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Hopf algebra structure Ho R with
two sided invertible 2-cocycle

WANG SHUANHONG, WANG DINGGUO

Abstract. In this paper, we study the H ~F type Hopf algebras and present its braided
and quasitriangular Hopf algebra structure. This generalizes well-known results on H?
and H” type Hopf algebras. Finally, the classification of H? % type Hopf algebras is
given.

Keywords: Hopf algebra, 2-cocycle, braided Hopf algebra
Classification: 16W30

The cocycle deformation H? of a bialgebra H was introduced and the Hopf
algebra structure and the braided bialgebra structure of H? were given by Doi [1].
Doi and Takeuchi [2] showed that the Drinfeld double D(H) for a finite-dimen-
sional Hopf algebra H is a cocycle deformation of (H*)“P @ H. This suggests
that cocycle deformations will play an important role in quantum group theory.
The bialgebra H? has the same underlying coalgebra H, so that they have the
same corepresentation theory. In fact, these are well known classes of 2-cocycles
which appear as the duals of the Reshetikhin-type twists H? ([8]) which originate
from particular solutions of the QYBE. The Reshetikhin-type twist H % also plays
an important role in quantum group theory. The bialgebra H® has the same
underlying algebra H, so that they have the same representation theory. In this
paper we consider the mixed type twist H o—R and give Hopf algebra structure
of H~ B and its braided and quasitriangular Hopf algebra structure are also
established. This generalizes well-known results on H? type Hopf algebras and
H™ type Hopf algebras. Finally, the classification of H?~ type Hopf algebras is
given.

Throughout this paper, we refer to [3] and [5] for full details on Hopf algebras,
and in particular we use the sigma notation: A(h) =Y hi ® ho.

Let H be a o—Hopf algebra, that is, there is a bilinear map o : H x H — k
such that for all x,y,z € H we have

(1) Y o(w,y)o(wy2,2) = > oy, z1)o (@, yaza),

* Research of both authors is partially supported by NSF of China. The second author was
also supported by YSF of Shandong Province and Qufu Normal University.
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(2) o(z,1) =0o(1,z) = e(x)1.

If o is invertible, its inverse is denoted by ol Hx H — k, then by [1,
Theorem 1.6(a)], we have that for all z,y,z € H

3) > o an, 2)o w2, y2) = D> o7 Hw,yiz)o T (ye, 22),

(4) o Nz,1) =011, 2) = e(2)1.
By [1, Theorem 1.6(b)], H has a new algebra structure:
(A) hol=> o(h1,l1)holooc™ (h3,l3) for all h,l€ H
and (H,®,Ap) is a Hopf algebra.
Dually, let H be a R—Hopf algebra, that is, there is an element R =" R(M)

R®) € H @ H which satisfies the following conditions (r = R):

1) ZR r; @ R@p(1), g (2 Z(I‘X’R 12, @ R@y@),

(2 S er =3 RWe(r®@)
If R is invertible with inverse U = S> UM @ U(?) € H® H, we have by [8]: U = u

(3" Z UD o U@ (M) @ u@),,2 = Z UWD10M oMy U@,

() ST e@Mu® =3 uWeu®)

By [3], H has a new comultiplication:

(B) A=Y ROmu®M @ ROnu®  forall he H

~

and (H,mpg,A) is a Hopf algebra.

Remark. Condition (1’) was first obtained by setting C' = k in the crossed co-
product C'x , H (see [7]), then we found that condition (1’) is dual to condition (1).
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1. Hopf algebra structure of type H? £

In this section, we assume that H is c—Hopf and R—Hopf algebra. When o

and R are compatible, we prove that (H,®, Z) is a Hopf algebra, and denote it
by H°~E. In the following we always assume that ¢ has convolution inverse and
R has inverse U = > UM @ UR) ¢ H® H.

Definition 1.1. Let H be a c—Hopf and R—Hopf algebra. H will be called
a 0 — R compatible Hopf algebra, if o and R satisfy the following conditions:

R=R=r=7,hlecH

@) X oROp®, ROFORO 0+ g R 07@) = o(n, D10 10101);
(i) S o(RPrr®, RO1F@) )RV 1) o RO ¢ 70 = o, (10110 1);
(iii) Y o(h, R )R<1>1 ® R® = S o(RMWy,n)RV; @ R® = (R

RO):(1);

(iv) Yo Y BWA,rONR® @@ = 3 o L (RDh,r@NRD @ r1) =
>oh,)(1®1).

