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Lattice points in super spheres

EKKEHARD KRATZEL

Abstract. In this article we consider the number Ry, ,(x) of lattice points in p-dimensional
super spheres with even power k > 4. We give an asymptotic expansion of the d-fold
anti-derivative of Ry, ,(z) for sufficiently large d. From this we deduce a new estimation
for the error term in the asymptotic representation of Ry, ,(x) for p < k < 2p — 4.

Keywords: lattice points, exponential sums

Classification: 11P21

1. Introduction

Let k,p be integers with k > 3, p > 2. Let R}, ,(v) denote the number of lattice
points inside the super sphere

[t [P+ [t2lF + ..+ |tp)* < 2.
This means
Ry p(x) = #{(n1,n2,... ,np) € ZP : |n1|k + |n2|k 4+ ..+ |np|k <z}
The asymptotic representation
Ry p(@) = Vigpk + Hyp1 (@) + Prp(@)
contains two main terms. The first main term is given by the volume of the super

sphere, such that
2\ IP(z)
Vep=\7 | Loy
k) T(1+5%)
The second main term comes from points of the boundary, where the Gaussian

curvature vanishes. It can be developed into an infinite series over generalized
Bessel functions. These functions are defined by (see [3])

kv

W = s ()

1
NGRS / (1- tk)”_% cos it dt
ml(v+1-1 0
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374 E. Kritzel

for k=23,...,z € R, v eC, Re(v) > 1/k — 1. Further, let for real v

2) ) (@) = 270w +1 - %) nz::l (£) 2 70 (9ng),

™n

where the infinite series is absolutely convergent for v > 1/k. Then

1

3) Hi 1 (2) = pVip 100y (@),

and the second main term has the precise order
x%(l_%),
For the estimation of the remainder P, ,(x) we use the notation

4) Py pla) < athor.

The simplest non-trivial estimation is given by (see [3])

p—2 2
5 Aep = for k< 1
) oo =+ T or k<pl
_p—2 2(k—-p+2)
(6) Aep = 3 + 372 for k>p+1.
Since
-1 1 -2 2
P” 1 <P for k<p+1,

POy A A
the second main term is meaningless in case (5). But in case (6) it is significant.
Otherwise we have

2 k- -
p ( p+2)>p 2+
k 3k2 k k(p+1)

for p > 2,

which leaves much to be desired.

Some improvements of the estimates (5) and (6) were given in special cases by
E. Krétzel [3], R. Schmidt-Roéh [6], W. Miiller and W.G. Nowak [5], G. Kuba [4]
and S. Hoeppner and E. Krétzel [2]. So we have

46
-2k
)\k,g 73 +e (E>0),
p—2 12
Ay = f k< 1, 3<p<7
(7) k)7p k + k(7p+4) or _p+ Y _p_ I
p—2 5

_|_

App = f 1< 1 > 38
k7P k k(3p+1) or —p+ ) p=09,
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which were proved by G. Kuba for p = 2, the author for p = 3 and R. Schmidt-
Ro6h for p > 3. Furthermore, one can find some minor improvements of (6) in [2].
But all these results show again that the quality of estimations in case of k > p+1
is not so good as for kK < p+ 1. One aim of this paper is to prove an estimation
like (7) which holds true even in the interval p + 1 < k < 2p — 4. However, this
is within reach only for even k.

Furthermore, assuming that k is an even integer, R.E. Wild [8] proved

z k 2 1) 1)
Ry o(t)dt = —— Vi gt 1 + H A
/o k,2(t) g k2v k21 (2) + 45 5()

with
(1) 1- 1 X cos(2mnak — ) 111
Hk7271(a:) = —cix= k2 Z T +0 (:17 % kz) 7
n=1 n k
00 1 -
1 -1 cos(2rNox®k — I)
ALY@) = —ear T 30 Y S (),
ni=1mna=1 (n1n2)2k—2 N22 k-1
where

k N\ 1-%
. k-1 k—1
Ny = (”1 + ny ) .

