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An intrinsic definition of the
Colombeau generalized functions

JIRf JELINEK

Abstract. A slight modification of the definition of the Colombeau generalized functions
allows to have a canonical embedding of the space of the distributions into the space of
the generalized functions on a C* manifold. The previous attempt in [5] is corrected,
several equivalent definitions are presented.

Keywords: Colombeau generalized function, distribution, canonical embedding, mani-
fold

Classification: 46F, 46F05

Introduction

The aim of Colombeau’s paper [5] was to avoid the drawback that the embed-
ding of the space D’ of the Schwartz distributions into the algebra (and sheaf)
of Colombeau generalized functions is not intrinsic: This canonical embedding
(even of the space C of continuous functions) defined by [4] is not kept under
coordinate diffeomorphisms. More precisely: If €2, Q are open sets in Euclidean
space R, T a distribution on €2, then by [4], T is identified with the generalized
function (R) having the function R(y,z) = (T, p(e—x)) as a representative (pro-
vided supp ¢ C Q —z). For a diffeomorphism p : Q- ), the inverse image of the
distribution 7', denoted by p*T or Top or T'(u(x)), is defined in the usual way as
a distribution on € ([16]), while by [4], the inverse image p*(R) is a generalized
function (R) having as a representative the function

0, T Rlp.u(@) (T€Q).

The distribution p*7T turns out to be associated with the generalized function
" (R), but in general not identified in the above sense. For this reason, we cannot
define an algebra G(M) of generalized functions on a C°° manifold M in such a
way that the space D'(M) is canonically embedded in G(M). This inconvenience
can be removed by a slight change of the definition of the Colombeau generalized
functions and of their inverse image, which is attempted in [5].

Note that there are also simplified definitions of generalized functions of hyper-
function type where a representative is a sequence or a net of C* functions (see
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[15], [9]). With these definitions, C°° sheaf morphisms can be easily extended to
generalized functions and the generalized functions can be easily defined on a C*°
manifold. There are embeddings of D’ into such a space of generalized functions,
however no embedding is canonical. One cannot agree completely with a remark
in [15] referring to [1] that there is no need for a canonical embedding, since
in applications it matters to find a suitable embedding adapted to the problem
considered. The existence of an embedding suitable for all applications would
simplify the task. For instance in [15] it is proved in a rather complicated way
that there is a sheaf morphism (in the category of linear spaces) o : D' — G
identical on C*° and such that the image of a distribution is associated with it.
Certainly, the constructive proof in [15] gives more, but the only formulation does
not ensure even that the product of a continuous function with a Dirac measure
is preserved (up to the association).

In [15] it is said: for a sheaf morphism o one cannot expect that it is compatible
with the C*° module structure nor that it commutes with the differentiation in all
coordinates. As for the latter, we will see that in our case the canonical embed-
ding is a sheaf morphism commuting with the differentiation and, of course, with
coordinate diffeomorphisms. Moreover, thanks to the existence of the canonical
embedding, it is possible to define for instance the Colombeau product of distri-
butions on a manifold as it is done on R? in [11].

Colombeau’s definitions
In the following, Q2 will always be an open set in the Euclidean space RY.
Notation 1 (by [4]).
AqRY) = {p € DR?); [p =1, [p(r)s’de =0 for FENG,1 <5 <},
Ag(M) := A;nD(M) for M c RY.
If there is no danger of misunderstanding, we write A, instead of Aq(M). We de-

note by A := Ay — Ap and we do not introduce any special symbol for
Ag—Aq (¢ #0).
Originally, the notation ¢, was used for the function
1 =z
1) Pe(x) = E—dsé’(g) (e €]o,1]).

In [5], this notion is replaced with C* bounded paths of functions (¢°)cc 0,1,
(p° € Ap), and with the unbounded paths (¢c).c10,1, developed from it by

e(z) = éwe(%). We will accept this notation. There is another change in [5]:
Ay are no more sets of functions as above but sets of bounded paths satisfying

/xatps(x) dr =0(?) if ac Nod, 1<]al<q, e\,0.

Since we need both meanings of Ay, we keep Notation 1 above, used in [4], and
unlike in [5] we introduce semi-norms aq as follows.
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Notation 2. For ¢ € Ag, we define
aq(p) = Sup{ /waso(:v) dz

So we have Ay = {¢ € Ao; aq(p) =0}.
A similar change is done in [5] with the definition of £[Q], too: the set £[Q]
containing the set of representatives £3;[€?] is no more a set of functions R(yp, x)

but the set of all C> maps R(®, z) into C/%1] where & = (¢%)ee]0,1) is @ bounded

path, z € Q and
R(®,z) = (R(‘Psax))(Kagl-

If it is the case (and if there is not a misunderstanding), then the formula define a
one-to-one mapping R < R, and there is no reason for accepting this change here:
£[Q] will stand for the space of functions R(y, z) like in [4] and paths will only be
used to define the moderate growth and other similar notions. However, unlike
in [4] and as in [5], R(p,z) are C*° complex valued functions in both variables
v € Ag, x € Q simultaneously. Other notions defined in [5], like the set of the
moderate functions £y/[Q] C £[Q)], will be introduced or recalled later.

;aeNél,1<|a|§q}.

3. Now, if u : Q—Qisa diffeomorphism, a representative R of the composition
(R)op (i.e. of the inverse image p*(R)) is defined in [5] by the formula
R(pe,3) = R(ze (@) (7€),

where ¢¢ is defined by a rather complicated formula in order to obtain a compo-
sition for the generalized functions equal to the classical one for the distributions.
There is however an apparent inconsistency: R seems to depend on . In our
new notation the formulas will be simpler and will not contain . Unfortunately
there is a true inconsistency, too: ¢ depends on x and the definition of £;[(]
does not deal with test functions depending on z (i.e. on the second variable
of R). As a consequence, it may happen that R is not moderate even if R is.
For instance, if (R) is a constant generalized function on R with a representa-
tive R(p,x) = exp(i exp [ |p(z)? dz), then R € £,/[Q], and one can check using
formulas in [5] (see also (42) later) that, for arbitrary non-linear coordinate dif-
feomorphism pu, the first derivative of R does not have a moderate growth. In
order to correct it, we have to modify the definition of £3;[Q] and, as consequence,
to restrict the set of generalized functions only accepting those one which have
moderate growth in all coordinate systems.

Change 4 in notation. The representative which is denoted by R(p,x) in [4] will
be denoted by R(p(e—z), x) here. In other words, our notation R(y,z) means
what was denoted by R(p(x+e), x) in [4].