Now we give some properties of ¢ — R compatible Hopf algebras:

Proposition 1.2. Let H be an 0 — R compatible Hopf algebra, then
(a) ZR D& RW10(RPy,h) = Y RY @ RP0(h, R®)y) = Y (RV @

@e(h);

(b) Za(R< )1, DRY 0 R =Fo(1, RO, RM 0 R =53 (RO@R)e(1);
(c) Xo(h, R®1)RPy © RV = 3 o(R® 1, h)RPy © RV = (R®) o

RM)e(n);
(d) ZU(U(l) (),U(l)la(l))U(z)@)u(?)@U() 212 = —o(h,)(1®1e1®1);
(e) S o(U@nhu@ v@u@)u® ou®eu® @u®) = o(h, )(1®1®1®1).
() oUWy, Z)U(l 20U =0 (1, UD UMD ,0U@ =S (0WeU®@)e(1);
(g) S UW @U@ 10U@)y,1) = ZU(l @UP 101, UP,) =

UM @ U)e().

PROOF: (a)

ZR(D ® RM1o(RP)y, h)
(i) +(2) ZR(D 2 rWRP 5P R, p)
DS 0RO, @ 1@ RWy0(RO), b)
(1) +(2) ZR ® R o (1, h)
©) Z(R(l) ® R®)e(h).

Similarly, we can prove the second formula of (a), (b) and (c).



638 Wang Shuanhong, Wang Dingguo

By (i) and (ii) of Definition 1.1, and RU = UR = 1 ® 1, we can prove (d)
and (e).

S oWy, )M,y o U@
4') Z U(U(l)lu(l), l)U(1)2u(2) U@
@) S o@®, pu@ e @ U ,u®
Y S oy o u®
<) Z(U(l) o U@,

—

(@)+

(d)

I+

Analogously, we can prove the second formula of (f) and (g). O
The following proposition can be proved by direct computation.

Proposition 1.3. Let H be an 0 — R compatible Hopf algebra, then we have

(h) >R @ R 107 HRPy,1) = ¥ R @ R 10711, RP5) = 3 (RD ®
R®)=();

(i) Y RW 1o~ (RWy,1) @ R® = 3 RW 10711, RWy) @ R? = Y (RW @
R@)e(1);

() Yo (RrRW, )RV ® R = o711, RW) Ry @ R = Y (R &
R®)e(0);

Q) v oUu®) s 1(U(2)2,l) - ZU(l) ® U(2)10—1(l, U@ )= Z(U(l) ®
U@e(l);

m) g—l(U(l)17 l)U(l)2 QU® = S o1, U(l)l)U(l)2 U = Z(U(l) ®
U@)e(l);

() Yo Y (R®, DR =3 o711, RE)RW) = c(1);

() Yo {(RW HRA =Y o1, RW)RP) = ¢(1);

(p) YoM U®,Hu® =3 o711, U UM = £(1);

(@ Yot uW,nu® =3 o=@, UM U® = £();

@) St UOn U@ =S oUW HUR = 671(h,1);

) oL hu@HuD = S oL@ Hu®) = 6= 1(h,1)

~

Theorem 1.4. Let H be an o — R compatible bialgebra, then (H,®, A) is a Hopf
algebra which will be denoted by HO~E.
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PrOOF: Clearly, A(1) = 1® 1. For all h,1 € H, we have

~ ~

A(R)A(1)
) Z(R(l)hlU(l)) ® (rWiuM) @ (RPhU @) @ (P 150?))
o > o(RW1h UM, r 110 1) (RO hoU M yr D gi5ul) )
o HRW3hgU W3, M g13u) )
® (R 1hyU @1, 71140 1) (RP 375U 3 9r@ g15u2) )
o HRP3heU @ 3,7 316u?)3)
© > oWy, nuMy)
o(RW 17 UM 1, 7D 515uM o) (RW o ho UM rM glauVy)
o (RWhsU Wy, rM 5150V )
® (R 1hgU @1, 71140 1) (RP 375 U3 9r@ g15u(2) )
0—1(3(2)3}%[](2)3, 7”(2)316“(2)3)
@ SRV 1mu®y,rMy)
o (B gD gDy 110 (RO 350D 3D g1 )
o HRW 1hy UM 4, 7D gl13ud) )
® o(R@1hs03 1, r®114u® 1) (R@ 2hgU® 3r®515u),)
o HRD3hy U@ 3,7 316u?) )

