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Equivalence of the properties
(/) and (NUC) in Orlicz spaces

SOMPONG DHOMPONGSA

Abstract. We obtain the equivalence of the properties (8) and (NUC) in Orlicz function
spaces. This answers a question raised by Y. Cui, R. Pluciennik and T. Wang.
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Introduction

Let (X, ||.||) be a real Banach space, and let B(X) (resp. S(X)) be the closed unit
ball (resp. the unit sphere) of X. For any subset A of X, we denote by conv(A),
the convex hull of A. Clarkson [2] introduced the concept of uniform convexity.
The norm ||.|| is called uniformly convez (write (UC)) if for each ¢ > 0 there is
0 > 0 such that for z,y € S(X) inequality ||z — y|| > & implies

1
For any = ¢ B(X), the drop determined by z is the set
D(z, B(X)) = conv({z} U B(X)).

Rolewicz [12] introduced the notion of drop property for Banach spaces. A Banach
space X has the drop property (write(D)) if for every closed set C' disjoint with
B(X) there exists an element « € C' such that

D(z,B(X))NC = {z}.
A sequence {z,} C X is said to be e-separated for some ¢ > 0 if
sep({zn}) = inf{||zn — zm|| : n £ m} > e.

A Banach space X is said to be nearly uniformly conver (write (NUC)) if for
every € > 0 there exists § € (0, 1) such that for every sequence {zp} C B(X) with
sep({zn}) > e, we have

conv({zn})N(1—0)B(X) #£ 0.
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A Banach space X is said to have property () if for any € > 0, there exists 6 > 0
such that
a(D(x, B(X))\B(X)) <«

whenever 1 < ||z|| < 1+ . Here « is the Kuratowski measure of noncompactness
on bounded subsets of X. Rolewicz [12] showed that property (3) follows from
the uniform convexity and that property (3) implies (NUC). All of these concepts
are related as follows:

1) UC) = (B) = (NUC) = (D) = (Rfz),

where (Rfx) denotes reflexivity. The implications cannot be reversed in general
(see [5], [7], 8], 9], [11], and [12]).

Denote by R the set of real numbers.

A map ® : R — [0,00) is said to be an Orlicz function if ® is vanishing at 0,
even, convex and not identically equal to 0. We say that the Orlicz function ®
satisfies Ag-condition if there exist a constant k£ > 2 and ug > 0 such that

D(2u) < kd(u),

for every |u| > ug.

Let (G, 3, 1) be a nonatomic measure space with a finite measure . Denote by
L0 the set of all u-equivalence classes of real valued measurable functions defined
on G. Let 19 stand for the space of all real sequences. By the Orlicz function
space Lg, we mean

Lo ={zxeLl: Iy(cx) = / O (cx(t))du < oo for some ¢ > 0}.
G

Analogously, we define the Orlicz sequence space lg by the formula

o
lp = {zell: Ip(ca) = Z@(c;vi) < oo for some ¢ > 0}.

i=1

Lg and lg are equipped with the so called Luxemburg norm
Jall = inf{e > 0: a() < 1}
or with the equivalent norm
1
=inf —(1+ Ig(k
lzllo = inf - (1 + Ig (k)
called the Orlicz norm. It is well known that for any x # 0 if, for some k,

Iy (p(lka])) = 1,
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where VU is the complementary function of ® and p is the right hand derivative
of &, then

lzllo = 7 (1 + I (k).

=

Write Lg, lp, L% and l% for the spaces (Lg, ||.]), (s, |-l)s (La,]-lo), and
(13, ]|-lo) respectively.
The Orlicz function @ is strictly convex if

u+ v D(u) + ®(v)
2 ) < 2

o

for all u,v € R, u # v.
The Orlicz function ® is said to be uniformly convezr on [ug,o0), where ug > 0,
if for any € > 0, there exists § > 0 such that

u+wv D(u) + D(v)
) <120

holds true for all u,v € [ug, o) satisfying

P

|u —v| > e. max{u, v}.
For more details we refer to [1] or [9].

In the course of the proof, we use the fact from Theorem 3 and 4 in [3] which
states for Lg and L% that

(8) < @ is uniformly convex on [ug, 00) for every ug > 0

and ® satisfies Ao-condition.