According to the definition of the null ideal A in [4], only the values R(y, z)
matter for determining the generalized function (R), where supp ¢ is in an arbi-
trarily chosen neighborhood of 0. In our notation, only the values R(p, x) matter
where supp ¢ is in a neighborhood of the point x. So the values for supp¢ C
suffice and we can formulate the definition of £[(?] as follows.
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Definition 5. Q being an open set in RY, we define £[Q] to be the set of all C>
maps

R:Ay(Q)xQ—C
¢,z — R(p, ).

Thus the test functions have their supports in 2. This is more natural and
will simplify the definition of generalized functions on a C°° manifolds: in this
case ¢ will be defined on this manifold. With this change the embedding of D’
into G becomes simpler: if f is a distribution, then the function ¢ — (f, ) is a
representative of f as a generalized function. However, some other notions become
more complicated, the formula (1) for ¢ is even useless in this simple form. Also,
the notion of a constant generalized function becomes less natural (anyway, on a
manifold this notion has no sense) and the definition of the derivative becomes
more complicated. For this reason, we are introducing the notation (R). replacing
the notation (1).

Notation 6. If R € £[Q)], we denote by (R). or simpler Ry, if there is no danger
of misunderstanding, the function defined on a part of Ag(R%) x Q by

Ra(% JI) = R(pr,a, CE) with 901‘,8(5) = g_d sp(g%x)
(provided supp ¢z C ). Equivalently, R(¢,2) = Re(c%)(z + o2), ).

By Change 4, for ¢ = 1 we get the original notion of representative introduced
in [4]. Only the values R¢(p,x) with supp ¢ in a neighborhood of zero matter
for determining the generalized function (R). Note that supp ¢, . — {z} for
e \\, 0 (uniformly when ¢ runs over a set of functions with uniformly bounded
supports).

7. As we have already noticed, the definition of moderate growth of the represen-
tatives R(ip,x) of the generalized functions must be modified, taking into account
the dependence of ¢ on x. Thus the definition becomes more complicated. On the
other hand, we simplify this definition, requiring the moderate growth of R(y, x)
for all paths (°),, unlike Definition 3 in [5], where this was required only for
(¢°), € An (using the notation in [5]). We can see later, using Theorem 21, that
this restriction does not restrict the set of generalized functions.

It does not matter that the paths (¢), in [5] are C*° in the variable €. So we
replace them simply with bounded sets of test functions.

Notation. If F is a locally convex space, denote by £(2—F) the locally convex
space of all C* maps (vector valued functions)

o = (‘pw)xeﬁ Q- F

T Qg
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with the usual topology of locally uniform convergence of every derivative with
respect to z. By £(2—.A,) we mean the topological (affine) subspace of £(Q2—D)
consisting of the 44-valued functions.

It is useful to consider the convergence

lim ®° =& (@€ &(Q—F)),

e\0
even in the case when the maps ®° € £(Q.—F) are not defined on the same
set. We only need that every compact K € () is contained in €. for all € > 0
sufficiently small.

Definition 8. £,/[9] is the set of all R € £[Q] such that VK &€ Q (compact),
o € N§ 3N € N such that (é%)aRa(cpx,x) = 0@E™N) (¢ \. 0) uniformly
when z € K and (pz),cq runs over any bounded subset of E(QHAO(Rd)).

If the variable (¢z),cq runs over a bounded subset of S(Q—NAO(RCI)), then
the values ¢z, for x € K, remain bounded in Ao(Rd). Hence their supports
are uniformly bounded in R%. It is easy to check from the definition of R, that
R (¢z,x) is always defined (and C*° with respect to x) for all € sufficiently small
independently on these ¢, and = € K.

Remark. Evidently, the moderate growth condition in this definition can be
equivalently formulated as follows. VK € Q (compact), « € Nél 3N € N such
that, for every bounded path {(¢5),cq; € € 10,1]} C E(QHAO(Rd)), we have
(%)aRg((pi,I) = 0™ N) (e \, 0) uniformly with respect to z € K. Here
“bounded path” means simply a bounded set of elements depending on ¢ € ]0, 1].
The smoothness with respect to € is not required. However, if the smoothness is
required, it can be easily shown that the above formulation remains equivalent.
We will do a similar thing in details in the proof of Equivalent definitions 18.

Differential calculus

9. We recall some theorems from differential calculus ([2], [17]) which we will need
later. Theorems are usually formulated for vector valued functions defined on an
open subset of a locally convex space; however they can be evidently generalized
for functions defined on an open subset of an affine space, for instance Ay provided
the derivatives are taken with respect to vectors belonging to A = Ag—.Ag. While
applying differential calculus, we consider a complex linear structure to be a real
one, the differential means the Fréchet differential.

Notation. Let X, Y be locally convex spaces, U an open subsetof X, R: U — Y
a mapping. We denote the value of the k-th Fréchet differential of R at the point
u € U with respect to the vectors 1, ...,z € X by d*R(u)[z1,...,z;]. Different
brackets, used for clarity, are not obligatory. Another notation d];h“ R(u) is
used mainly for the first differential.

Tk
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Theorem 10 ([2, 1.2.5], [17, 1.8.2]). The k-th differential d*R(u), if it exists,
belongs to the space LS(kX —Y) of all hypo-continuous symmetric poly-linear
(here: k-linear) maps of X k into Y, endowed with the topology of the uniform
convergence on the cartesian products of k bounded subsets of X.

Note that if X is a Fréchet spaces (and this is always here), any hypo-continuous
poly-linear map is continuous.

If the map u — d¥R(u) is continuous, then R is said to be C* (or of the class
CF). If it is so for all k € Np, then R is said to be of the class C* (d°R means R).

Theorem 11 (Mean value theorem [17, 1.3.3.4°]). If R is Clon an open neigh-
borhood U of a segment [u, u + x] C X then

R(u+ z) — R(u) € conv {dR(u + tx)[z]; t € [0,1]}
(a closed convex hull).

12. For the theorem on the differentiation of a composition ([17, 1.5.3]), we in-
troduce the following notations. For a finite set I C N, we denote by #I its
cardinality and by I = {il, e ,i#f} its elements in the increasing order. If we
have elements x1, 2, ..., then we denote the finite sequence z;,, ... s Tiyy by x.
By a decomposition of I we mean a subset Z = {I1,..., I} of expI ~ {0} such
that the sets Iy, ..., I}, are non-empty, pairwise disjoint and |J I; = I.