The remainder dx(x) is estimated by

Ip(r) < 2%,

L. Schnabel [7] proved Wild’s result also for odd k. Moreover, he proved the
asymptotic representation

=t (ﬁz> 2+ %).

A further aim of this paper is to generalize the result of R.E. Wild to dimension
p > 2. However, we must again assume that k£ is an even integer. We give an
asymptotic expansion for the integral

/0 "o — 0 Ry (1) dt,

where d is supposed to be sufficiently large. From this we deduce better estima-
tions for the error term in case of 4 < p < k < 2p — 4.
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2. Statement of results

We consider the d-fold anti-derivative

of Ry, p(x) for d =1,2,... and put
0
RO)(x) = Ry p(@).

The definition of R](gd;)(:zr) makes sense also for p = 1. So we will use it also for
p = 1. Further we put

@ _ (2\" TP ) _
V]{;,p - (k) F(d—f—l—i—%)’ V]{;’p —Vk,p.

We use for abbreviation the following notations for r > 1:

- T
k
tr:(tl,tg,...,tT), rf,«:(nl,ng,...,nr), TLjEN,

r
n_;“t:’zznutua
Z DY

dpr = d+2

ni=1 ne=1
Moreover, we define
dp,r o
(8) ’p A / / x —th— .. — tﬁ) " cos(2mripty) dty - - di,
forp>1,r=1,2,...,d> 0 and with the integration condition

. +th<a

Theorem 1. If k is an even integer and if d is sufficiently large the representation

P
(9) R (@) = VQatk + 3

(z) + A ()

r=1

holds true with

(10) 19 (@ = (1)l P2 P
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forr=1,2,...,p—1,p, where

Furthermore, the representation

I'(d 1) [* -

ay =D @)= (D) D 2D [Ty
k,p,r r k,p—r ]__‘(pkr) 0

holds true forr=1,... ,p—1.

D) at

The next theorem shows that the infinite series for Al ;( ) is absolutely con-

vergent for d > (p — 1)/2. Therefore, (9) holds true for such values of d. But we
shall see that the infinite series (10) may be absolutely convergent for r < p and
for some smaller values of d.
Further, we use the abbreviations for r =1,2,... | p:
1

40 2 \'T [k \BrtS
=—(— — T'(d 1
ap,r k (k(k—l)) (27‘1’) ( P77’+ )7

1—1
T k k
k—1
Ny = ( E n, ) .
v=1

Theorem 2. For even k >4, d > 0 and r = 1 we have the identity

(12) HD (@) =V 0l ),

where the i-function is defined by (2), and the asymptotic representation as
T — 00

o0 l o
(13)  HY (1) = o200 {Z cos(2mna® — §(dpy +1)) e )}
n=1

ndp,l"l‘l

el

Forevenk>4,d>0andr=2,3...,p we have as x — o0

1 r—1
F(?Qr(x) = ap,rxdp’r(l_g)—i_ 2k X

14 27Nk — E(dpy + 1+ Tk
(14) XCOS(Wrwk 72(1;7»—1— + 5= )){1+O( i)}v
(nl-.-nr)mNT,

where the O-term does not depend on ni,na,... ,Ny.

Replacing the arithmetic mean N, by the geometric mean, it is seen from (14)
that the infinite series (10) are absolutely convergent if

il 2+1 dpy + —— +l >1
2k — 2 br 2k 2 '

This is the case if dp» > (r — 1)/2. Hence, we obtain the following corollary.