Results. In [3], it was shown that properties (3), (NUC) and (D) are equivalent
for Orlicz sequence space lg, that is the second and the third implication in (1) can
be reversed. The authors gave an example showing that the implication (3) =
(UCQC) is not true for spaces lp and l%. But they continue to show in contrast
to the sequence case that the properties (UC) and () are equivalent for Orlicz
function spaces Lg and L%. The only problem left open in the paper concerning
the implication in (1) is whether or not (NUC) = (8) in Orlicz spaces Lg and
L%. We show here the answer is affirmative. The proof of the result is mostly
based on ingredients in the proofs appearing in [3].

Theorem. The properties (3) and (NUC) are equivalent for Lg and L%.

Before we give the proof of the Theorem, we prove a simple but useful result.
It is a characterization of uniform convexity of ®. The author has been informed
by the referee that the following lemma is related to some results of S. Chen and
H. Hudzik, On some convezities of Orlicz and Orlicz-Bochner spaces, Comment.
Math. Univ. Carolinae, 29.1 (1988).
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Lemma. For an Orlicz function ®, ® is uniformly convex if and only if for any
e > 0 and any ug > 0, there exists 6 > 0 such that for all couples (u,v) C (ug, 00)
satisfying v — u > ev we have

O(ru + sv) < (1= 0)(r®(u) + s®(v))
for some r,s € (0,1) withr+ s = 1.

PrOOF: We only prove the “sufficiency”. Suppose @ is not uniformly convex.
Thus there exists € > 0 such that for any § > 0 there exist u,v with

(u,v) C (0,00),v —u > ev, and p(v) < (14 &)p(u).
We now show that

O(ru + sv) > (1 =) (r®(u) + s®(v))

for all 7,s € (0,1) with r + s = 1.
Write w = ru + sv for such a pair (r,s). Then put

I r®(u) + s®(v) — D(u) I — D (w)
- w—u ’ T w—u’
and
III = M
w—u
We estimate
_s(2v) —@(w) _ 2(v) —2(u)
I_ S(’U—’u) - v —u < (1—|—5)p(u),
II > 2(w) = 2(u) > p(u),
w—1u
and
111 > p(u).
Thus,
r®(u) + s®(v) — (ru+sv) r@(u)+131}q>_(5)_q>(u) - Q(T“Ji,fz_q’(“)
O (ru + sv) n B(rutsv)
L (1 +0)p(u) —plu)
TII < p(u) =9
Hence

O(ru + sv) > %(T(I)(u) + s®(v) — D(ru + sv))
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and so

1+ %)CI)(T’U, + sv) > %(T{)(u) + s®(v)).

This implies

B (ru+ sv) > (1 - %)(r@(u) +5®(v)) > (1= 0)(r®(u) + s®(v)).

O

PROOF OF THEOREM: We first consider the space Lg. From Theorem 3 in [3]
we only need to show that (NUC) implies uniform convexity of ® on [u,c0) for
all w > 0. For this, it is enough to show that ® is strictly convex on [0, 00) and
that there exists v > 0 such that ® is uniformly convex on [v, c0).

If ® is not strictly convex, we obtain an interval [a,b] in [0,00), GO C G,
G’ € G\GY and ¢ > 0 as in [3] such that ® is affine on [a, b] and

a+b

<I>(2

J(GO) + @(c)u(G') = 1.
Then, for each n, we obtain a partition {G7, G3,..., G§.} of GO such that

w(GH) =27"u(G% (i=1,2,...,2").

Define
In = aXEl,n + bXEZ,n + CXG’?
where
2”*1 2n71
Ein=J Gh1, Bon=J G (n=12,..)
k=1 k=1

We show that {z,} violates the property (NUC) by showing that

b—a
xn € B(Lg) for each n > 1, sep({zn}) > W
and
conv({zn})N(1—9)B(Lg) =0 forall §>0.
Since
ta(an) = 22060 4 aou@)
_ 2a+b)

5 n(G%) + @(e)u(G) = 1,
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we first have ||z, | = 1.
Secondly, we have ||z, — yn|| = ﬁ > 0 whenever n # m.
u(GO)
Finally let r1,... ,rp >0and ri +...+rp, =1. Pt x =riz1 + ... + rpop.

Since the values of z on G¥ are convex combinations of @ and b with coefficients
in [0, 1], an easy calculation shows that

Ta(e) = 2O+ 20)

Thus ||z|| =1 > 1—§ for all § > 0. Therefore ® is strictly convex.

