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Smooth graphs

L. Soukup

Abstract. A graph G on wj is called < w-smooth if for each uncountable W C wi, G
is isomorphic to G[W \ W] for some finite W’ C W. We show that in various models
of ZFC if a graph G is < w-smooth, then G is necessarily trivial, i.e. either complete
or empty. On the other hand, we prove that the existence of a non-trivial, <w-smooth
graph is also consistent with ZFC.

Keywords: graph, isomorphic subgraphs, independent result, Cohen, forcing, iterated
forcing

Classification: 03E35

1. Introduction

Answering a question of R. Jamison, H.A. Kierstead and P.J. Nyikos proved
in [3]: i the uncountable induced subgraphs of an uncountable n-uniform hy-
pergraph are pairwise isomorphic, then the hypergraph must be either empty or
complete. In this note we investigate how many uncountable subgraphs of a graph
G on wi can be isomorphic to G provided that it is non-trivial, i.e. it is not com-
plete nor empty. As a corollary of [1, Theorem 4.2] we can get the following
positive result: the existence of a non-trivial graph on wy which embeds into each
of its uncountable subgraphs is consistent with ZFC. To formulate this and the
forthcoming results precisely we need the following definition.

Definition 1.1. A graph G on w; is called k-smooth (<k-smooth) if for each
uncountable W C wi, G is isomorphic to G[W \ W’] for some W' C W with
W' <k (W] < k).

Fact 1.2. If a graph G on wy is n-smooth for some n € w, then G is complete or
empty.

PRrOOF: Pick ordinals xg,x1,..., T, from w; by finite induction such that for
each j < n we have

IS ﬂ G(IEZ) and
1<j

() G(:)

i<j

= w1.

The preparation of this paper was supported by the Hungarian National Foundation for
Scientific Research grant no. 16391.
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If we cannot find a suitable z;, then taking W = (), _; G(z;) we have [W| = w;
but [WNG(w)| < w for each w € W. Thus G[W] contains an uncountable induced
empty subgraph and so G is empty.

Assume now that we could choose the sequence {z; : ¢ < n}. Then let W =
{z; i <n}UN;<, G(z;). Since G is n-smooth there is W C W, |W’'| < n such
that G =2 G[W \ W']. Fix i < n+ 1 such that z; ¢ W’. Since z; € W\ W/,
W C G(z;) U{x;} and G = G[W \ W] it follows that there is w € wy such that
w1 C G(w) U {w} and so for each uncountable V' C wy there is v € V such that
|V \ G(v)| < n. Thus G contains an uncountable complete subgraph and so G is
complete. (Il

On the other hand, in [1, Theorem 4.2] it was shown that T implies that
there is a Suslin tree 7 = (w1, <) such that for each uncountable X C wj there
is a countable X’ C X such that 7 = 7 | (X \ X’). Thus the comparability
graph of 7 is w-smooth and clearly non-trivial. However, the question whether
a <w-smooth graphs on wj is necessarily trivial was left open. This gap will be
filled up here: we show that (i) in different models of ZFC every <w-smooth
graph on wj is complete or empty, (ii) the existence of a non-trivial, <w-smooth
graph G on wi is consistent with ZFC.

The following question however remains unanswered:

Problem 1. Is there a non-trivial, w-smooth or just wi-smooth graph on wi
(in ZFC)?

We use the standard set-theoretical notation throughout, cf. [2]. For a graph
G, V(G) denotes the set of vertices of G, E(G) the family of edges of G. If
H C V(G), G[H] denotes the induced subgraphs of G on H. Given z € V(G)
put G(z) = {y € V(G) : {z,y} € E(G)}. If G and H are graphs we write G = H
if G and H are isomorphic.

If G and G’ are graphs, Isop (G, G') denotes the family of isomorphisms between
finite induced subgraphs of G and G’.

If g is a function let supp (¢) = dom(q) Uran(q).

For a cardinal x we denote by Cj the standard poset (Fn(k,2;w), D) which
adds k Cohen reals to the ground model.