1
(

O S o (RO a0 1D, 130 ) (R byl D gr D g15u(Dy)
o HRW3hgU W3, M g13u) )
® o(R@1hqU® 1,731 14u® 1) (R 3 hsU P 9r@ 51502 5)
o R@ U@ 5, 1@ g15u@) )

DS (RO 13U D 170, 1300 (RO yhoU Dgr M g5 My)
o HRW3hsUW 3, M 313uM 3)0 = (rM) g 140D )
® o(R®1hUP 1, r® 1150 1) (R@2hsU @ or®515u) )
o HRP 51U 3,7 317u3) )

®) S o (RO 1h U0 1O 1 1 ) (RO kot D g0V

o HRW3hsUW3rW g 13uM 3)07 (rW) g hguD g, r 1) )



Wang Shuanhong, Wang Dingguo

640

® (R 1hsUP 1, rP 1 1,u@ ) (R 3hgU P 5r P 51503 y)
@ 316u)3)
1

o (RP3hrU s,
DS o (RO U101, 130 ) (RO koUW gr D y15uy)
o (R ghy T gV 5 15, (1)
(R 11y U@ 1+ @110 ) (RO bt @ gr @102,

1

LR 3hgU @, @ g1gu )
PO a0 ) (RO hr W 5D g1yuMy)
2

®
o
© Za Dihu®y
o HRW3hgUW3rWy 15uW3) @ o(r, 14u®y)
(R 1haUPD 1 @150 (RP o hs U@ 5r P g16u(D 5)
YR 3hgU P 5, 2 41u?) )
DS (RO 13T ® 170, 13w ) (RO 3hoU Dgr M g5 y)
(RV3hgU M grM 5 1501 )

® (R 1hyU?,+2))
, 1) (R@ 30603 302 3150/(2) o)
(

(R ghsU ) e @y 1@
(R®) 47U 4,1 4igu
(h)f(C)Z RV 10 UD 1O 10 ) (RO o hoU @ 5r M 1501 o)
1
3
2 2

o RW3hgUWgry 15uVy)
® (R 1hy U@ 17 1 140 1) (RO 375U 9r@ g15u(2) )
LRy, 17u@y)

2))

(R®3heU @3, 7P 31605
OO S o (RO a0 1O ) 10 ) (RO 7D D g1V,
! 3
2 o7 2 2

a_l(R(l)gth(l)gr( ) g 1gu) )

® (R 1hy U@ 17 1 140 1) (RP 375U 9r@ 515u(2) )
1

3

o~ (R(2)3h6U(2)3T(2)3,15u( )3)
FmertibleN™ o (R 1hy, LU 1) (RW 2holyuM )0~ (RW3hg, 15uVs)
® o(R®)1hy, uUP 1) (R ohs5l5u®5) 0™ (RPghe, lul 3)
(i)z (R(l)R(l)lhlallu(l)l)(é(2)R(1)2h2l2u() )

1(R§2)R(1)3h3, l3uV3)
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® o(R® 3hy, 14U P 1) (R® yhslsuMs)o ™ (RP5he, leul3)
o > (R, D) (R R 1halauVy)
U_l(Rgl)R(2)2h37 l3uls3)
® o(RPR@3hy, ,U® 1) (RP R yhsizu®y)
o Y RY RO shg, 1gu?3)
@ > o(h, luV 1)(R§1)h2l2u(1)2)0_1 (Rgl)h?n 13uM3)

& U(R(2)h4 l4u(2)1) R R 2)h6, lgu(z) )

(

DS o, a2V (7
(
)

o~ ( hg,lgu() u§2))

(2)h5l u(l) )0,—1(
hglgu
) (

(
®a(R§)h4,l4u DR hslsu®@ )0 1R3 I he, lgu®3)

S o1, i) EP holou®1@{0)o =1 (7 hg, 15u@ i)

® (R g, 14u@ 7Y (B hsleu® 5alP)o~ L (RSP he, lgu® 42D)
@Z (hhll)(é(l)h2l2ﬂ(1)1)a_1(Rél)hi’n131151))

@ o(RP hy, 14 (R hsl5 D)oL (BP he, 1602
WS o (hr, 1) (RO R halya®y)

o H(R®, R halyis) o (RN ha, g

© o(RPhs, 15aP1) (R holgis o (R by, 7))
S o (h, 1) (RO B ot )

o Y BP RV hg, 1500 (RP 5, R hy)