377



378 E. Kritzel

Corollary. The infinite series (10) are absolutely convergent if

p—r r—1
dp’T:d+T> 5

Especially, all infinite series are absolutely convergent if d > (p — 1)/2, and the
series for d = 0 are absolutely convergent if

k+2p
< .
k+2
From Theorems 1 and 2 we can find upper bounds for the remainder Py ,,. If
we use in the infinite series (10) only the trivial estimation with |cos(...)| <1 we
obtain for A, in (4)
p—2

2
15 Aoy = for 2p > k.
( ) k,p A + Fp+1) or 2p >

This is better than (6) for p+ 1 < k < 2p. However, applying a simple theorem
from theory of exponential sums, we can improve this result.

Theorem 3. If k > 4 is an even integer, the asymptotic representation
P (k) , 1
(16) Rk,p(x) = Vk,pxk + ka,p—lwp/k (wk ) + Pk,p(x)

holds true with (4) and

p—2 5
(17) Aep = A +k(3p—|—1) for 2p > k+4.

Again, the second main term is meaningless for k < p and significant for k >
p+1>5.

3. Proof of Theorem 1

We give only a formal proof of Theorem 1, because the convergence properties
follow from Theorem 2.
Applying the p-dimensional Poisson sum formula we obtain

R(d)(:zc)zl Z (w—n]f—...nlg)d

1 +o0 +o0 s
—a X 2 [ eyt e,
"ﬂl:—OO np=—00
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with the integration condition
th+.. .4ty <u.

Now it is easily seen that the term with n; = ng = ... = np = 0 gives the first
main term in (9). The terms with exact r variables n, # 0 and p — r variables

ny, = 0 lead to the terms H]gdl)) () with 7 =1,2,... ,p—1,p. There are ( ) r-fold
infinite series, where the variables are now denoted by ni,n9,... ,n,. We write

for abbreviation )

D = R{)(z) - V{Dat+ k.

Since k is an even integer we get, by (8) and (10), with the same integration
condition as above

b= Z()d' Z Z / /x—tk —t';)de2”i"7t:dt1...dtp,

ny= Np=—00
Now we integrate over ¢,41,... ,tp,. Then we obtain, by the integration condition

k<,

Qr(p) kop— ’“Z/ / “"tk t’“) " cos(2miipty) dty ... dty
T ).

(d)
2T( ) 7p TZF ,pT

H]gf?)’r(:v).

i
M=

%
Il
—

I
M=

ﬂ
Il
—

I
NE

%
Il
—

This gives (10).
The representation (11) follows from (8) and (10) at once, since we can write

(d) ~ Dldpr+1) [* p=r_j
Fypr(®) = W ; (x—t) & " dtx

k K\ _
S (t—tl - ...—tr) cos(2mnyty) dty - - - diy

with the integration condition

.tk <. O
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4. Proof of Theorem 2
PROOF OF (12): We get from (8) and (10)

d d)
Hzg;ﬁ =2p Vp IZF(,I%

1 d
Flid; 1 (@3m) = 20Ttk / (1 - tk) - COS(27TTL$%t) dt.
0

Now we obtain (12) by definition (1) of the generalized Bessel functions and by
definition (3) of the ¢-function. O

PROOF OF (13): If (p — 1)/k is an integer we get (13) by partial integrating at
once.

If (p—1)/k ¢ N we may use the asymptotic expansions of the generalized Bessel
functions in [3]. But we want to have here a somewhat better error term than
there. Hence, we apply the following lemma, which can be found in the book of
E.T. Copson [1, Chapter 3, Section 12]:

Lemma 1. Let ®(t) be N times continuously differentiable in o < t < 3. Let
0<A<1,0<pu<1. Then, as y — 400,

/ ’ Wt — )M (B = )L B(t) dt

+ ) oot T (m dm _
18) = Z m’,zmH vt BN (8 — a)t T ()

N Z DOm0 e gt (5 i) +0 (L>

“mlym i apm y

‘We write

F

+1 1 .
pop1(@in) = 2 / (1 — ¢hyd+ Py 2mina/M gy

-1

and apply this lemma with

-1 -1
O[:—]_7 6:+17 )\:'u:pk _|:pk ’ y:27T7’I,CC1/ka
CH-E
—1, (1 -tk k
(1) = (1 — $2)d+1+H["5]
t=01-1) o)

-1
M = d+3+[ A ]



Lattice points in super spheres 381

Then the terms with 0 < m < d + [p%l vanish in both sums in (18). The both
1

]
non-vanishing terms with m = d + 1 + [5=] are of order

y—(d+1+%)'

They yield the leading term in (13). The next terms with m =d + 2 + [p—;l] are

of order L
y—(d+2+%).