2. Models without non-trivial <w-smooth graphs

Lemma 2.1. If G is a <w-smooth graph on wj and G has a — not necessarily
spanned — subgraph isomorphic to the bipartite graph [w;w1], then G is complete.

PROOF: Fix A € [w1]” and B € [w1]“" such that [A, B] C E(G). Let
X ={acws:|w\Ga)| <w}.

We show that X is uncountable. Indeed, let o < wj. Then for some finite
C C AUB and D C wy \ « the graphs G[(AU B) \ C] and G[(w1 \ @) \ D] are



Smooth graphs

isomorphic witnessed by a function f. Then f”(A\C) C X, so X ¢ a, ie.
| X| = wy.
Now, by recursion, we can construct a set Y = {y, : n < w1} C X such that

yn € XN [ G(ye). Then G[Y] is complete and so G is also complete which was
€<n
to be proved. (Il

Let us remark that the statement of Lemma 2.1 fails for w-smooth graphs: the
comparability graph G of the Suslin tree 7 constructed in [1, Theorem 4.2] is
non-trivial and w-smooth, but [w;wi] C G and [w1;w1] C G.

Let us recall the definition of splitting number s:

s =min{|A|: AC [w]“AVX € [w]" TA€A|XNA|l=|X\A|l=w}

Theorem 2.2. Every <w-smooth graph on wj is trivial provided (1) or (2) or
(3) below hold:

(1) w1 <s,

(2) 2¢ < 2¢1,

(3) in a model obtained by adding ws Cohen reals to some model V.

PROOF OF THEOREM 2.2 (1): Assume that G is <w-smooth. For each « € w;
let Fo = G(o) Nw. The family F = {F, : @ < w1} is not a splitting family for
§ > wy so there is an infinite set B C w such that B C* F, or B C* w\ Fy
for each o € wy. Then there is n € w and an uncountable I C w; such that
either B\ n C Fy, for each a € T or B\ n € w\ Fy, for each @ € I. Thus either
[B\n,I] C E(G) or [B\n,I|NE(G) =0, i.e. [w;wi] is a subgraph of either G or

G, and so G is trivial by Lemma 2.1. (|

PROOF OF THEOREM 2.2 (2): Assume on the contrary, that G is <w-smooth
and non-trivial. By Lemma 2.1, we can choose an uncountable set A C wy \ w
such that G(a) Nw #* G(6) Nw for each {a, B} € [AP.

For each uncountable X C A fix a finite set C'x C w1 and an isomorphism fx
between G[(wUX)\ Cx] and G. Since 2 < 2“1 there are sets X,Y € [A]*" such
that [ X \Y| >w,Cx =Cy and fx [w=fy |w. Let £ € X\ Y \ Cx. Then
f= f;l o fx is an isomorphism between G[(w U X) \ Cx] and G[(w UY) \ Cy]
such that f [ (w\ Cx) = id | (w\ Cx). Taking n = f(§) we obtain that
G N(w\Cx) =Gn N(w\ Cx) which contradicts the choice of A because
0 ¢ for € ¢ ran(f). O

PROOF OF THEOREM 2.2 (3): Assume that G is a graph on wy in V2. Fix
o < wy such that G € VCe. Since C,,, = Ca*Co\ (atw1) *Cla,atw; ) Py Lemma 2.1
it is enough to prove the following statement:

Lemma 2.3. If G is a graph on w1, [w;wi] ¢ G, G, then G is not <w-smooth
in VCer.
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PrOOF OF LEMMA 2.3: Applying Lemma 2.1, we can find an uncountable A C

w1 \ w such that G(a) Nw #* G(B) Nw for each {a, 5} € [AP. If G is the
Cu, -generic filter over V, let X = {a € A:3p e G p(o) = 1}. We show that

le,, = “G and G[(w U X)\ Y] are not isomorphic
for any Y € [wﬂ W o

Assume on the contrary that p € C,,, Y € [wﬂ <“ and fisa Cuwy-name of a
function such that

pl— “f is an isomorphism between G and G[(w U X)\ Y]”.