(@) + (Ou(@) = 1.

We now show that @ is uniformly convex on [u,00) for “large” u. Again we
suppose for the contrary that there exists € > 0 such that for any § > 0 we can
find u, v by the Lemma and G C G so that 0 < u < v,

®(u) + ®(v)

0y _

S(u)p(G) > 1, v —u > ev,

and
D(ru+ sv) > (1 = 8)(r®(u) + s®(v))
for all pairs (r, s) in (0,1) with r + s = 1.
Define
Tn = uXEl,n + UXE2,7L
where 1, and Ea,, are constructed as above. Again we show that {x,} violates
the property (NUC) by showing that

xn € B(Lg) for each n>1, sep({zn}) > %
and
conv({zn})N (1 —08)B(Lg) = 0.
We estimate for n,m > 1 and n # m,
GO
Ia(an) = (@(w) + 2() M) — 1
and
Tp — X v—u, (GO D(u) + P(v
Iy — 0 M) ey > T2 g0y -y
Thus ||zp|| =1 and [[zn, — 2| > 5.
Next let x = r1x1+...4+rpxy be a convex combination of x1, ..., x, and estimate
GO
la(@) > (1 - )(@(w) + o) X =15

2
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whence ||z| > 1 — 6.
We consider now the space L%. If ® is not strictly convex, we obtain as in [3],

positive numbers a, b, ¢, and subsets G° of G and G’ of G\GO so that p is constant
on [a, b], u(G\G?) > 0, and

T (p(a))u(G) + T (p(e))u(G") = 1.

Denote .
k=1+8(22)u(G0) + 2(0u(@).

Put

Ip =

(axg, ., + bxm,,, +cxar)-

| =

Since Iy (p(kzy)) = 1, we have

|znllo = —(1 + Ip(kan)) = 1.

=

Also it is seen that for some A with p(A) = “(go) s

a—>b b—a b—a -1
e —mllo = "= xallo = =5~ Ixallo = *u(A)2 ™ (o) > 0

whenever n # m. Now if x = rixy + -+ + rpay is a convex combination of
1,...,Tn, We obtain
®(a)+ P(d
to(ke) = 22O 60 4 aeucry = k-1,

2

and
Iy (p(kx)) = ¥ (p(a))(G°) + ¥(p(c))u(G') = 1.

Thus ||z|lo = %(1 + Ig(kx)) = 1. This contradicts the property (NUC).
If ® is not uniformly convex outside a neighborhood of zero, we can find an
¢ > 0 such that for each § > 0 there exist numbers u, v with v —u > ev > eu > 0,

¥(p(v)) + ¥(p(w))
2

wG) > 1,

and
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We choose GO ¢ G so that

and put

Define

where E1 5, 25, are defined as before.

Since
I\I/(p(kxn)) _ \I’(p(’l))) + lI’(p(u))M(GvO) =1
and
I (k) = P2 o)

we see that
2+ (D(u) + 2(v))(G°)

=1
2k

[£nllo =

. GO
We also see that for n # m we have for some A with pu(A) = ”(2 ),
_ v —u _v—u _1, 1
o = amllo = 2 hall = “En(AE (o)
v—1U 0 -1 2 g 0 g
= v — > .
s HEOY T ) > oo @) 2
This follows from the fact that
up(u) + vp(v
= PPN 60) < puy(c?),
and
2 = (¥(p(u) + ¥ (p(0)))u(G%) > ¥ (p(v)) (G°).
Now if x = riz1 + ...+ rpay is a linear convex combination of zy,... ,z,, put

y = pu)xg,, +pO)xe,,-
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Thus Iy (y) = 1. It is straightforward to see that

|kz]lo > /G kary = [p(u) (L4rm)u + (1—rp)v) + p(0) (1+rm)v + (l—rn)u)]’u(fo)
> [up(u) + vp(v) + (u + 0)p(u)] ﬂ<f°>
= MN(GO) + MMGO)
>ty (pr; + Up(u))'u(fo)
= by o) oy 0 ()4
>k - 5vp(v)u(Go) >k— %k.

Thus [zl >1—§ >1-4.
This shows that conv ({zy}) N (1 — 5)B(L91>) = 0. 0
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