Theorem. Let X,Y,Z be locally convex spaces, U,V open sets in X,Y respec-
tively, R: U — Y, S : V — Z maps of the class C", (n € N), R(U) C V. Then
SoR is a map of the class C" and, for u € U and z1,...,xy, € X, we have

d™(T o S)(u)[z1, ..., 2n]

- dT(Sw) [ S, dF S]]
k=1 {L,..I;)
pairwise disjoint,
U IJ:{17277n}
where the summation is extended over all decompositions T = {I1,...,I} of the
multi-index T = {1,...,n}.

n

As a special case, we have for the first differential

A(T o 8)(u)[e] = AT(S(w)) [dS(w)al]
13. The following theorems concern mappings of two variables. According to our
needs we will formulate them for a mapping of an open subset of A x R% (or
Ay x R?) with values in a locally convex space Z. In order to avoid the use of
indexes in the notation of partial differentials, we will denote the total differential
by the letter d, the partial differential with respect to the variable ¢ € A resp.
z € R? by d resp. 9. For the latter we also use the symbol 9% (« € Nél ), which
denotes the a-th derivative. Thus 0*R(p,z) = (%)QR(go,x), provided ¢ does
not depend on .
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Theorem 14 ([17, 1.11.2]). If the first differential dR exists in a point
(¢, ) € Ag(R) x RY, then dR and OR exist in (¢, ) and

dR(p.2)[,h] = dyR(p,2) + OpR(p,x) (¥ € A heR?).
It follows for the differentials of higher degree

an(‘Pa I)[(d}la hl)a B (dJTLa hn)] = (dwl + 8hl) s (dllln + 8hn)R(907 x)
_ #1 on—#1
- Z dwz 8h(1 ,,,,, n)\IR(% z)
IC(1,2,...n)
(using the notation for Theorem 12).

Theorem 15 ([17, 1.11.3]). A map R is of the class Ciff the partial differentials
dR and OR exist and are continuous.

Theorem 16 (Schwartz, [17, 1.11.5.2°]). If dR and OR exist and if d,0,R or
Opdy R is continuous on a neighborhood of a point (¢, x), then dy,dyR(p,x) =
Opdy R(p, ).

Remark. If d?R(¢p, x) exists, then dyOp R(p, x) = Opdy R(p, x).
Indeed, by Theorem 14,
dR(p,2)[(4,0)] = dyR(e, z),
d*R(p, 7)[(1,0), (0, h)] = Ipdy R(p, x)
and the bilinear mapping dzR(go, x) on the left hand side is symmetric by Theo-
rem 10.

Note that we deal only with C* maps in this paper, hence the order of taking
derivatives does not matter.

Example (The differential of the product). If

F:R2 SR

z,yr— 2y,
then

dF(u,v)[(z, )] = uy + va

d?F(u,v)[(z1,91), (v2,y2)] = T1y2 + T2y1
d"F =0 for n>3.
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Results

Theorem 17 (Equivalent definition of representatives). For R € £[Q}], we have
R € &);[Q) iff the partial differentials d*R. have a moderate growth in the fol-
lowing sense: VK € Q, a € N§, k € Ng 3N € N such that

(2) 0°d"Re(p,2)ln,... ] = ON) (e \,0)
uniformly when = € K, ¢ is in a bounded subset of Ayg(R%) and 1)1, ..., 1, are in
a bounded subset of A(R%).

This means: if we include partial differentials in the definition of the moderate
growth, we do not need to consider ¢ depending on x (unlike in Definition 8).

Proor: I If the condition is fulfilled, we calculate (%)aRe(gpx,x) using Theo-
rem 12 on differentiation of a composition.

II. Suppose R € &[] (Definition 8). We have to prove (2) for a suitable N
(depending on « and k), uniformly for x € K, ¢ € AgNB and 91, ..., € ANB
(B is a bounded subset of D(R?)). For a = (a1,...,aq) € K, x = (x1,...,24) €
Q, ¢, 91, ..., running over bounded sets as above and t1, . .., t;, attaining values
0,1,...,k, let us define

k
tih: .
_ . Jrj . |oo|+k2+j
Px P ty,... bt - ¢+]§1 (|O(| +k2 +]) (.Id ad) s
(3) .
k+1
Z|a|+k2—|—j ) = kla| + k3 + ( ) >

By Definition 8, there is a number N € Ny (depending on K, o and p) such that
—-N

(4) (%)a(%)pRe(@xv ) =0("") (e \\0)

uniformly if # € K and if (¢z),cq runs over a bounded subset of £ (2—Ap( (R%) ))-
We will only use it for = a € K. The derivative at the left hand side of (4)

is the value of the differential with respect to the vectors

(5) hl,hg,...,h|a‘+p

such that exactly a; of them are equal to the coordinate unit vector e; =

0,...,0,1,0,...,0) (j =1,...,d — 1) and ag + p of them are equal to eg. We

apply Theorem 12 on the differentiation of a composition to the composition of

R with  — (pz,x) at = a. The inner mapping x — (¢z,x) has the following

value and derivatives at x = a:

(QO:c,iU) :(Spva)
0
(6) 87]'(90:0,!@) :(076]')
()™ P emn) = 03,0 (1=1.20.8)



Intrinsic definition of the Colombeau generalized functions

The other derivatives with respect to coordinate unit vectors are = 0 at = = a.
So, only those decompositions Z of the multi-index I = (1,2,...,|a| + p) can
give non-zero terms in the sum in Theorem 12, that every element of Z either
is a singleton (i.e. has the cardinality 1) or has the cardinality |a| + k2 + j for
some j = 1,..., k. Moreover, every h; # e4 must belong to a singleton of Z.
The number k of elements of Z that are not singleton (even if they have the
less possible cardinality |o| + k% 4 1) cannot be greater then k: if k = k + 1 we
would have (k + 1)(|a| + k2 +1) < |a| + p, which contradicts (3). It follows from
Theorem 12 that (ax)a(axd) Re(x,t1,...,t,) at © = a equals to a sum of terms
of the form

dE—Ha‘RE(qu a) [(tjlel s 0)7 ) (t]zwjgv 0)7 (07 hn1)7 ceey (07 hn‘a‘ )}

(7) = -
=t .. .tjzdkaaRg(g),a) [ ¥i] (K< k)

(the numbers E, a, ji,--- I depend on 7 and can be the same for different de-
compositions 7). By (3) we see that there is at least one decomposition Z of I
giving the term ¢1-... -t 8O‘dkRE(go, a) [1/11, ces ,z/Jk]. Choose coefficients cg, . .., cp
fulfilling the equations

-
£
<
I
—

<
Il
o

"=0 for n=0 or 2,3,...,k.