Fix w < v < wy such that dom(p) UY C v, ph— “f"v = (wU X)\ Y)Nv” and
pl— “f v e V|G | v].” From now on we work in V[G | v]. Let h = f | v and
B =h"Hw\Y). Since G(a) Nw #* G(B) Nw for each {a, 3} € [A}2 it follows
that if {¢,€} € [w1 \ ¥]?, then G(¢) N B #* G(¢) N B. Thus for each £ € wy \ v

we have

f(&) = a iff h"(G() NB) =" (G(a) Nw).

Hence f [ (w1 \ v) can be defined in V[G [ v] and so X \ v € V[G | v], which is
impossible by the choice of X. (|

The proof of Theorem 2.2 is complete. (I

The following theorem claims that if CH holds in the ground model, then the
statement of Lemma 2.3 can be strengthened: we can find a set in the ground
model witnessing that G is not <w-smooth in VG,

Theorem 2.4. If CH holds and G is a graph on wy such that [w;w1] ¢ G, G,
then there is an uncountable subset X of w1 such that

VCi = 4G is not isomorphic to G[X \ Y] for any Y € [wy]“”.

The proof is quite long and technical, so we omit it.

3. Generic construction of a non-trivial <w-smooth graph

Theorem 3.1. If 2“1 = wy, then there is a c.c.c poset P of size wy such that

VP = there is a non-trivial, <w-smooth graph G on wj.

PROOF: We construct P = C * P’ in two steps: in the first step, forcing with
C = Fn(w1,2;w), we add wi-many Cohen reals to V to introduce our desired
graph G. Then, in the second step, we add many isomorphisms between certain
subgraphs of G to VC to guarantee <w-smoothness of G in VP’
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To simplify our notation we take C = Fn([w1]2, 2;w) and define the graph G
on wy in VI[G], where G is the C-generic filter over V, in the straightforward way:

{a, 8} € E(G) iff Ipe G p({e,B}) =1.
If ¢ € C let supp ¢ = [Jdom ¢ and G = (supp c, c_l{l}>. Let us remark that

if c,d €C,c < and dom ¢/ = [supp /| 2 then G is a spanned subgraph of G¢.
To obtain P’ = P,,, we carry out a finite support iteration of c.c.c posets

(Py:a<we,Qu:a<wy)

in the following way: in the ath step, we pick an uncountable subset X, of wy in
the intermediate model VC*Fo and then we try to find a finite set Y, and c.c.c
poset Qq, such that

V€ PaxQa E “G and G[X4 \ Y| are isomorphic

witnessed by a function fq.”

The poset Q) will consist of certain isomorphisms between finite subgraphs of
G and G[X, \ Yo, ordered by the reverse inclusion. In other words, we force with
certain finite approximations of an isomorphism between G and G[ X, \ Yo

The problem is the right choice of @, because we should meet two contradictory
requirements. First, the poset @), should satisfy c.c.c and forcing with @, cannot
introduce an uncountable empty or complete subgraph of G, therefore @), cannot
contain too many elements. On the other hand, to guarantee that a (Q4-generic
filter gives an isomorphism between G and G[X, \ Ya] we need some density
arguments, i.e. certain subsets of @, should be dense in @, which involves that
Qo cannot be too small. As it turns out, it will be quite easy to meet the first
requirement, the hard part of the proof is how to cope with the second one.

Now assume that P, is constructed and let us see the induction step.

First, using a bookkeeping function, we pick the set X, € [wﬂwl N VCPa in
such a way that

(%) {Xo:ta<wy}=[wi]”'n |/AaRicey

To construct the poset Qo we need the following induction hypotheses. To
formulate it we use two notions. A graph G is strongly non-trivial provided that
each uncountable family of pairwise disjoint, finite subsets of V(G) contains four
distinct elements, a, b, ¢, d such that [a,b] C E(G) and [¢,d|NE(G) =0. If Gisa
graph, a set A C V(G) is called dense in G iff for each pair B and B’ of disjoint
finite subsets of V(G) there is o € A such that G(a) D B and G(a) N B’ = ).