The error term in (18) is of order

=M _ (@3] o —(d424 )

Y <y

Thus we get the error term in (13). O
PROOF OF (14): We begin with two lemmas.

Lemma 2. Let r = 2,3,...,p, t,_1 = (t1,t2,... ,t,_1). Let the function P =
P(v,t,_1) be given by

it e 25 [ (N e n; =
§ k—1 k—1 E

and let fr(v) be defined by

(20) £r(v) = / / (Nﬁkl —P)dp’r dy - dt

with the integration condition
_k_ _k_
UkNrkﬂ <P< Nrkﬂl

Then the function F = F\% (x;1y), defined by (8), can be represented by the

k,p,r
integral
E—1 _d+2 41
21 F= 2rzkv) dv.
(21) <N£+k(d—1)> ) fr(v) cos(2mx®v) dv
O
ProoF: We substitute t; — xl/ktj for j=1,2,...,7 — 1 and obtain

dp,r -
F:xd"'%/.../(l—tk—...—tf) " COS(wa%n_}tr)dtl...dtr
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with the summation condition
4. Hth <1

We see, by means of Holder’s inequality,

==

A T
mtr < Y il < Ne [ D8] < N
j=1 j=1

and we have equality if

1

S\ k—1
j_<:f_Jr> for j=1,2,...,r

tipty > — Ny

Analogously we see

with corresponding equality. Thus we make the substitution

tj— | = tj for j=1,2,...,n,
and then we put
Tk k.
Z nffl tj = N
J=1

such that —1 < v < +1. Then we obtain (21) with (19) and (20). O

A remark to the integration condition in (20): The upper bound of P is clear.
Further, it is easily seen that P(v,t,_1) has its minimum for t,_1 = (v, v, ... ,v).
In this point we have

_k_
P = ’UkNrk71
and so we find the lower bound of P.

Lemma 3. Let the function gr(v) for r = 2,3,... ,p be defined by

k
o it NI=2 \ %3 dp ot 75t
(22) gr(v) _ Cp . TP» k—1 ny r (1 _ ’Uk) P 2
’ ny - Np_q

with

r—1

27T 2 F(dpﬂ“ + 1)
Pr=\kk—1) D(dy, + 1)
(dpr + 5)
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Then the asymptotic representation

(23) fr(0) ~gr(v) as v =1
holds true.

PRrOOF: With the integral representation (20) in the form

k k dp,r
fr(v):/.../<(1—vk) 1 —(P—v’fN,f“)) dty ... dty_1,

where the integration condition is given by

_k_ _k_
0<P—oFNFT <(1—-o®)NFT.

Further, we put t; = v + u; in (19) such that P has its minimum at the point

(u1,u2,...,ur—1) = (0,0,...,0). So we obtain for (19)

. k r—1 X . r—1 _k_
_k_ k _k_ _k_ n:\ k-1
P—kar’“l = E < >vk_y E nfflu]'{—knr]?*l - E (—]) Uj
v=2 \V j=1 j=1 \r

Moreover, we make the substitution

& 1
N\ 1 :
’UJ:<<_T> (1_vk)> Yj> j:1727"'77._17
T
J

and we define a function

k
. P—okNET &
Q=Q,yl1) = WN’“*-

Then Q(v,y,~1) and fr(v) are represented by

(24) v=1 j=1
v
(ﬂ) -1 _r—l <anT)2k2y (1—vk)%_1
N =N ’ 7
k
dp,r 2 Nl 2%—2 dpr 251

fr(v) = NTTE (1 — vk) : 7 x

(25) nl.'.nr—l

8 / a / (1 - Qu,y21)) %™ dyy - dy,—1.
Q<1

383
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Clearly, the limit values of

