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Embedding of the ordinal segment [0, w]
into continuous images of Valdivia compacta

ONDREJ KALENDA

Abstract. We prove in particular that a continuous image of a Valdivia compact space is
Corson provided it contains no homeomorphic copy of the ordinal segment [0,w1]. This
generalizes a result of R. Deville and G. Godefroy who proved it for Valdivia compact
spaces. We give also a refinement of their result which yields a pointwise version of
retractions on a Valdivia compact space.

Keywords: Corson compact space, Valdivia compact space, continuous image, ordinal
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1. Introduction

Valdivia compact spaces play an important role in the study of non-separable
Banach spaces. In particular, they are closely related with projectional resolutions
of the identity and MarkusSevic bases — see e.g. [V1], [V2], [DG], [FGZ] and [K4].
Valdivia compacta are generalization of Corson compact spaces, and the distance
between these two classes is in a way expressed by the result of [DG] that a
Valdivia compact space which does not contain any homeomorphic copy of the
ordinal segment [0,w1] is already Corson. We extend this result to the class of
all continuous images of Valdivia compacta. This seems to be of some interest as
the class of Valdivia compact spaces is not closed under continuous images [V3],
in fact any compact space all continuous images of which are Valdivia is already
Corson ([K2]). However, the class of continuous images of Valdivia compacta
shares many properties of that of Valdivia compacta. Using results of [K2] it is
easy to observe that this class is closed with respect to closed G subspaces and
arbitrary products (and, of course, to continuous images). Further C'(K) has an
equivalent locally uniformly rotund norm whenever K is a continuous image of a
Valdivia compact ([V1]). Our result shows another shared property.

Moreover, it gives a new method to prove that a given compact space is not
continuous image of a Valdivia compact (cf. Remark 2 after Theorem 1). Further
applications will be given in [K5], where it will be used to find a subspace of
C(K) with non-Valdivia dual unit ball for any non-Corson compact K which is a
continuous image of a Valdivia compact.
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We also give a refined version of the mentioned result of [DG] which can be
viewed as a pointwise version of the existence of a retractional resolution of the
identity in a Valdivia compact space (cf. [DG]).

Let us start with basic definitions.

Definition 1. Let I' be a set.

(1) For z € RT we denote suppz = {y € T' | 2(y) # 0}.
(2) We put 2(T') = {z € R | supp z is countable}.

Definition 2. Let K be a compact Hausdorff space.

(1) K is called a Corson compact space if K is homeomorphic to a subset of
X (T') for some T.

(2) K is called a Valdivia compact space if K is homeomorphic to a subset
K’ of Rl for some I such that K’ N X(T) is dense in K.

It turned out to be useful to introduce the following auxiliary notion.

Definition 3. Let K be a compact Hausdorff space and A C K be arbitrary. We
say that A is a X-subset of K if there is a homeomorphic injection ¢ of K into
RY for some T such that ¢(A4) = p(K) N X(T).

In this setting a compact K is Valdivia if it has a dense X-subset.

2. Main results

Our main result is the following theorem generalizing [DG, Proposition I1I-1].

Theorem 1. Let f: K — L be a continuous surjection between compact Haus-
dorff spaces and K be a Valdivia compact. Then the following assertions are
equivalent.

(1) L is a Corson compact space.

(2) L contains no homeomorphic copy of the ordinal segment [0, w1].

(3) There is a dense Y.-subset A of K such that f | A is a closed mapping of
A into K.

(4) For every dense X-subset A of K the restriction f | A is a closed mapping
of A onto K.

Remark 1. In fact, the main result is the implication (2) = (1). The equivalence
of the remaining three conditions follows from the results of [G].

Remark 2. Using Theorem 1 one can show that, for example, the “double-arrow
space” (see e.g. [F, Section 2.3]) as well as any its non-metrizable modification
from [K1] is not continuous image of a Valdivia compact, even though it is well-
known that the space of continuous functions on each such space has an equivalent
locally uniformly rotund norm.

Remark 3. The referee pointed out that Theorem 1 also implies that no separable
non-metrizable Rosenthal compact is a continuous image of a Valdivia compact.
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Rosenthal compact spaces form a class containing the above mentioned “double-
arrow space”. They are studied e.g. in [GT].

In the proof of Theorem 1 we will use the following result, which refines the
proof of [DG, Proposition III-1]. This theorem can be viewed as a pointwise
version of retractions. Some weaker versions were needed in [K2] and [K4].