Induction hypothesis.
(1) VC*Fa |= “@ is strongly non-trivial”,
(1) VP = «y X € [w]*' 3Y € [X]"“ V6 <wy TA € [X \§]” Ais dense
in GIX\Y].
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The preservation of the induction hypotheses (I) and (II) during the iteration
will be verified later in Lemmas 3.5 and 3.9.

We continue the construction of the poset Q. Using (II) fix Y, € [Xa] <@
and pairwise disjoint countable subsets { D¢ : £ < w1} of X \ Yo which are dense
in G[Xq \ Yol

Let us recall that for each 3 < « in the S step we already constructed an
isomorphism f3 between G' and G[Xg \ Y3]. For each § < « the set Cg = {v <
wy : fg"v C v} is clearly club and Cg belongs to VC*Psxls  yC*Pa  Since P,
satisfies c.c.c and |a| < 2¥! = w9, there is a club set C' C wy even in V such that
|C'\ Cg| <w for each 3 < a.

The club set C = {7, : ¥ < w1} gives a natural partition Ay = {AY : v < w1}
of wy into countable pieces: let AY = [y, v,41) for v < wy. We can thin out C' to
contain only limit ordinals and in this case every A$ is infinite. Define the map
rky : w1 — wi by the formula & € A‘rxka ©)"

If < a, then |C'\ Cg| < w and so all but countably many Af’s are fg-closed.
By shrinking C' we can assume every Ay contains some D¢ and so

(1) Ay N (Xa \Ya) is dense in G[Xq \ Yal.
Since A% € V and infinite, it follows
(i) Aj is dense in G.
For n < wy let Oy = [wn,wn +w) and By = U{A] : v € Oy}. Put By =
<B,‘;‘ < w1>.
Given two sets Z and W, denote by Bij,(Z, W) the family of bijections between
finite subsets of Z and W.

If p € Bij, (w1, X \'Y), a sequence & = (20,21, ...,Zn,) of countable ordinals
is a p-loop iff n > 1, g = x,, and there is a sequence (kg, ..., kn—1) € "{—1,+1}
such that

(i) rke(zi41) = rka (p¥i(z;)) for each i < n,
(iv) there is no i < n such that {k;,kiy1} = {—1,+1}, z;11 = p¥(z;) and
it = pFitt (zig1).

We say that p is loop-free if there is no p-loop.

Now we are in the position to define the poset Q). We put a finite function
p € Isop(G, G[Xa \ Yol) into Qq iff

(v) p"By C By for each n < wy,

(vi) p is loop-free.
As promised, @ is ordered by the reverse inclusion: Qo = (Qa, 2).

Let us recall that supp p = dom (p) Uran(p) for p € Qq.

We need to show that ), satisfies c.c.c and a QQn-generic filter gives an iso-
morphism between G and G[X,, \ Ya]. First we prove an auxiliary lemma.

Lemma 3.2. If p,q € Bijy(w1,w1), rky” supp p N1k, suppq = 0 and ¥ =
(0, ...,xn) is a (pU q)-loop, then T is either a p-loop or a g-loop.
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PROOF: Assume that g € supp p. Then zq ¢ supp ¢, so rka (1) = rka (p* (zg))
for some kg € {—1,+1}. Since p*°(zq) € supp p we have rkq (1) = rka (p(z0))
¢ rk,” supp q and so x1 ¢ supp ¢q. Repeating this argument we yield {xg, ..., 7}
C supp p \ supp ¢ and so ¥ is a p-loop. (I

Lemma 3.3. Q) satisfies c.c.c.