@ o(RP hs, 146® 1) (RSP helsi Yo~ L (BRP by, 163))
S (1, 1)(RO R haloia® )0 (R RS by, 15")

® o (R ha 14 1) (RS hslsas Yo~ (R g, i)
1) Z o(h, 11)(R(1)h2l2a(1)1)0‘1(R(1)R§2)h3, lgﬁél))

© (B B ha, 1 1) (B R hstsa)o ™ (RY R e, loild)
(i:”)Za(hl,ll)(R(l)h2l2ﬂ(1)1)a‘1(é(2)h lﬂgl))

® U(Réz)h4, l4ﬂ(2)1)(R§2)h515U§ No _1(3(2)%, 1611;(:,2))
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@Z (h1, 1) (RW halyi ) u®)
_1(3(2)h4,l4~(1)) - (Rgl)h3l3ﬂ(1)2,u(2))

® o(RP hs, 150 1) (R helsi? o (RP ha, 17D
=3 (b, ) (RW halya™ 1uM)

U_l(é(2)h3 1311%1) (2)1)0_1(l4ﬂ;(:,1),u(2)2)

® o (R ha, 150 1) (RSP helsi? o (RP ha, 17D
23" o(hn, 1) (RO halya W 1uD)o Y (R b, gy u?)

® o (R ha, 1411 ) (RSP hslsil?)o ™ (B he, 16
=37 o (hy, 1) (RO holyaM)o (R g, 133 u V)

® o (R ha, 141 @ 9ulY (B hslsa P u) oL (R b, 16D u)

DS o, 1) (B hotyie)o=H (BP g, 1512

& o(RP ha, 147 2) (B hst5a$D o~ (R he, 1672)

=" o(h1, 1) (B holyi™) © R hyl3a® 10~ (R by, 143
@ > (b, 1)(BM halea V) @ (3(1)1:3&2%31311(2)1)
—1(R(2)R(2)h4 l4~(2))
= Z (h1,1)(RVRW holoi M) @ (R® RV halaay)
“H(R@ hy, l4u(2))
= Za(hhll)(R(l)h2l2ﬂ(l)) © (RPhslza® )0 (ha, Ly
= " o(hy, 1) (RWhalaa M) @ (R hglzia®1uM))o ™ (hy, 1411%2)”(2))

@ > o, 1)(RDhalaaiN ) @ (RO halza W yu®)o~ (hy, 1,a?)

) Z o(h1, 1) (RWhalauM) @ (RP hglzu®)o L (hy, 14)

WDEBR (h o). 0

Now we will give the Hopf structure of H°~ ' and we will always assume that
the following two conditions hold: Vh,l € H

(t) Ea‘l(h lS( UM )SUW,) @ U =S o= (h,)SUM) 0 UR),
W) Yo Y SWUNAS(RD),1SFr@NUu® @ RO @ rD) = 5=1(h,1).
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Theorem 1.5. Let H be a 0 — R compatible Hopf algebra. Suppose that condi-
tions (t), (u) hold. Then (H,®, A) is a Hopf algebra with the antipode:

S7B(h) =" o (h1, S(h2)) RV S(U W hg REYUP 671 (S (hy), hs).

PROOF: By Theorem 1.4, H° % is a bialgebra. It remains only to verify that
So—F is the antipode of H°~f. For all h € H

(IxS71)(n)
DS ROMT) 0 57 F(RDn0 )

DS (RO 11 T, 57 R (R R, TP,

[(RW5hoTM5) 87~ F(RP pyT7@))y)
_1(3(1)3h30(1)3 STTR(RGpyT)3)
=3 o(RW 1 TMy, (RO UM R heT5> RO)UP))y)
o(R® 1,03, S(RP hsTP))
[RW,h, 0y (RO (U )Ré I hU 3 R@YU@),]
VRO hy T Dy, (RO SN E® 41025 RE)U@)),)
-1 (S(R(2)4h7ﬁi2))7 RP5nsU@5)
O S 560 g0y 50, RO, SO RP R0 ), U@
o(R@1haT @1, S(RP hs 0Py
) B0 1y T, RO, 500 R 6T R0 )y
o1 (@ RV g hg 75, RV D 7@ g0
U@ 3R 0@ )1 (S(RP) 4hr T2 y), R 5hgU?)5)
) S o (B 00, RO SO W25 7O 46T 2 RD) 02
U(T(2) 1RV on, 0@ S(r(2)2R(2)3h5ﬁ(2)2))
D4 R® 1Ty RO, (W2 RO 41T g RO, 7Dy
o1y B@yhg Ty, RO
SO, 7@) 6 T® 5 ), U@y)
a‘l(S(r(2)4é(2)5h7ﬁ(2)4), T(2)5R(2)6h80(2)5)