Theorem 2. Let K C R be a compact space such that K NYX(T') is dense in K.
If x € K is such that cardsuppx = k is uncountable, then there is a continuous
one-to-one map ¢ : [0, k] — K such that the following holds.

(i) supp ¢(«) C suppz for every a < k;

(i) p(k) = z;
(iii) cardsupp p(a) < max(card a, Rg) for every a < k.

3. Auxiliary results

In this section we give some results which will be used in the proofs of our
main theorems. We will need the following notions.

Definition 4. Let s be an uncountable cardinal.
(1) If T is a set, we put

5x(I) = {z € R | card(supp z) < }.

(2) We say that a subset A of a topological space X is k-closed in X if C C A
for every C' C A with cardC < k.

(3) A topological space X is called x-compact if (F # 0 whenever F is a
centered family of closed subsets of X with card F < k. Let us recall
that a family is called centered if every finite subfamily has nonempty
intersection.

Remark. Tt is clear that any compact space is k-compact for any cardinal k.
Ni-compact spaces are usually called countably compact. It is not difficult to
prove, by transfinite induction on «, that any k-closed subset of a x-compact (in
particular compact) space is k-compact. (Let it hold for any x < A and A be a
A-closed subset of a A-compact space K. Let (Fy, | @ < u) be a centered family
of relatively closed subsets of A, with p being a cardinal strictly less than A.
By the induction hypothesis we can suppose without loss of generality that the
transfinite sequence F,, is non-increasing. We finish by the standard argument,
taking f, € Fy, for every o < p and by applying A-compactness of K to the sets

{fy:v€lam} a<p)
The following lemma is a straightforward consequence of definitions.

Lemma 1. The space ¥4 (T') is s-closed in RY for every set T' and every uncount-
able regular cardinal k.

Next we will need a lemma on regular spaces.
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Lemma 2. Let K be a Hausdorff regular space. If X is an ordinal and (G, |
a < A) a family of open subsets of K with ©x € (| Gg, then there is a family
a<A

(Ha | @ < X) of subsets of K satisfying the following conditions.

(i) Hy is the intersection of at most card « open subsets of K.

(ii) Hy is the intersection of an open and a closed subset of K.

(ili) # € Ho C Hoy C Ga N () Hg.

B<a

ProoF: We will proceed by transfinite induction. Choose Hgy open such that
x € Hy C Hy C Go. Suppose that 0 < o < A and we have constructed Hg for
B < « such that the conditions (i)—(iii) are satisfied. We are going to construct
H,. There are two possibilities.

(a) @ = B+ 1 for some 3. Then by (ii) we have Hg = F'N G with F' closed
and G open. By (iii) and the assumptions on = we get € FNG N Gy. As
F' is regular and closed in K, there is a relatively open subset H, C F with
v € Hy, C Hy C FNG NGy Then clearly the condition (iii) holds for a, too.
The condition (ii) follows from the fact that Hy, is relatively open in F', and the
condition (i) from the fact that H, is relatively open in Hg.

(b) a is limit. Put Hy = () Hpg. Due to (i) the set H, is the intersection
B<a

of at most card o open subsets of K. By (iii) we have (| Hg= (| Hpg, so H,
B<a B<a
is closed. It follows from (iii) and the assumptions that z € Gy N Hy. By the
regularity of ﬁa there is a relatively open set H, C ﬁa with ¢ € H, € H, C
Hy N Gy. Tt is clear that (i)—(iii) hold for « too.
This completes the proof. 0

The following lemma generalizes [K2, Lemma 2.3] which was widely used in
[K2], [K3], [K4] and [FGZ].

Lemma 3. Let K be a compact Hausdorff space, k an infinite cardinal, and
A C K a dense kT -compact subset of K. Then G N A is dense in G whenever
G C K is the intersection of at most k open sets.

PROOF: It is clearly enough to show that GN A # () whenever G C K is a
nonempty intersection of at most x open sets. We will prove it by transfinite
induction. First, by density of A, we have that G N A # () whenever G is a
nonempty intersection of finitely many open sets. Let us suppose that A\ < k is
an infinite cardinal such that G N A # () whenever G is a nonempty intersection
of less than A open sets.

Let G = (| Gq, where each Gy, is open in K and z € G. Let Hy, a < A, be
a<A
as in Lemma 2.