-
s
<

<
Il
o

It follows from (4) that

k

C)ND DR ch. e () (55 Be (ot ) = O™T)

t1=0 tr=0

(uniformly under the requirements as above). By (7) and (8), the left hand side is
the sum only of terms of the form 8adkRE(go, a) [1/11, e ,z/Jk] for some multi-index
@ and there is at least once the term d“d* R (p, a) [1/)1, e ,wk]. As every h; # eg4
belongs to a singleton, we have a; = «; for j < d. Considering the cardinalities

of the elements of Z, we see that |&| = ||, so @ = a. Thus the left hand side of
(9) is a natural multiple of 8*d* R (¢, a) [¢1,...,%] and this is what we wanted
to prove. 0

18. While we had to modify the definition of £x,[€] in [5], there is no need to do
the same with the definition of the ideal N, serving as representatives of the null
generalized function, thanks to the following equivalences.
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Equivalent definitions. The ideal N[Q] C &3/[Q)] is defined to be the set of
all representatives fulfilling one of the following equivalent conditions (A, means
Ag(R)).

1° (the definition in [4], where only the uniformity with respect to ¢ is not re-
quired). VK € Q, a € N(‘)i, n €N 3ge N such that ¥V bounded B ¢ D(R?), we

have
0% Re(p,z) = O(e™)

uniformly for p € 4, N B, z € K.

2° (the same for the differentials). VK € Q, a € Ngl, keNg,neN dgeN
such that ¥V bounded B ¢ D(R?), we have

(10) 0°d" Re(p,2)[W1, ., ¥y) = O(")
uniformly for
(11) peANB, Y1,..., ¢ € (Ag—Ag) NB,z € K.

VK € Q,a € Ng, n € N dg € N such that, for every bounded path
{(¥2)eqi e€10,1]} C £(Q—Ag(R?)), which is C> with respect to e, we have

(12) ()" Re(5,7) = O(E")

uniformly for x € K.
4° (the definition in [5]). VK € Q, a € Ng, n € N J¢ € N such that, for every
bounded path {(¢5),cq; € € ]0,1]} C £(Q—Ag(R?)), which is C> with respect
to € and fulfills

ag(pz) = O(e?) (e \0)
uniformly for € K (for aq see Notation 2), we have (12) uniformly for z € K.

PROOF OF 1° & 2°: <« being evident, we are going to deduce 2° from 1° by
induction. Denote by S(k) (k€ Np) the statement
Sk) : VK €Q,ae N, neN IJqe N such that ¥V bounded B C D(R?)

(10) holds uniformly under the requirements (11).
S(0) is the definition 1°. Supposing S(k—1), we will prove S(k) by contradiction
(k € N). If S(k) does not hold, choose K € Q, a € Néi, n € N such that
V¢ € N 3B for which (10) does not hold uniformly under the requirements (11).
Choose N by Theorem 17 (an equivalent definition of representatives) and then
choose ¢ by the induction hypothesis S(k — 1) such that

(13) A" R (o, 1)W1, -y g1, gy Up) = O(e™ ),
(14) d* 1O Re(p,0) 1, - 1] = O(2TNH2),
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uniformly under the requirements (11) for any bounded B ¢ D(R?). Since, for
this ¢, (10) does not hold uniformly, there are bounded sequences of test functions

SpjeAq=w1,j7"'7wk,j€Aq_"4‘1 (jEN)
and z; € K, ¢ \, 0, ¢; €]0, 1] such that
(15) ‘dkaaREJ(sp],x])[wL],,wkd]‘ 22€Jn
By (13) we get
‘dk“@aRej(wj + k) [1,5s V=155 Vi j» 1/)k,j]‘ < Ej_N_l
for all j sufficiently great independently on ¢ € [0, 1]. Therefore, for
- J

we obtain from the Mean Value Theorem (Theorem 11)

‘dk@aRaj (05 + g j &) W1, - Uk ] — d*O“Re, (05, 25) W14, - -, Vi 4| <

_N-1_ntN+1
/Sl[lp]dk+1aaR€j(‘Pj+t,¢k,jaxj)[¢1,ja-'~7¢k7jatwk,j] <eg; et =¢n.
e[t

This means

(16) d* 0" Re; () + tr jr ) [015s - k) € Bldj,el")
(the closed ball in R), where we have denoted by
(17) dj = d"0°Re, (v, x) 14, -, Yr ).

Again from the Mean Value Theorem and (16), we get

d" 1R, (p; + €jn+N+1¢k,ja )14, =1,
~d"Y0Re (0, xj) W1 g, - - Uo1,4] €

conv { "0 R, (05 + tn jo 2 )1 g, Ur o TN TR gl e (0,257 )

B(-ntN+1 2n+N+1
C Bl(e dj, €; ).

Thanks to (15) and (17), it follows

‘dk_l@aRaj (pj + 5_jn+N+1¢k,j7 ) [ Y1, s hr—1,4]

— d" YO R. (pj, 2) [, U1 4]| = ‘5]’2”+N+1'

(18)
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The functions ¢; + 5]n+N+11/)k’j form a bounded set, hence by (14) the left hand
side of (18) should be = 0(5]2"+N+2). This contradicts (18). O
PROOF OF 1° OR 2° < 3°: 2° = 3° can be calculated using Theorem 12 (on the

differentiation of a composition) and 14.
If 1° does not hold, there are K € Q, a € Ngl, n € N such that for every ¢ € N

we can find sequences ¢; \, 0 with €1 >e2 > ..., z; € K and {<pj} bounded in
Ay such that
(19) 9" Re; (pj,x5) # O(E").

Choose a decomposition of unity ) A\; = 1 on the interval |0, 1] with test functions
A € D(ejq1,6j-10) (5 =2,3,...), A1 € D(Je2,00[), Aj(ej) = 1. Then the path
of constant Ag4-valued functions

(Z;’il )\j(s)cpj)xeﬂ € E(QHAq(Rd)) (e €1]0,1])

has, for ¢ = ¢; and = w;, the values ¢, therefore due to (19) it does not
satisfy 3°. O

PROOF OF 3° & 4°: < being evident, we are proving =. For the given K
and « take first a number N by Theorem 17 (an equivalent definition of the
representatives) such that

(20) 0*dRe(p,z)[¢] = O(™)

uniformly if z € K and if ¢, run over bounded sets in Ag(R%), A(R%) respec-
tively. Then, having chosen n, let ¢ satisfy 3° and at the same time

(21) g>n+N.