ProOF: We work in VE*Fe_ Assume that {ge : € < w1} C Qa, cc = supp g¢ and
Te = rka"c§. Applying standard A-system and counting arguments we can find
Ie [wﬂwl such that

{cg : £ € I} forms a A-system with kernel c,

{r¢ : € € I} forms a A-system with kernel 7,

tky'c =,

Since G is strongly non-trivial in V¢*F by the induction hypothesis (I), there
is {¢,(} € [1}2 such that [ce \ ¢,c¢ \ ¢] C E(G). We show that ¢ = g¢ U g¢ € Qa-
Clearly ¢ € Isop(G, G[Xa \ Ya]) and g satisfies (v). Since ¢ = ¢'U(ge \¢")U(gc \¢')
and the sets rko"q’, tka" (e \ ¢’) and ko (q¢ \ ¢') are pairwise disjoint we have
that ¢ satisfies (vi) as well by Lemma 3.2. O

If GQ= is the Qq-generic filter over Vo let f, = J{q: q € GR}.

Lemma 3.4. VO*FPa*Qa = «f  is an isomorphism between G and G[X4 \ Ya].”

PROOF: We need to prove that dom(fy) = w1 and ran(f,) = Xo \ Yo which
follows if for each v € wy and p € X \'Y both

y = {4 € Qu: v € domq}

and

R, ={q€ Qa:p€ranq}
are dense in Q. Fix ¢ € Qq. Write 1k (v) = wn+n. Pick wn < ( < wn+w
such that (supp ¢) N A = (). Since AZN (Xa \ Yo) is dense in G[ X4 \ Yo ] we can
find ' € AF N (Xa \ Ya) such that {1/, q(§)} € E(G) iff {v,{} € E(G) for each
¢ € dom ¢. Let ¢ = qU{(r,v)}. By the choice of (, rka (v') = ¢ & rka (supp ¢),
so this extension of ¢ cannot introduce a ¢'-loop, i.e. ¢ € Qq. Thus ¢’ € D, and

¢ < q which was to be proved. The density of R, can be verified by a similar
argument using the density of Ag‘ in G. O

The induction step is complete so the theorem is proved provided we can verify
the induction hypotheses (I) and (II) in every VC*Pr. First we deal with (I)
because it is fairly easy. Checking (IT) is the crux of our proof.

193



194

L. Soukup

Lemma 3.5. The induction hypothesis (I) holds, i.e. G is strongly non-trivial in
every VC*Fa,

PRrROOF: First remark that G is clearly strongly non-trivial in Ve, By [1,
Lemma 4.10] we can assume that &« = v+ 1 and G is strongly non-trivial in
VCrPy Working in VC*Po agsume that ql— “{9’65 1 & < w1} are pairwise disjoint,
finite subsets of w1.” For each § < wj pick a condition g¢ < ¢ and a finite subset
z¢ of wy such that g¢ I— “@¢ = x¢”. Since () satisfies c.c.c, we can assume that
the sets z¢ are pairwise disjoint.

We can also assume that z¢ C dom g¢ because in Lemma 3.4 we showed that
the sets D, are dense in Q.

From now on we can argue as in Lemma 3.3. Let ¢¢ = supp ¢¢ and ¢ = rkfy”c§.
We can find I € [wl]wl such that {c¢ : £ €} forms a A-system with kernel ¢ and
{re : € € I} forms a A-system with kernel r, moreover rk,"c = r, rk," (¢¢ \ ¢) =
re\7, g¢ | ¢ is independent from ¢ and z¢ C c¢ \ ¢ for each § € I. Write c’g =ce\¢,
qé:qg [clg, ré:rg\r and ¢/ = ¢¢ | c.

Since G is strongly non-trivial in VP there are &p,&1,(0,C1 € I such that
[ Ceo» Co] C E(G) and [c] Ceps Cl]ﬂE( ) = 0. Then ¢* = q¢, Uqg, € Isop(G GIX\Y))

and ¢* clearly satisfies (v). Since ¢* = q'Uqéi Uq’ci and the sets rk,"¢/, rk,"” 2 and
n_

rky g, are pairwise disjoint we have that ¢* satisfies (vi) as well by Lemma 3.2.
Thus 0 o
q I— [.’L‘go,.’ﬂco] C E(G)
and 1
q I [ig, 2, | N E(G) = 0.