_d T,_L*l
fr(v) (l—vk) e as v— =£1

k
dy, .k N1 2k—2 d ,H—Q
Fr(v) ~ NPT (7 ) (1-05)"" 7 %

X // (1= Pa(yy21)) ™" dyy -+~ dyr—1
0<Py<1

with

Py = Py(yy21) = () Zy] ( > z;(n]Nr> Yj

It remains to compute the integral, which is easy. Then we obtain the asymptotic

representation (23) with the function (22). O
Now we are going to prove the asymptotic representation (14) by means of
Lemma 1. First of all we remark that we may assume ni,no,... ,nq.—1 < np

without loss of generality in Lemma 2. Then
1—1
nyp < Np <177 kng.

So it follows that the coefficients of y; in (24) are bounded. Hence, the integral
n (25) is bounded, and we obtain

I ——— dp.r Nr—1 2k—2
fr(v) (1—vk) T <N = (’"7)
ny-

.. n?”—l

9 _k
ner_ ) 2k—2

ny---Np—1

dp,r 27
< N, "F1 (

This estimation now holds in the whole interval —1 < v < +1. Moreover we may
write

dp st (I v
26  fw)=(1-2") 2(ch(1—vk)2+hr,q<v)>,

v=0

where ¢ is some positive integer. All the coefficients ¢, and the derivatives of the
remainder function A 4(v) up to the order [d) r + TT"_‘Z] have the same order with
respect to n1,n2,... ,n, as above.
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Now we write

fr(@) = gr(v) + (fr(v) = gr(v)).

In order to obtain a first approximation of F]gcg (x;n7) we replace fr(v) by gr(v)

W

in (21) and we consider the function

1
1 dtf el
P ) B O L R | T~k 1
G= Gk,p’r(a:,nr) = <N7g>+k(d—1)> - /_1 gr(v) cos(2n Nypxk v) dv.

Then, by (22) and replacing v by ¢,

k-2
NT 2k—2 +1 r—1 1
G =cpyr <7r> 24t / (1= tp) %5 cos(2nNyawt) dt.
nl Ny 1

We apply Lemma 1 with

p—r r—1 p—r r—1
o ) B =+1, K 2 + 5 [k + 5 }7
y:27rNr:17%,
dpr+25%
ey b L W
(1) = (1 — 2)dH1I+HEE+5]
()= (1-¢) — ,
p—r r—1
M=d+3 .
+ +[ A + 5 }

Then the terms with 0 < m < d+ [B- + TT_I] vanish in both sums in (18). The
both non-vanishing terms with m = d + 1 + [22- + 25| are of order
+1

y_(dp,r"f‘%).

Analogously to the proof of (13) the both next terms and the error term are of
order

y_(dpm‘f‘l‘f‘?n;l).

Thus we get (14), even with the better error term O(z~1/¥), provided that
p—r r—
TR

Otherwise, we obtain the same result by partial integrating.
Now it is clear from (22) and (26) that

Lan

dp,r+ 5143
fr(v) —gr(v) ~ 1 (1 - Uk) ! 22 as  vF 1

with a possibly non-vanishing coefficient ¢;. This gives the error term in (14),
and the proof is complete.
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5. Proof of Theorem 3

Let the function F(t) be integrable on every interval 0 < ¢ < z. Let F(")(x)

be defined by
1

xx_ r—1
(r—1)!/0( DR dt

for » € N. Let DZ(JT)(H (x)) denote the r-fold iterated difference operator with
respect to a function H(z). That is

F) (x) =

T

(27) lé”uum>=§jv4rﬂ(;yﬂx+jw.