Let B C R? be a bounded set containing the supports of all ¢, with 2 € K and let
eo > 0 be such that R.(p,z) is always defined whenever 0 < € < gq, ¢ € Ag(B)
and z € K.

Recall a known lemma of functional analysis ([14, II.3, Lemma 5): If linear
forms fy, f1,..., fr on a linear space E are linearly independent, then there is a
point x € E such that fo(z) =1, fi(z) =--- = fr(z) =0.

Since the functions x — 27 considered as distributions € D’'(B) with § € Ng,
0 < |B] < g, are linearly independent, there are test functions ¥, € D(B),
0 < |a| < g, fulfilling

(22) / Pal€)-€7de =1
(23) /%(5)-55(15:0 for B#a 0<|8<aq
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Hence 9, € A(B), except for 1g, which we will not need. If we denote

(24) Ca,z,c = /(Pi;(g)ga dg,

we have

(25) “i: = ‘Pi: - Z CazeVa € Aq.
aeNg
1<]al<q

By the hypothesis of 4°, the definition of a4 (in Notation 2) and (24), we have
(26) came = O(e7).

Let us order the summation indexes « in (25) into a sequence ayq, ..., qm,. Using
the Mean Value Theorem 11, we have

O“Re (45, ) — 0 Re (K, @) =

Z ((’“)OCRa (kg + Zgzl Cayyr,eWa;, ©) — O Re (K + Zg:_ll Cay,z,eWa;s :C)) €
1

m
j:

m
> conv {BadRE(Koi + 3771 carmeta; + teay aeta; ) [cagmetia; )i t €10, 1]} .
j=1

Due to (26) and (20), it follows

O“Re (45, ) — 0 Re (K, @) = 01N
uniformly for x € K. It is also = O(e"™) due to (21). Now, by (25) and 3°,
O“Re (K5, ©) = O(e™), hence also 0*R. (¢5, x) = O(e™). O

19. We can easily see like in [4] that AM[Q] is an ideal in the algebra £,;[Q], so
we can define G[Q] as follows.

Definition. The space of generalized functions on €2 is the quotient algebra G =
Em[Q]
NI

Notation. The generalized function with the representative R, i.e. the class of
the representatives defining the same generalized function as R, is denoted by (R).

Proposition 1° (Moderate growth as a local property). A function R € £[Q]
belongs to Ep[Q) iff Va € Q there is an open neighborhood U of = in Q such
that R € Ep[U] (after the restriction of R on Ag(U) x U).
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2°. (N as a local property). A representative N belongs to N'[Q] iff Vx € Q there
is an open neighborhood U of x in Q such that R € N|U]| (after the restriction
of R on Ag(U) x U).

3°. G is a sheaf.

PrOOF: The statements 1° and 2° are an easy consequence of the following
observation (see Notation 6): If ¢ N\, 0, then supp ¢, tends to {z} uniformly
with respect to ¢ running over a bounded subset of Ag(R%).

3° is similar as in [4] (1.3, Local properties ... ). O

Notation 20 (the values of a representative which matter). 1°. Let z — ¢, € Ny
be an upper semi-continuous function on Q and (Uz),.cq be a family of open neigh-
borhoods of points x, contained in €2, which are locally uniform in the following

sense: for every x €  there is a neighborhood V' of z such that () (Uy —y) is a
yeVv
neighborhood of 0. Under these hypotheses we denote

U= Ll((Ux,qx)xeﬂ) = {(go,x); x € Q, suppp C Uy, pe—zx) € Aqx} .

If R € £[Q) is a representative, then we can check from Definition 18.1° of
that only the values R(y,x) matter for which (p,x) € 4. This means that if
two representatives are equal for these pairs (p,z), they determine the same
generalized function.

2°. Let (V;);er be an open covering of Q with V; C 2 for all ¢ € I, where I is an
arbitrary set of indexes, and let {¢;},c; be a family of numbers ¢; € Ng. Denote
by

T = Q}((‘/’lv Qi)ief) =
{ (¢, 2); 3i € I such that x € V;, suppy C Vj, p(e—z) € Ay, } .

If R € £[Q] is arepresentative, then only the values R(yp, ) matter for determining
(R), for which (¢, z) € U (see the following proposition).

Proposition. For each set i according to 1° there is a set U C 4 according
to 2°. For each set U according to 2° there is a set 4 C U according to 1°.

ProOOF: 1. Using the uniformity condition in 1°, for z €  choose its neighbor-
hood V, such that every Uy for y € V; contains an open ball B(y,r) (r > 0 is
independent on y). Then change V, for a smaller one so that its diameter

(27) diamV, <r

and that the function y +— ¢y is bounded on V, by a number ¢, € Ny. Thus
we obtain U = UV((Vz, @z)peq) C Y. Indeed, if (¢,y) € U, we have for some z:
y € Vg, supp p C Vi C B(y, ) by (27). Hence V;; C Uy and p(e—y) € Az, C Ag,.
This means (¢,y) € L
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IT. Taking a refining, we can suppose without a loss of generality that (V;);c; is
locally finite and V; are relatively compact in Q. Let (W}),o; be an open covering
of Q with W; C V; for every i € I (this is possible for instance according to [7,
Chapter 5, p.207, Lemma 1] in a normal space (even with a point finite open
covering)). We define il as follows:

Up= () Vi,  qo:=max{g;zecW;},
{EGWZ'
where the intersection and the maximum are extended over those i for which
z € W;. Fix a point z € Q. As (W;);er is locally finite, there is an open
neighborhood V of = such that V is compact in Q and does not meet any W; with
z ¢ W;. Thus, for y € V, it is Uy D U, and gy < g5 Hence the function z — ¢
is upper semi-continuous. Since U, is an open neighborhood of the compact set
V, the neighborhoods U, — y of points y € V are uniform. Therefore, Uy —y are
uniform as well. O

21. The following useful theorem shows that a representative need not be defined
on the whole set A(Q2) x Q. It is sufficient for determining (R) only to define R
on a set 4 or U defined in Notation 20.

Theorem. 1°. Let R° be a C*° function defined on a set Q}((Vi,qi)ie]). Then
there is a C* function R on Ag(R%) x Q coinciding with R° on some set

U((Us, qsc)meQ)-

2°. Suppose in addition that R° satisfies the moderate growth condition in Defi-
nition 8, whenever (pz),cq runs over such a bounded set of £(Q—Ag (Rd)) that
(%)Q(Ro)g (pz, ) is defined for © € K and ¢ sufficiently small independently on
x € K. Then R from the part 1° can be chosen in addition € Ep[Q].