O
Now we start to work on (II).

Definition 3.6. Assume that 7 is a family of functions, dom (h)Uran (h) C w; for
each h € H. A sequence ¥ = (xg,21,...,2Tn) € "wi is called an H-loop if n > 1,
xg = xn, and there are sequences (hg,...,hp—1) € "H and (kg,...,kn—1) €
"{—1,+1} such that
(vii) hfi (x;) = x441 for each i < n,
(viii) there is no ¢ < n — 1 such that h; = h;11 and {k;, kiy1} = {-1,+1}.
Let Z C wy. We say that ‘H acts loop-free on Z if
(ix) Z is h-closed for each h € H,
(x) Z does not contain any H-loop.

Definition 3.7. A condition p = (¢, q) € C * P, is called determined iff
(1) g is a function, dom(q) € [wi] <
(2) ¢(n) is a function for each n € dom(q),
(3) Ufsupp ¢(n) : n € dom(q)} C supp c,
(4) dom(c) = [supp 0}2.
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The determined conditions are dense in C x P,.

Lemma 3.8. In VC*Fe for each J € [a] <“ there is p < w1 such that {f¢ : £ € J}
acts loop-free on wy \ .

ProOF: We work in V[G], where G is the C * P,-generic filter over V. The lemma
will be proved by induction on max.J. Let ( = max.J and J' = J \ {¢}. Using
the inductive hypothesis fix y < wj such that

(a) p=ULB € B B0},

(b) if Ae A; and A C wy \ p, then A'is fe-closed for each £ € J',

(c) {fe: &€ J'} acts loop-free on wy \ .
Assume on the contrary that (z, ..., z,) € "T1(wy\p) is an {fe : € € J}-loop wit-
nessed by the sequences (g; : i <n) € "{f¢: £ € J} and (k; : 1 <n) € "{~1,+1}.
Let M = {m < n : gm = f¢c}. By the induction hypothesis M # (). Write
M = {mj :j <[}, mg < -+ < my_1. Let yo = Tmg, Y1 = Ty, ---,
Yp—1 = Tm,_, and yp = Ty,. Pick a determined condition (c,¢) € G such that

km .
yj. e (yj) € dom(q(¢)) Nran (¢(¢)) for each j < £. We claim that (y; : j < ) is
a ¢(¢)-loop witnessed by the sequence <km ;1)< €>, which contradicts the choice

km,.
of Q¢. Condition (iii) holds because rk¢ (y;41) = rkC(fg " (y;)) by (b). Assume on
the contrary that (iv) fails, i.e. there is j < £ such that {knm,, km,,, } = {—1, +1},

77Lj (

k k. . km ;
yirr = o W) vive = J¢ 1(yj41) and y; = yjp2. Since fe " yy) =

km .
f{ ](Imj) = Tmy+1 and yjy; = Tmjqr) and so Tmj+1l = Tmjqrs by (c) it
follows that mj; + 1 = mj4q. Similarly, mjy1 +1 = mjye. Thus zm; = yj,
Tmj+1 = Yj+1 and Tpym,42 = Yjqo. So xm; = Tmj+2, m; = Gmj+1 = f¢ and
{km;, km;+1} = {—1,+1} which contradicts our assumption that (g; : 7 < n) and
(ki : i < n) satisfied (viii). O
Lemma 3.9. The induction hypothesis (IT) holds in VE*Fe | j.e,

VOPa 2 «vX € [w] 3Y € [X]™ Vi < wi 34 € [X\ 6] A is dense in
GIX\Y).
PROOF: Assume that

lesp, X = {i‘g E<wi} € [wl]wl.

Pick determined conditions pg = <c§, q§> € C* Py and z¢ € wy such that pel—
“b¢ = x¢”. We can assume that z¢ € supp ce. Write Jg = dom g¢ and Z¢ =
supp (cg)-

Now there is K € [wl]wl such that the conditions {p¢ : £ € K} are “pairwise
twins’, i.e.