J=0

Then it is easily seen that

z+y try tr—1+y
(28) D{(FO) (2)) = / dty / dty . .. / F(t,) dtr.
T t1 tr—1

We use this for the function R,gd;(x) with r = d, and we shall now constantly

assume that d = [p%l] + 1. Then all the infinite series in (10) are absolutely
convergent. We get

(29) DR (@) = v R p(a),
(30) (1D B @) < y Ry )
for x > dy > 0. We consider only the inequality (29), since the corresponding

results for (30) in the opposite direction follow analogously. We obtain from (9)
and (29)

(B)  Repl@) <y~ D (Vi E) + _dZD(d 7Y ().

7pr

Since

1 x
Vk(;?x”% = 7'Vk7p/ (x — )41tk dt
J. ! O

(32)
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In order to estimate the differences of H Igd) () in (31) we must distinguish

between 1 < r < (k+ 2p)/(k+2) and r > (k+ 2p)/(k + 2). In the first case the
infinite series in (10) are all absolutely convergent for d = 0. Hence, by (10), (14)
and (28),

k+2p
E+2°

Later on, we feel us compelled to consider the case r = 1 once more.
For (k+ 2p)/(k +2) <r < p we divide the sum (10) into two parts. We write

(83) DMV (1) <2 UTOEE for 1< <

) <w)=2’”(f>v(d> (S1+ Sa),

DT k,p—T
d -
S1 = Z F];gm(:z:;nr),
Nr<zp
d -
Sy = Z F];p)m(:v;nr)
Np>2zp

with a suitable parameter z, > 1. We apply the difference operator with the
representation (27) for the sum S7 and with the representation (28) for the sum Ss.
Then

—d (@) (¢7(D) (d) (. =

(34)

—d (d) -
+ max F w; Ty .
Yy w<w<tdy Ngz k,p,r( 5 r)

Furthermore, we arrange the values ni,ns9, ... ,n, with respect to their quantity.
Let us assume without loss of generality that ny,ng,... ,n,._1 are less than n,.
With a view of (14) we consider the exponential sum

; 1/k
Z 627”N7"w
My <n,<M>

with M < M; < My < 2M for fixed ni,no,... ,n.—1. We apply a special case of
Theorem 2.6 from [3, p. 34]: Let f(¢) be a real function with continuous derivatives
up to the third order for M <t < M’ < 2M and let

0< A3 < ¥ < As.

Then ) L1
2T M)« MAS + M22y 0.
M<m< M/’
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We use this theorem with

Then
1 1 1 1
A3 mwk = m
and ) .
Z 2miNpwt/k < M3z ok,
My <n,<Mp

Note that n, < M, N, < M. Hence, we get

Z Z Z cos (27TNrw1/k—%(dp+r'51)) {1+O(m‘i

2k
k=2 dprt sty )}
m<M 1 <KMnex<M (ng--ong)2k—2 N, TRk 2
—dy Tl 11 11 1
<K M %prT 2 {M 3x6k + M 61 6k +x 2k},

We use this result for the first term in (34) with M = 2,27"" and for the second

term with M = 2,2". Then let m run through the sequence m = 0,1,....
Therefore, we obtain from (14) and (34)

yzp2™

m=0

—-T T— s 1_l d
y_le(/d)(H,gd; @) <2 T D 3 1 <x i ) (Am + A_p)

with

p—r + r—1

Ap = (z27™) F 72 {(zr2_m)_é v oE + (27,2_7”)_% 3 + x_%} )

It is easily seen that the first sum makes only sense if

r—1 p—r 1
2~k '3

Thus, we assume this inequality for the present. Then

d
X 1—1
y D (HY (2)) < " F ) 1+($ k) y

Yzr
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Now we put

provided that

Then we get

. 101 1 1 1 1
y_dD@(’d)(H’gd;T(x)) Kz 2y w2 (ygzﬂ_g +ysa” 8 +x—ﬁ).