CEOS 50y 00, RO, 50D g0 D3 r),U)
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o(r@1hy U3, 8(rons03y))
D T, B0, S0 2) 417D 5 52,02,
o1 (D gy Ty RO, S0 g1
T@3R®)5U @ 3)0(S(r®) 4hr03y), 7P 5hsT@)5)
O+) S (b 00, 7O RO SO gpe 01D RO, 0D
o(rP1h 0@, S yns03)y))
D T D572 | RO, 5D @ 3 T )y Ry @),)
o1 (D g D5 73 RO 5 (@) 3 72 RO )
o H(S(r® yhr U ), r P 5hgU @)
DS ot TW, RO SO0 572 ROy, 02
o(r@ 17y TP 1, S(rPohs0Py))
[T(l)lth( )i R(3)) (U(l)r(2)3h60(2)37’(2)R(2)3)2U(2)2]
o1 (D gy 70, R,
SO M@ 4T 47 R2)),0 )y
o 1S 4T P ), P 5ngUP5)
)+ (i - N i
( );r()z (mTD 1, SOOrD3ne0 ) 371U )o (1P 11, TPy,
S hsU3y))
PO T D70 | S D2 g T2 472,02,
o (D g D5 70 (U @) T2 57,12
o H(S(r®) 4h U )4)77"(2)5}18[7(2)5)

LS om0, u, SO WrA 3h60®572)),017)

o(r@1hy 0P, §(r@ons0?)y))

D gD, 50 (03 725720, 172

o1 (6D g T D g0y, 70, S D) T D572, 02 )
o 1S (2 ghy U@ ), rP sng U2 5)

(3:/) Z U(hlU(l), S(U(l)T(2)3h60(2)4u(2)3f(2))1U1(2))
(

M

o170 5u® ], §¢-@ ghs T 5u®),))
17T @100 70, SO W @) 6 T 5, 572y 207 @)y
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o1 (DT yuD, 70, (D2 T D 7D
o H(S(r® U 5u@) ), 7P 5 hgTUP gu )

@HO S
o (r@1hgu@1, S shsuy))
D a1 7D S0y 52,0252 |
o1 (D g by 70, (D)@ 572,02y 2),)
o (S (P ghru® 1), r® shgu )
O S o, SED 17D ghgu®y72), UV a)
(P 1hgu® 1, S P ahsuy))
070 (0O ) 7DD g @) 37,0 )
o (D g hguM . 70, S0V 502 g @ 7@, 2))
o (S (P ghru® 1), r® shgu )
DS 0y, S0P ghgu@57@), 0V a®)
r@1hgu®y, S(r@shsu?y))
V1hguM 17 W18 5hgu 37)y 5 (UMW) 03]
o (M ahguy, 7M1 3hgu 37))3 5 (UM 1)U R)y)
o1 (S (@ ghru® ), 7P shgu®s)

h, SUM @ 5 heu® 7)), P 1)
(

(hl S(r (2)3h6U(2)37’(2))1U2(1)ﬂ(2))

D 1hgu®1, S(r® hsu®y))

>1h2u< 7D 5 g hgu® 57, 50Dy 12 V)
0—1(T< ) ohguMy, 11,5 3 heu@ 575 M )@ 0@
o (S (P ghru® 1), r® shguPs)
GOS0k, S0 @ ghgu 7)), U a)

r®@1hgu®y, S(r@shsu®y))

P gD 70§ (60 572 S Dy ) D52
oD g by 70, 5 g heu@ 575D ) )@
oS ghru® ), 1P shgu®s)