PROOF OF 1°: Taking a refining, we can suppose that (V;);c; is in addition
locally finite and that V; € €. Choose a locally finite open covering Wi)ier

of , with W; C V;, and a smooth partition of unity (7;);c; subordinated to
(Wi)ier = 7 € D(W;), >-1; = 1 on Q. The idea of the proof is to define

(28) R(p,x) := Z 7i(z) Ri(¢, )
with  R;(p,z) := R°(m;i(p), ) (2 in a neighborhood of suppT; ),

where 7; is an appropriate mapping (depending on z) of Ag(R%) into Ag(V;). If
x ¢ supp 7;, then the term 7;(x) R;(p, z) is considered to be = 0 even if R;(p,x)
is not defined. For the sake of simplicity of the notation, we do not indicate the
dependence of 7; on x. Here are all required properties of m;:

(i) the map p,x — m;(¢) is defined and C*° for z in a neighborhood of supp 7;
and for all p € Ag(R%);

85
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(ii) suppm;(p) C Vi
(iil) mi(p)(z+e) € Ag;
(iv) if p(a+e) € Ay, and supp o C W;, then m;(p) = .
Under these requirements (which we will prove), we have R(p,x) = R°(p, )
whenever

o(z+e) € Amaxg; and supp ¢ C ﬂ Wi,

xESUppP T;
where max and [ are taken over those i for which = € supp7;. Thus, we have
got Ug := N W; and ¢y:= max ¢ For proving the first part of
TESUpp T; TESUpPP T;

the theorem, we only have to construct the map m; with the required properties.
Denote by By = B(0,1) the open unit ball in R% and by B = B(0, p) the ball
in R? with Lebesgue measure A(B) =1. Thus

(29) A(By) =p~°.
Fix 7 € I and choose a number r; > 0 such that
(30) supp 7; + %B_l cW; and Wi + 71713_1 cV.

Choose 0 < ¥; € D(V;) with ¥; =1 on W, and 0 < ¥ € D([—1,1]) with ¥ =1 on
[—%, %] We will define 7; and R; for

(31) v € {z;x+ 5B CW,}.
By (30), this is a neighborhood of supp 7;, contained in W;. For ¢ € Ag(R%) put
(32) e°:=1di-¢  (so ¢° € DVy)),
1
iyd | le?l? Y @
le° 12 ﬁ((L) T2 ) .
(33) k.= e + p 3 (|l || is the £2-norm).
(2

We have k > T—ll since either ”‘p:dllz > T,% or ¥(...) = 1. Let ¢po € D(By) be

functions fulfilling (22), (23) for 0 < |¢ Sl g;- Put
(34) milp) =9 = Y cata((s—a)k)
aeNG
0<|al<g;

with such coefficients ¢, that m;()(z+e) € Ag. By (22) and (23), co are well
defined for 0 < |a| < ¢; and we have

H(fe*—1) =«

35
(35) Heltd [ oo 9gmde—ca (12 ol <0
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The properties (i) and (iii) are evident. As k > r% and supp o C Bi, (ii)
easily follows from (30) and (32), if « fulfills (31). Now, let p(z+e) € Ay and
supp ¢ C W;. Then by (32) and the definition of ¥;, we have ¢ = ¢°. Evidently
m;i(p) = ¢° = ¢ and so the requirements (i)—(iv) are proved. O
PROOF OF 2°: Since the sum in (28) is locally finite, it suffices to prove the
moderate growth of R;. If the vector valued function (¢z),cq € € (Q—»Ao(Rd))

runs over a bounded set, its values ¢, for z € V; €  remain in a bounded set
of Ag, so their supports are contained in a common ball B(0,4) c R% (A > 0).
Hence, if £ := 5%, then Ve € |0,&0], € V; the support of the function

(36) Pre = E_d@x( -

is contained in = + 5 By C W; by (31) (see Notation 6 defining R:). By (32) we
have gofc,a = @z . The Holder inequality gives

O—I)

lloz.ell - ||X9c+%B1 | > /SDZ'7€ =1 (x is the characteristic function).

Due to (29), this means

N
(37) lwel? - (55) 21
By (28) and Notation 6, we have
(Ri)e(#2,7) = Ri(¢re, ¥) = R°(mi(pac), @)
= (R°).(e"mi(pu,e) (@ + o2), @)
where 7; is defined by (34) and (35). Denote the number & in (33) for the function

Pz = gog,a by ke, taking into account that it depends on x, too. It follows from
(37), due to the definition of 1, that k. is given by a simpler formula then (33):

(38)

2/d
(39) ke = M,
P
Considering that o3 . = ¢z ¢, we get from (38), (36) and (34)
(40) (R) (¢2,2) = (R°) (2 — €Y catbalocke), x).

From (39) and (36) we calculate eke = pke,. From (35) we calculate cgp = 0 and,
for |a| > 1,

eley = Edkl_‘a|+d/90x,a($ +8)E¥de = 5‘a|+d/€¢|.:a‘+d/90x(§) : (g)aa_d dg,

which does not depend on ¢ due to the preceding result. So the test function
on the right hand side of (40) does not depend on ¢ and remains bounded in
& (Q—>A0(Rd)) if (¢z), runs over a bounded set. Moreover, the right hand side
of (40) is defined, being equal to R°(7;(¢z.c), ) with (m;(¢z.c), ) € U, thanks
to the points (ii) and (iii) of the first part of the proof. Hence, by hypothesis, it
has a moderate growth. O
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Remark 22 (Definition of the derivative). We define the derivative O, (R) of a
generalized function (R) (with respect to the j-th coordinate unit vector e;) in
the same way as it is defined in [4]: If R; is a representative of (R) according
to the definitions in [4], a representative of Je;(R) is defined there to be ¢,z

3%]%1(90,90). As a consequence of Change 4 in notation, we have Ri(p,x) =
R(p(e—2x), ). It follows

0
3y B(e,2) = dR(p(e=2), 2)[~0e;¢ (o=2)] + e, R(p(e—12), 7).
J

Hence (in our notation) e, (R) = (R') with
R'(p,x) = —dR(p,x)[0c; 0] + e, R(p, ).

Recall our definition of the canonical embedding of D’ into G: the canonical
image of a distribution f in G has the function ¢,z +— (f,¢) (independent on x)
as a representative. Thus, with the usual definition of the differentiation of the
distributions (by [16]) and with the definition above, the canonical embedding
evidently commutes with the differentiation.