By the condition (i) of Lemma 2 and the induction hypothesis on A we have
that Ho N A # () for every o < A. It follows from the condition (iii) of Lemma 2
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that
() HanA= (| HanA#0,

a< a<A

as A is kT-compact. Now it follows that G N A # () which completes the proof.
O

Finally we give the following lemma which generalizes the well-known fact that
any continuous mapping between compact Hausdorff spaces is necessarily closed.

Lemma 4. Let f : K — L be a continuous mapping between two compact
Hausdorff spaces, and let k be an uncountable cardinal. Then f(A) is k-closed in
L whenever A is a k-closed subset of K.

PRrROOF: Let C' C f(A) be such that card C' < k. For each ¢ € C choose some b, €
A with f(be) =c. Put B ={b.|ce€ C}. Then B C A and card B = cardC < &,
so B C A. As B is compact, its image f(B) is compact as well. Moreover, clearly
C C f(B) C f(A). Therefore C C f(A) which completes the proof. O

4. Proofs of the main results

PRrROOF OF THEOREM 2: Let x € K be such that x = card supp z is uncountable.
Put I = suppz and fix an enumeration I = {iq | & < xk}. We will construct
by transfinite induction z, € K and J, C I' for a < k such that the following
conditions hold.

(i) ia € Jat1, U suppzg C Ja, card Jo < max(carda, Rg);

B<a
(ii) Jo C Jax1, suppza NI G Jor1 NI
(iii) Jo = U Jg if a is limit;
B<a
(iv) zq (i) = x(7) for every i € J, and card supp zo < max(card a, Rg);

=1 if v is limit.
(v) zqo ﬁlir(lxl'lgl « is limi

Put Jy = {ip} and choose g € K N 3(T") such that z¢(ig) = z(ip). This is
possible due to Lemma 3 as the set {y € K | y(ig) = z(ig)} is G5 and K N 3(T)
is Nq-closed in K.

Suppose that we have J, and z4. As card(suppzs) < max(carda,Ng) < k
and card I = k, there is some j € I\ suppzq. Put Jotr1 = Jo Usupp xq U {iq,j}-
Clearly card Jo4+1 < max(card o, Xg). Since {y € K | y(i) = z(i) for i € Jo41} is
the intersection of at most max(card o, Xg) open sets, we can (due to Lemma 3
and Lemma 1) choose 41 € KN Yy ax((card a)+ 1) (1) such that zq41(i) = 2(i)
for every i € Jo+1.

Now suppose that « is limit and we have constructed zg and Jg for every

B <a. Put Jo = |J Jg. Let us remark, that the net x5, 3 < a, converges to
<o
some point, which will be denoted x. Indeed, if i € I'\ Ju, then xg(i) = 0 for
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every f < a. If i € J,, then i € Jg for some 8 < «, and thus (i) = x(i) for
B <7 < a. So the mentioned net converges to the point . such that z4 (i) = z(7)
for i € Jo and 24 (¢) =0if ¢ € T\ J,. As K is compact, we have x, € K.

This completes the construction.

Now put J = |J Jo and zx, = lim . In the same way as in the limit

a<k a<k

induction step it can be shown that this limit exists and that x (i) = z(i) for
i € J and z, (i) = 0 otherwise. Further, J D I, so & = x.

It is clear from the construction that supp zo C supp « for each limit o < . If
we denote by L the set of all limit ordinals from [0, x|, there is clearly a bijective
increasing mapping ¢ : [0,k] — L. Let us define ¢ : [0,x] — K by the formula
¢(a) = Zyy(o)- This mapping is one-to-one by the condition (ii) and the continuity
follows easily from the condition (v) and the definition of x,. This completes the
proof. (I

PROOF OF THEOREM 1: (1) = (2) follows from the well known fact that [0, w1]
is not a Corson compact (see e.g. [DG]).

(1) = (4) Let A be a dense Y-subset of K and F' C A an arbitrary relatively
closed subset. Then F' is Ri-closed in K (by Lemma 1), so f(F') is Ry-closed in L
by Lemma 4. But as L is Corson, it is angelic (by [N, Theorem 2.1]), in particular
any Np-closed subset of L is already closed. So f [ A is a closed mapping. In
particular f(A) is closed in L and since it is dense (by continuity of f), necessarily
f(A) = L.

(4) = (3) This is clear since there is at least one dense X-subset of K as K is
Valdivia.