>
M
=9
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@Zg(hl S(r®3hgu® 572, Ui 7 )
o (r@1hgu@1, S P ghsuy))
D a1 7D 5 3 heu@ 57,5 @0 )]
o7 (rWahgully, 7MW o8(r®) 3heu®@57@)38(aM)))
o HS(r® ghru® ), 7P shgu5)
WS g (hy, S(RW 3 gheu 572 ), U 7(2)
J(R(1)1T(2)1h4u(2)1,S(R(l)gr( ) ohsu? )2))
D a0 L (RO 5@ 4 heu® 57,55V )]
o (M hguMy, 7V S (RW 5rP gheu@ 57)5 5 (aM)y))
“1(SRM 1@ hru®,), RO @)
DS 0(h1, SR 31V 56057 ), 7V
o(R®1rM3hsu®y, S(RP5rM yhsuy))
RO 10 a0 (RO 3D @ 571, (1) )2
o (R g by 71, 5(R® 50D s 571, 5D 1))
o HSRP ;W ghzu® ), 1P hgu@y)
() £(s) 3" (1, S(RD ghgu@57@), 055
(R 1hgu®@10W 1, S(RP5h5u? U ()y))
RO 1,70, §(RO g hgu®@ 300572 ), 5(a0)a2)]
“HRWhguWy, 7D, S(RP 5heu® 73 8(aM)y))
o H(S(R® 4hu® UM ), hguP 50 @)

DS o (hr, S(RDghgu®572))
(B hyu W@, S(R®ghsu®,0@),))
(RO by, 0170, S(RO 3 hgu® s0@) 572, 50,5
LR o hguM oWy, 7D, 8(R shgu® 50 57®)35(aDy))
L(S(RP 4hruWU@y), hgu?)

ey > o(h1, S(RP5hgU @ 57(2)3))
(R 10 U1, S(RP) 305U @)))
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[R(l)lth(l)lR(l)f“(l)1S(R(2)4h7U(2)47’() )S (i 1 )ﬂ( )]
o (RO o ha Dy, ROV, (R 36U @ 57) ) 5(aD)))
SR yhgUPy), hyo)
(1:/)2 (h1,8 (R(2)5h8U(2)5R(2)3F4(12)))
o(R@1haU@y, S(RP3n5U@)y))
RO hyr ), ()S(R(2)4h7[](2) R)57) )50 ,)a®)
o L (RWahzU Wy, ROFD 5(RP 3neU@ 3 RP) 172 )
S(@M1)o " (S(R® 4hoU3)4), hg)
(w):(s)za(hh S(RP5hsUP5i52))a (R 110Uy, S(RP 55U @)y))
D RO, D W50 (RO 1@ 72 (30 ) )
1) R0y D ),
S(RP3hgU®)3)S(@M 7))o~ (S (R 6hoU?y), h1o)
(1,)2(3/)20(11175( )5 R hgU @ gu@57))
o (1 LR o1, U yu® 1 52y R 415U )
RO byt WD 5, B @52) ) 5D, ®)
o1 (e R 1T D (23 R het® )5 D)))
o H(S(rP R hgUP7uPg), o)
(1)) Z o(h1, 3(3(2)6h8U(2)6f§2)))0(3(2)2h4U(2)2, S(RP3h50@)3))
RO hyrr WD §(RO 7@ 2) )5 (1) )]
o (RP1haU Py, S(RP4heUP )8 (M)
HSRE7hgU D7), 1)
L) > alh, S(R® 3, UP5a,7))
[R(l)h2U(1)~(1) (R(2)1h3U(2) ~(1)1f(2)1)5(u(1))u(2)]
“HS(RP 3hsU ) 30 ®), he)
(3/)i(u)20(h1 S(R? )2h4u 27“2 NRO hoa WD S(RA) by
1?17 1) S W) u@ o7 (S(h5)S(RP3), he)
LIS 6y, S(ha) S(RD)RD D 1 5(R) RW)S (uDyu)
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(
(u)+([L,Thm1.6)) Z (MWRWrWuM 5 RE W, pM),), 2,2y Q)]
(

(1,)2(2/) Z E(h)
Similarly, we can prove that (S7~F « I)(h) = €(h). O

Corollary 1.6 ([1, Theorem 1.6]). Let A be o—Hopf algebra. Then A? is a Hopf
algebra.

ProOF: Take R = 1 ® 1 in Theorem 1.5. Then A is ¢ — R compatible Hopf
algebra. This completes the proof. 0

Corollary 1.7. Let H be R—Hopf algebra. Then A is a Hopf algebra.
PrOOF: Take o be trivial in Theorem 1.5. Then H is ¢ — R compatible Hopf
algebra. This completes the proof. (|
2. Braided structure over H

The main purpose of this section is to generalize [1, Theorem 1.6(c)].