Action of a C*° diffeomorphism

Change 23 (which we will not always keep). In the expression R(p, ), we con-
sider the test function ¢ as a test density ([8]). While we are not dealing with
coordinate diffeomorphisms, this change has no influence, as there is a one-to-one
correspondence between a test function ¢ and the corresponding test density ¢
given by the formula N

(41) p(r) = p(z)dz,

where dz stands for the Lebesgue measure on R%. According to [10], we denote
all odd differential forms (including densities) by underline letters. In the same

way we denote also the spaces of odd differential forms. For instance, ﬁ(Rd) is
the space of all test densities on R%. When the first variable of a representative
is a test density, we will denote the representative and the spaces of representa-
tives by underline letters as well, for instance R(p,z). We have to use this type
of representatives, when we deal with generalized functions on a C* manifold
(different from Q C R%), but this is not necessary for generalized functions on
Q c R%. Recall that similarly, for defining the distributions on a C® manifold of

d
the dimension d, the space of the test functions D is replaced with D. Thanks to
the notion of density, we can define the image by a coordinate diffeomorphism in
an easy and natural way.
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Definitions and notations 24. Let 2, Q be open subsets of R? and W Q—Q
be a C*° diffeomorphism. If f is a function on €, then the function f = fou
on € is denoted also by p*f (inverse image of f). If ¢ is a test density (or more
generally an integrable density) on €2, then its inverse image ©, denoted by oy or

pro or p(u@)) (7€ Q) is defined to be the density on €2 given by the formula

/(Tou)(gou) = /rg V7 e D).

Or directly, if ¢ corresponds to a function ¢ by (41), then @ou corresponds to
the function (pop)|Jy,| where J, is the Jacobian of y. Using another notation,
P@) = @(u@))dpw@), where du(@) = |J, ()| dz stands for the inverse image of
the Lebesgue measure dz. If the space of distributions D’(Q2) is defined to be

d
the dual space to the space of the test densities D(Q), then the inverse image of
a distribution f € D'(), denoted by fou or p*f or f(u(Z)), is defined by the
formula

(Fotsgom) = (f1¢) (0 € D)),

d d
Denote by Ag the set of all ¢ € D for which [ ¢ = 1. If (R) € G is a generalized
function with R as a representative, its inverse image (R) € G(Q) is defined to
have as a representative the function R defined by the formula

Rigom ) = Rlp. u@) (g € (@),
R 3 = R(pon s u@) (€ do(@).

Using the notation with the test functions, we obtain
R(@, @) = R(|J,1| on™, n@) (@ € Ao().

We denote R by u*R, R by u*R

Remark 25. In [5] it is proved that u*R € &[] for R € E[Q] and that
the inverse image of an element of A is again an element of A, but the basic
definitions in [5] are not exactly the same as we have here. From the last formula,
using the definition of R. in Notation 6, we deduce the relation between ﬁg and
Re:

RE(@? Zf) = Ra(ﬁp, ,T)

p (2 + &) —:?)7

(42) z =), ¢()= Jufl(“&)‘ ‘5( €

89
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provided

@er(Q‘i).

More precisely: The diffeomorphism

plz+ &) -7 ~

(43) £ — 5 (TeQ, z=p@) eN)

Q—z __: : Q-7 . :
has the open set ~=* as its domain and *-* as its rang. Thus, ¢ is defined by

(42) on Q;m, only. We extend ¢, putting ¢(§) = 0 if ¢ is not defined by (42).
Thus, ¢ is a smooth function on R, ¢ € AO(Q;I).

(42) is the formula (2) in [5], by which Colombeau defined the inverse image of a
generalized function and proved that the inverse image of an element of N is again
an element of AN'. This proof will be valid for us, too, when only we have proved
the following proposition, because our Definition 18.4° does not differ essentially

from the definition in [5].

Proposition. We have R € £y,[Q)] for R € £,,[6).

PrOOF: According to Definition 8, choose a compact K € Q and denote K =
u(K). For (Pz)zcq € S(QHAQ(Rd)), define ¢z by (42) (if it is possible), de-
pending on €, so that Re(pz, T) = Re(z, ). We want to prove: If (¢z)- g runs
over a bounded subset of 8((~2—>A0(Rd)) and if € € ]0,eq], with e sufficiently
small, then (¢;), remains bounded in &£ (Q’—>A0(Rd)) for some open neighbor-

hood ' of K in Q. Then we deduce the moderate growth of ﬁg from the moderate
growth of R..
Choose h > 0 such that

K +B(0,2h) CQ, K +B(0,2h) C Q.

As ($7)5.q runs over a bounded subset of S(QHAO(Rd)), there is an open ball

B(0,7) C R? containing the supports of all ($5) with @ € K + B(0,h). Let £ > 1
be a (Lipschitz) constant satisfying

#1 € K+B(0,h), [#1 — T2 < h= [|n(@1) — p(@2)]| < £)|F1 — Fal,

(44) — _ _
x1 € K +B(0,h), [lz1 — 2]l < h = |l (1) — o (z2)]| < llar — 22ll.
Let
h
(45) 56}0, 627}
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If ||€]| < &r, then ||&e|| < % < h and we see by (44) that the diffeomorphisms (43)
are well defined for = € K + B(0, h), and we have
<l (F=p"tw)

(46) Hu—l(a:+§e) -7

€

On the other hand, if ||€]| < r, we see similarly that

p Nt ge) -7 _Z
9

for some well defined ¢ and we have ||¢|| < ¢||¢|| < ¢r. Hence, the supports of
@z are contained in B(0, ¢r). For proving the proposition, it is sufficient to prove
that each derivative

0o 9181 =1 (@ + &) — 1 (x)

Dz 9¢P 5
remains bounded, when x € K + B(0, k), ||€|| < ¢r and e fulfills (45). For |5] > 1

this is evident and for 8 = 0 this can be deduced in exactly the same way as (46)
for a = 0. O

Now we see that the definition above of the inverse image of a generalized
function is correct and p* : G[)] — G[Q] is an isomorphism of linear spaces
commuting with restriction (sheaf morphism). It is immediate that the canonical
embedding

D'(Q) —¢
f —(R) with R(p,z) ={(f,¢) (independent on x)

is a sheaf isomorphism commuting with p*. This allows us to define, on a C*°
manifold M, a space of generalized functions containing distributions, as it is done
in [5]: Let (ui,€);c; be an atlas on M, where ; : €; — Q) is a diffeomorphism
of an open set (); C M onto an open set Q; C R%. Then a generalized function
F on M is defined by a family (F;); of generalized functions F; € G(£2,) fulfilling
the compatibility conditions

(47) Fy = Fjo(ujop; ") on QN piop; ' Q)

(provided the latter intersection is non-empty). Similarly, a distribution f on
M can be defined by a family (f;); of distributions f; € D'(Q) fulfilling the
same compatibility conditions. Since the compositions with the diffeomorphisms
commute with the canonical embedding, we get the canonical embedding of the
space of the distributions into the space of the generalized functions on M, as we
have it on Q/ C RY.
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26. The following theorem provides us a global definition of a generalized function
on a C° manifold (besides the local definition above). A manifold is always
supposed paracompact.