(3) = (1) It is clear that f(A) = L, so f | A is a continuous closed map of
A onto L, in particular it is a quotient mapping. It remains to use the fact that
countably compact subsets of X:(T") are stable with respect to quotient mappings.
This is a result of Gul’ko [G]. The original proof is done by transfinite induction
on cardinality of I', using the existence of certain families of retractions on closed
subsets of 3(I'). Another proof, less direct and dependent on Gul’ko result, using
a Pol-like characterization of countably compact subsets of X(T') is given in [K3,
Theorem 2.20]. So, using the mentioned results, it follows that L is Corson.

(2) = (3) Let A be a dense X-subset of K and F' C A a relatively closed subset.
Then clearly F is a dense X-subset of F. Let h : F — RI' be a homeomorphic
embedding such that h(F) = h(F) N X(T'). We will show that f(F) = f(F).
Suppose it is not the case. Let x = min{cardsupph(z) |z € F & f(x) ¢ f(F)}
and let z € F be such that card h(z) = k and f(z) ¢ f(F). It is clear that & is
uncountable. Let ¢ : [0,x] — F be the mapping from Theorem 2.

If k is singular, then there is an infinite cardinal A <  and cardinals (7)<

with 7 < k for v < A and k = sup 7. By the definition of x we have f(¢(7y)) €
y<A

f(F). Moreover, f(F) = f(Fnh 1 (2,+(T))), so f(F) is A\T-closed in L (by
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Lemma 1 and Lemma 4). In particular, f(z) € f(F), as it is in the closure of the
set {f(¢(7y)) | ¥ < A}. This is a contradiction.

Hence x is a regular cardinal. Put g = f o . At first let us note that
card g((a, K)) = & for every a < k. Otherwise by regularity of x, the set g~1(1) is
unbounded in [0, ) for some ! € f(F). But then z = g(k) € f(F), as it is equal
to | by continuity of g.

So we can choose by transfinite induction ordinals 7, < k for a < k such that

(a) Na+1 > Mo
(b) 9(na+1) € {9(ng) | B < a}U{g(k)};

(¢) Na = sup ng for a < k limit.
B<a

Now it is clear that L contains a homeomorphic copy of [0, x|, and therefore
also that of [0,w1], as & is uncountable. O

REFERENCES

[DG] Deville R., Godefroy G., Some applications of projective resolutions of identity, Proc.
London Math. Soc. 67 (1993), no. 1, 183-199.

[F] Fabian M., Gadteaux differentiability of convexr functions and topology: weak Asplund
spaces, Wiley-Interscience, New York, 1997, pp. 180.

[FGZ] Fabian M., Godefroy G., Zizler V., A note on Asplund generated Banach spaces, Bull.
Acad. Polon. Sci. 47 (1999), no. 2 (to appear).

[GT] Godefroy G., Talagrand M., Espaces de Banach représentables, Israel J. Math. 41 (1982),
no. 4, 321-330.

(G] Gul’ko S.P., Properties of sets that lie in 3-products (in Russian), Dokl. Akad. Nauk
SSSR 237 (1977), no. 3, 505-508.

[K1] Kalenda O., Stegall compact spaces which are not fragmentable, Topology Appl. 96
(1999), no. 2, 121-132.

[K2] Kalenda O., Continuous images and other topological properties of Valdivia compacta,
Fund. Math., to appear.

[K3] Kalenda O., A characterization of Valdivia compact spaces, Collectanea Math., to ap-
pear.

[K4] Kalenda O., Valdivia compacta and equivalent norms, preprint.

[K5] Kalenda O., Valdivia compacta and subspaces of C(K) spaces, preprint KMA-1999-02,
Charles University, Prague.

[N] Noble N., The continuity of functions on Cartesian products, Trans. Amer. Math. Soc.
149 (1970), 187-198.

[V1] Valdivia M., Projective resolutions of the identity in C(K) spaces, Archiv der Math. 54
(1990), 493-498.

[V2] Valdivia M., Simultaneous resolutions of the identity operator in normed spaces, Col-
lectanea Math. 42 (1991), no. 3, 265—285.

[V3] Valdivia M., On certain compact topological spaces, Revista Matemdtica de la Univer-
sidad Complutense de Madrid 10 (1997), no. 1, 81-84.

DEPARTMENT OF MATHEMATICAL ANALYSIS, FACULTY OF MATHEMATICS AND PHYSICS,
CHARLES UNIVERSITY, SOKOLOVSKA 83, 186 75 PRAHA 8, CZECH REPUBLIC

E-mail: kalenda@karlin.mff.cuni.cz

(Received April 16,1999, revised June 28,1999)



		webmaster@dml.cz
	2012-04-30T19:03:21+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