Theorem 2.1. Let H be an 0 — R—compatible Hopf algebra, and (H, ) a braided

Hopf algebra. Then H° % is a braided Hopf algebra with braided structure as
follows: For all h,l € H

5(h,1) =3 o(RO W1y u{hyu®, RO FD a0 o)
(R (rWy15M ) T3 RA) (1) g hy M ) U (2))
o F@ 1502 r @ pgu?)

PRroOF: Firstly, the above braided structure of 5(h,l) will be simplified as fol-
lowing:

5(h,1) 2 > o((rM 1 hu{T®, #D1aM )T W)
(FDa15 )T (D gy )T ) () 155D )
@ > oW ihpud? 7O aM e 15, rDohau®,y)
o1 (FD 1) ) @)
WS oD, 07D )r(lpa Dy, hguWa)o = (1572, hyu®)
© > o(h1,l)7(la, ho)o ™ (I3, h3)

Secondly, & satisfies conditions in [1, Definition 1.1] by straightforward computa-
tions.

O
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Remark. This theorem shows that R does not affect the braided structure &.
Corollary 2.2. Let H be a R—Hopf algebra, and (H, T) a braided Hopf algebra.
Then (H?(™) ) is a braided Hopf algebra with braiding:

5(x,y) =Y _o(w1,y1)7(y2, 72)0 * (y3,73)

PRrROOF: Let R be trivial in Theorem 2.1. This completes the proof. (I

Corollary 2.3 ([1, Theorem 1.6(c)]). Let H be a commutative c—Hopf algebra.
Then (H?,5) is a braided Hopf algebra with braiding:

G(x,y) = oy, z1)0 (22, 42)

PROOF: Let 7 be trivial in Theorem 2.2. This completes the proof. (]
Dually, we have the following result:

Theorem 2.4. Let H be an ¢ — R—compatible Hopf algebra, and (H,F) a

quasitriangular Hopf algebra. Then H ok jg 4 quasitriangular Hopf algebra with
the following quasitriangular structure:

k= ZU(2 DRW & W) pR)RE2),

3. Classification of H°~ ' and examples

Let u € Homy(k, H) be convolution invertible with eu = €, and suppose that
H is not only a R—Hopf algebra but also a F'—Hopf algebra satisfying:

(1) STFW @ F® =3 (w1t @ u ) (RY @ R)Au.

This equivalent to

ZG(l ® G2 ZAU @ U (u @)
where @ is the inverse of F (G = 3. G @ G?)). Now we have

Theorem 3.1. Let H° and H°~F be two Hopf algebras satisfying condi-
tion (1). Then H— R =~ H=F (as coalgebra).

PROOF: Define ¢ : Ho % — HF by h — v lhu and ¢ : HO—F — Ho- R
by | — ulu"t. We can prove the claim by direct computations. O

Dually, Let v € H* with a convolution inverse v~ and u(1) = 1, and suppose
that H is not only an c—Hopf algebra but also a 7—Hopf algebra satisfying;:

2) = uTt () @ (ha)a(ha, la)u(hs, I3).

Then we have the following theorem.
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Theorem 3.2. Let H°~® and H™~® be two Hopf algebras satisfying condi-
tion (1). Then H° 1 =~ HT=R (as algebra).
PROOF: Define the maps ¢ : H™® — H™ R by h — w(hi)hg and ¢ :
H™ B — HF by | — u~1(l1)l. We can prove the claim by direct com-
putations.

O

Example 1. Let Hy be the Sweedler’s 4-dimensional Hopf algebra ([6]). Define
o: Hy® Hy — k as follows:

1 =z z
1 1 0
z 1 -1 0
y 0 0
z 0 0

(el e e )

and let R = %(1®1+1®x+x®1—x®x) € H® H. It is easy to prove that
H, is a 0 — R compatible Hopf algebra.

Example 2. Let B <ty H be the Doi-Takeuchi’s Hopf algebra, and B ®p H a
Hopf algebra. Let R = R() @ R?) € B® H satisty 7(RWer(M h)R?) @ r(2) =
e, )11 = 7(c, ROhr@)RM) @ (1) Then B® H is a [r] — Q compatible
Hopf algebra, where [7](b®g,c®h) = €(b)e(h)T(c, g) for all b,c € B,g,h € H and
Q=19 R® @RV 1.
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