Further, suppose that
1,1 1
yk 2 < x2.
Then the right-hand side of this inequality is monotonically increasing with re-
spect to r. In order to find an optimal y we balance the first order term with

r = p against the term O(zP/¥~1) in (32). That is, we put

w

1- 192
Yy=2x k 3p+1

Then the above inequalities are satisfied, even for 12p > 5k + 6, and we obtain

p—2, 5 _ -1 — 1
(85) y D (HY) (@) <a B O =gk for m > Pt

Now we consider the case

T—].<p—7"+1.

(36) 2 ~ k& 3

Since we assume that k < 2p — 4, we obtain

k+2p< <k—|—2p 2k

9 2k
S%x2 =" T%x2 T3hxe

This inequality can be fulfilled for at most one r > 2. Then we estimate the
exponential sum trivially and we get analogously for this r

—d y(d) ( 7(d)
y "Dy (Hk,p,r Yz

_r r— 1—l d p—r  r—1
(2)) < A=+ (14 (x ’ ) o 2
provided that (r —1)/2 < (p —r)/k. In case of equality (r —1)/2 = (p —r)/k we
let m in the first sum of (34) only run in the interval 0 < m < log z,. Thus we
get an additional factor log z,. We use the same values for z, and y. Then

g4 (@

popr () < 2¥57 logx
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ith
W r—1 r—1 p—r 3p—4

2k )k(3p+1)'

1

We find, by (36),

p—r 2p—1
<
“er = T T G D)

Hence, (35) holds true for all » > (k + 2p)/(k + 2), and the above factor logz is
meaningless.

The estimations (33) are less than the estimation (35) for all » > 1 if k < p.
Therefore, we obtain from (31), (32), (33), (35)

<A for r>2.

(37) Riep(@) < Vipak +0 (:%5)  for k<p,

Now let k& > p. Then the estimations (33) are less than the estimations (35)
only for r > 2. So we conclude for the time being

(38) Ry (@) < Vipa® +y~ DO (H) | () + 0 ( e )

of course with the same y as above. Now we consider (27) with r = d and
H(z) = H]gdz 1(x). In the Taylor-expansion of (27) with respect to y the first
d — 1 terms vanish. Therefore, it exists a ¥ with 0 < ¥ < 1 such that

(d) ( r(d) : TK
y 1D} (Hy (@) = Z(—l)d—J ( > 5 — Hj, p1(x + j0y)

J
7=0
(39) J
~ Hopal) + Y1 (1) s,
=0
with
Sj = Hyp1(x + j0y) — Hg p1(z)
and, by (3),
1 1 k), 1
Ty = o5 = Ve (2 + 390 ) = ).

Further, we obtain from [3, Lemma 3.12, p. 147],

p—1 p—1

=2 > (etguy-nf) " -2 Y (a-nf) ©

0<nk<x+j19y 0<nk<z

2F( +1)F(l) p »
kl’i( )k ((x+ﬂ9y)k— )
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1
where the terms with n = 0 get a factor 1/2. Since y = o(:zcl_E) we have between
21k and (z + j9y)Y/* and also between (z —y)'/* and z!/* at most one natural
number. Hence

p—1 p—1
= = p=1 4
T; < Z (:C+j19y—nk) F —(;v—nk> Py w +xE_1y
0<nk<z—y
k pzl_l p—1 p_1q
< Z y(a:—n) Yy kE +xk Ty
0<nk<z—y
p—1 b2}
Ly k +xky
< ek

what is the case with the above y and because of £k < 2p — 4. Hence, we obtain
from (3), (38), (39) and the last estimation

p 1
(40) Ry p(x) < Viptk + pVis iy i@k ) + O(atek)

for k> pand k <2p—4.
Applying the inequality (30) we obtain inequalities of type (37) and (40), but
in the other direction. This completes the proof of Theorem 3. (I
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