(1) {Z¢: € € K} forms a A-system with kernel Z,

(2) {J¢: € € K} forms a A-system with kernel J,
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(3) max Z < min(Z¢ \ Z) < max(Z¢ \ Z) < min(Zg \ Z) for £ < ¢ € K,
(4) |Z¢| = |Zer] for {€,€} € [K]z; denote by ¢ ¢ the natural bijection
between Z¢ and Zg/,

(5) cer(({pe.er () peer(W}) = ce({wv/}) for {v,/,} € [Z¢]* and {€,¢'} €
(K%,
(6) agr(n) = {{peer(v), peer(V)) = (V") € qe(m)} for € J and {£,¢'} €
(K]
Since By, is a partition of wy into countable pieces for n € J, there is a club set
C={w:v<wi}Cuwsin VC*Pa guch that for each n € J and v < w; we have

s 1) = (B € By : B0 Iy 1) # 03

Since C * P, is c.c.c we can assume that C € V.

By thinning out K we can assume that if £ < ¢’ € K, then there is v € C such
that max(Z; \ Z) < v < min(Z¢ \ Z), moreover max Z < minC'.

By Lemma 3.8 fix 1 € C such that 6 < p and le.p, — “{fy : n € J} acts
loop-free on wy \ 1.

If E = Moy - yMn—1) € "J and k= (koy ..., kn—1) € ™{—1,+1} for some
n € w, then let

flggy = il oo fyy

—

fp = (c¢,q) is determined and J C dom(q) we define the g-approzimation of
f<E o\ fZE E>’ in the natural way:

q _ CYen-14.0.0 ko'
f Py q(Mn—-1) q(no)
We say that f PR is d¢rreducible if there is no ¢ < n — 1 such that n; = n;41

and {k;, kiy1} = {-1,+1}.

Let £ € K be arbitrary. An irreducible f < is active iff dom fq%]; N

E,E> ,
(Ze\ Z) # 0, i.e. there is a sequence T = (20, ...,2n—1) € "(Z¢ \ Z) such that
Tigl = qg(ni)ki (x;) for i < n. Observe that the definition of activeness above
does not depend on the choice ¢ because the conditions {<c5,q5> : £ € K} are
pairwise twins.

We say that & witnesses that f <E E> is active.

Let K’ € [K]¥, A= {(pe; ) : € € K'} and ¢ € K\ K'. Let r* = (c*,¢*) < p¢

be a determined condition such that for each active f <E E> and w € Z the value
7" (w) is defined. Let
f<E,k> (w) is defined. Le

Y = {fZ%’E> (w) : f<E,E> is active and w € Z}.
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Claim. Y is finite.

PROOF OF THE CLAIM: Since {f; : € J} acts loop-free on Z; \ Z, the elements
of a witnessing sequence are pairwise different, so there are only finitely many of
them and a witnessing sequence works only for one active f <E E> So there is only

finitely many active f <E E> O
We show that
(o) 7 I— A is dense in Glwy \ Y].

which completes the proof of Lemma 3.9.

To verify (o) assume that ' < r*, v/ = (¢, ¢’) is determined, B € [w1 \ Y] v
and b € B2.

Pick £ € K such that supp (¢) Nsupp (¢¢) = Z and dom (¢') Ndom (g¢) = J. To
prove (e), it is enough to construct a common extension p = (c,q) of ' = (¢, ¢')
and pg = <c§, q§> such that c(z¢, ) = b(3) for each 3 € B.