Theorem. Let M be a C°° manifold with an atlas (y;,$2;);c; and let a genera-
lized function F on M be defined by a family (F;); satisfying (47). Then there is

d
a complex valued function R, defined on Ag(M) x M, such that the functions
d
B = Ag() x 9 — C

¢, 2’ = R o, py H@))
are representatives of the generalized functions Fj.

(48)

Before proving the theorem, we introduce some notions and prove some pre-
liminary results.
Notation 27. We have still an atlas (u;,2;);c;, where u; : Q; — Q) is a diffeo-
morphism of an open set €2; C M onto an open set Q; C R, If a complex valued

d
function R is defined at least on Ag(€2;) x ©; (for some i € I), then, similarly to
the notation p* R introduced in Notations 24, the function R, defined by (48) in

d
the theorem, will be denoted by ,ui_l*E. Similarly, if R} : Ag(9) x Q) — C is
d
given, then the function R; : Ay(Q;) x ; — C, defined by

d
Ri(p,x) = Ri(pop; L, pmi@) (¢ € Ag(), = € ),
will be denoted by p*R;.
Each function R in Theorem 26 is called a representative of F. We write
F = (R). Evidently, this notion (as well as the other notions introduced below)
does not depend on the chosen atlas on M. We denote by £[M] the linear space of

d
all complex valued C* functions on Ay(M) x M. We denote by & y/[M] the linear
space of all R € £[M] such that, for all i € I, ,ul-_l*ﬂ € Em[Y]. If R € Ep[M],
then the family (F;);, with F; = <,ui_1* R), fulfills the compatibility condition (47).
Thus, it defines a generalized function F on M such that R is a representative
of F.

We denote by NV[M] the linear space of all R € £[M] such that, for all i € I,
By YReN [Q]. Evidently, N'[M] is an ideal in &y [M] and, when we have proved
Theorem 26, we will see that the space of all generalized functions on M is equal

En[M]
to AT
28. We want to generalize Notation 20 replacing R? with M. Note, however, that
the spaces A4 cannot be defined independently of the coordinate system, except

d
of Ay. So, we will accept only ¢ = 0. The following is similar to Notation 20,
Proposition 20 and Theorem 21.
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Notation. Let 2 be an open set in M.

1°. Let (Uz),eq be a family of open neighborhoods of points z in €, which are
locally uniform in the following sense: for every coordinate chart (p;,$2;) and

for every 4, the family (M(Up;l(m’) N Qi))x’eﬂg of open neighborhoods of points

'€ Q) =pQy C R? is locally uniform. Under these hypotheses we denote by

8= U((Us)yeq) = { (pa)zeq, pe io(Ux)}.

2°. Let (V});es be an open covering of €2, V; C Q. Denote by

d
B =B((V),e)) = { (g, x); 3j € J such that x € Vj, p € AO(Vj)}.
Proposition. For each set Y according to 1° there is a set ¥ C U according
to 2°. For each set 0 according to 2° there is a set U C U according to 1°.

This can be proved in the same way as Proposition 20: Taking a refining, we
can suppose that every neighborhood Uy or Vj is a coordinate chart and we work,
if needed, with the coordinate images.

Theorem. 1°. Let R° be a C* function defined on a set ﬂ((Vj)jeJ). Then there

d
is a C* function R on Ag(M) x Q coinciding with R° on some set ((Uz)ycq)-

d
2°. Suppose in addition that, for every V;, the function R°, restricted on Ay(V;) x
Vj, belongs to €y[V;]. Then the function R, from the part 1° of the theorem,
belongs to £ 7[9].

PROOF: 1° can be proved in the same way as Theorem 21.1°, however the mapping

d
m; will be defined in a simpler way: we choose ¢, € A (V;) and replace the formula
(34) with
d
(34’) Ti(p) = Vip — coy;, mi(p) € Ag(Vi)-
2° is evident. O

29.

PrROOF OoF THEOREM 26: Without a loss of generality, we can suppose that
(2;);¢1 is a locally finite open covering of M with relatively compact sets. Choose
an open covering (W;),;c; with W; C Q;, a decomposition of the unity Y. 7; = 1
on M with 7; € D(W;), and, for each i € I, a representative S} of F; on .
Denote by S; = pf S} € Epr[Q], Le.
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d
_Z(fv JI) = ﬁ;(foﬂi_lu /J’Z(:E)) (‘T € in 4 € AO(QZ) )
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Define
S(p,x) =Y 7i(x)S8;(¢,7)
i€l
for

(¢, x) € U((Uz)penr) with Uy := ﬂ Q;.
{EGWZ'

By Proposition 28 and Theorem 28, there is a function R € £y [M] which coincides
with S on some set 2((\/]‘)].6]) C U((Uz)zerr)- The latter inclusion means:

(49) If VinW; #0, then Vi C Q.

Having chosen an index ig € I, we want to prove that R° := uigl*ﬁ -8, €
N [ng]. We will use Proposition 19.2° (N as a local property) for this aim, proving
that R° € N'[V'] for each open set V' relatively compact in some set 11, (V; N, )

d
(j € J). For x € V; and ¢ € Ay(Vj), we have R(p,z) = S(p,z), and so for

d
o' € V' and ¢’ € Ay(V'), we have

B¢, o) = miln M) (g Si(es &) = Sj (¢, 2)),
i€l

where the sum is locally finite (finite on V7). If 7; (,uigl(x/)) # 0 at a point 2/ € V7,

d
then by (49), we have V; C ;. Thus S; = pf S’ on Ay(V;) x V; and

Ro(¢, 2') = milpg @) ((miopgy ) Si(e, ') = Sio (¢, ).
el

This belongs to N[V’] by the compatibility conditions (47). O
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