHy*xx* = 22 %y, y* z*y* = z hold (here, as usual, we denote by z* the inverse
of x € G with respect to ). Put y; = 22y = 22xy. Then y; xy; = (2%y)*(2%y) =
Y =1 aoxyxr* =y=22xy;, y1xzxyf =zand xxzxa* = (z2)xz7 ! =
zze 122 = zy22 = 2z xy;. Hence sending = — z, z — 2z, y — y; defines an
isomorphism G(-) = G ().

In the case U = Mj and V = Mg put 21 = zz2, Yy = z2y. The elements y1
and z have in the group G(x) = G[U,V,22] orders 2 and 4, respectively, since
both are in M7. Furthermore, 21+ 21 = (222) % (222) = 22222222 = zzzys—12% =
z2yz%yz% = 22, and hence z; has in G(x) the order 4. The element 22 belongs to
the center of G(*), and y1 *x 21 = y121 = 22yza? = 2322y equals 21 * y1 = 2191 =
za22%y = 2322y, Tt is now straightforward to check the remaining relations:
Tx 2kt = xza 122 = zzam a?22 = 2ya?2? = 22222y = z1y1 = 21 x 1 and
zxyr ¥ = zyre ! = x22yx~! = 2222y = 22« y1. Therefore, z — z, z — 21,
y — y1 defines an isomorphism G(-) & G(x).

Let us now consider the case of 2-related groups. Lemma 2.4 gives an iso-
morphism G[M7, 2] = G[M3,2%]. If S = My, then it is enough to note that
(222) * (222) = 22222222 = 22. Indeed, inner automorphisms generated by z

and z; = z22 coincide on My, 21 21 = z - 2, and so substituting z by z1 gives
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an isomorphism G 2= G[M7,2%]. If S = My, put @ = zy and b = 2. Then

z
a-a = xyry = xyz’yr = 2222 = xxx = bx b, and for any s € S one has
asa™t = zysy~lz~! = zsz™! = bx s xb*. So, groups G and G[S, z2] are isomor-
phic.

O
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