Let supp ¢ = supp ¢ Usupp cg. Put dom ¢ = dom ¢’ U dom g¢ and let

dmUge(n) if neJ,
qn) =< () if n€domdq \ J,
qe(n) if n€domge\J

Put ™ = U Ce.
We should define ¢ D ¢~ on the set

E:{{a,b}:aEZE\Z,bEsuppc/\Z}

such that every ¢(n) is a partial isomorphism of G, more precisely, ¢(n) €
Isop (G¢, G). To do so, observe that if we take

ET ={{a,b} :a € Z\ Z,b € supp '}

and for e € ET define ac = e N (Z¢ \ Z) and be = e Nsupp ¢, then ¢(n) €
Isop (G°, G°) if and only if (f) below holds:

() if e = {ac,be} € BT, then c{ac, be} = c{qe(n)(ae), ¢ (1) (be)}-

Define an equivalence relation = on ET: e=¢’ iff ¢ = ¢’ or there is an active
f/ = such that ap = f%.  (ac) and by = f9_ . (be).

Ek , ,
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Claim 3.9.1. If e = ¢ and ae = a,/, then e = ¢'.

PROOF OF CLAIM 3.9.1: Assume e=e’ and be # ber. Then there is an active

f<E,E> such that a.r = fZ‘;j E>( e) and by = f<E E>( ) Since 1— “{f, :n € J}

)

acts freely on wi \ p” it follows that a. # f‘<] >( ¢) and 80 ae # a,r. O
Claim 3.9.2. Ife,e¢’ € ET Ndom(c™) and e = ¢/, then ¢~ (e) = ¢~ (¢').

)

PrOOF OF CLAIM 3.9.2: Fix an active f<E,E> such that ay = fZ‘;j E> (ae) and

)

ber = fz;j E> (be). Since e, ¢’ € ET Ndom(c™) it follows that e, e’ € dom (c¢) and

80 be,ber € Z. If be € dom fz% E>’ then b, = fz%’@ (be) and so ¢ (e) = ce(e) =

)

ce(e’) = ¢ (€) because of pe = (cg, g¢) € C* Py. Unfortunately, be € dom fz% E>
cannot be guaranteed, so we need an additional argument here.

Let ¢ = p¢ ¢ be the function witnessing that pe and p¢ are twins.

Since f < E,E> is active and be € Z it follows that fZ*E,E (be) is defined and so
fq*E 1_5> (be) = ber. Put e = ¢"e and ' = ¢"¢/. Since ¢~ (e) = c¢(e) = c¢(e) = c*(e)

and ¢~ (¢/) = cg(e!) = cc(€/) = ¢*(¢) it is enough to show that ¢*(e) = ¢*(¢/).
First observe that be = (be) = be, ber = @(ber) = ber and 50 ber = 1 >(bg).

Moreoser a = (o) = olIfy oy (0e)) = Iy (a0 = S (e =
fqi _\ (a¢). Thus using r* = (¢*, ¢*) < (c¢, q¢c) we have
(£8)™
C*(a’ﬁl’ bg’) = C* (fZE E> (ag)’ fZE E> (bg)) = C*(a§5 bg)v
which completes the proof of the claim. O

Claim 3.9.3. If e€ Et Ndom(c™) and e = ¢/, then b, €Y.
PRrROOF OF CLAIM 3.9.3: Since ¢ € ET Ndom(c™) we have b € Z. Fix an
active f<E E> such that a. = fZ‘;j E> (ae) and by = fZﬁE> (be). Since f<E 13> is

) )

) )

active it follows that fZ*E E> (be) is defined and fZ*E E> (be) €Y. But f< >( e) =

f<;§ E> (be) s0 by € Y which was to be proved. O
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By Claims 3.9.1-3.9.3 we can find a condition ¢ € C with supp ¢ = supp ¢/ U
2
supp ¢¢ and dom ¢ = [supp c} such that
(a) cD e =d U,
(b) c(e) = c(e’) whenever e=¢/,
(c) c({me, B}) = b(B) for B € B.
Then () holds and as we have seen above, (¢, q) € C * P, and

(¢,q) (VB € B) {z¢, 8} € E(G) iff b(B) = 1.

Thus (e) holds. Hence Lemma 3.9. is proved. ]

So we have shown that (II) is preserved during the inductive construction,

which was the last step to prove Theorem 3.1. O
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