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Relations between weighted Orlicz and
BMO, spaces through fractional integrals

E. HARBOURE, O. SALINAS, B. VIVIANI

Abstract. We characterize the class of weights, invariant under dilations, for which a
modified fractional integral operator I, maps weak weighted Orlicz—¢ spaces into ap-
propriate weighted versions of the spaces BMOy,, where ¢(t) = t*/"¢~1(1/t). This
generalizes known results about boundedness of I, from weak LP into Lipschitz spaces
for p > n/a and from weak L™/® into BMO. Tt turns out that the class of weights
corresponding to I, acting on weak—Ly for ¢ of lower type equal or greater than n/a,
is the same as the one solving the problem for weak—LP? with p the lower index of
Orlicz-Maligranda of ¢, namely wP’ belongs to the A; class of Muckenhoupt.

Keywords: theory of weights, Orlicz spaces, BM O spaces, fractional integrals
Classification: Primary 42B25

1. Introduction and statement of results

In this work we are going to deal with non-negative functions ¢ defined and in-
creasing on [0, 00) such that lim,;_, o+ ¢(¢) = 0 and lim ;o ¢(t) = co. In addition,
we shall also assume that the following conditions are satisfied.

(1.1) ¢ is of lower type p, p > 1, that is there exists a constant C such that
¢(st) < CsPo(t)

holds for every s € [0,1] and every t > 0.
(1.2) ¢ is of upper type q, that is there exists a constant C such that

¢(st) < CsTo(t)

holds for every s > 1 and every t > 0.

In connection with the above conditions, we introduce the notion of lower and
upper indices.

The authors were supported by the Consejo Nacional de Investigaciones Cientificas y Técnicas
de la Republica Argentina.
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1.3 Definition. Let ¢ be a function as above. Set

¢(st)
h(s) = sup ,
(s) >0 o(t)
for s > 0, and define the lower index of ¢ by
, : log h(s) log h(s)
= 1 = _
Aoy =t a0 Tog s = 022, Tlogs

and the upper index of ¢ by
logh(s) nf log h(s) .

I(¢) =limg_, =
(9) = lim s—o0 log s 1<s<oco logs

The existence of the above limits follows from the theory of submultiplicative
functions and the details can be found for instance in [B] or in [GP]. Clearly, for
any function ¢ we have i(¢) < I(¢). Also, under our assumptions on ¢, both
indices are finite and bigger than one.

It is easy to see that ¢ is of lower type i(¢) — ¢, and of upper type I(¢) + ¢
for every € > 0, where the constant appearing in (1.1) and (1.2) may depend
on e. We also mention that i(¢) and I(¢$) may be viewed as the supremum of the
lower types of ¢ and the infimum of upper types, respectively. For these reasons
the assumption that ¢ is of lower type greater than one is equivalent to say that
i(¢) > 1. A similar statement is true for the upper index.

Given ¢, the complementary function (with respect to ¢) is defined by

$(s) = sup(st — (1))
t>0

for s > 0.
It is known (see for example [KK]) that ¢ satisfies similar properties to ¢. In
particular,

(1.4) i(9) = (1(¢)) and I(9) = (i(¢))',

where 7’ means r/(r—1). Moreover, it can be proved that there exist two constants
C1 and (2 such that

(1.5) Crs < ¢ (s) ' (s) < Cos

for every s > 0.

Let ¢ be a function with 1 < i(¢) < I(¢) < co. We remind that under even
more general conditions on ¢ (see for example [RR]) the Orlicz space L is defined
as the class of measurable functions f : R — R such that

[ ells@hds < .
RTL
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In this class we introduce the following analogue to the Luxemburg norm
191 =inf § 2> 05 [ o(5@I/N) <1
Rn

Let us note that [| - |4 is not a norm but in view of the properties of ¢, it can be
shown that it is equivalent to a norm. Moreover, the Holder type inequality

[ 1@y < il lal;

holds for every f € Ly and every g € L p2
We also introduce a version of weak-Orlicz spaces L; as the class of measurable
functions f satisfying

sup ¢(t) [{z € R"™ : |f(x)| > t}] < oo
>0

For these functions, we set

[f]d,:inf{/\>0:sup¢(t)’{xeR“:’@‘ >tH < 1}.

t>0

As in the strong case, [-]4 is equivalent to a norm.
We also consider families of spaces {Lg, }¢>0 and {L} }, where

(16) an(s) = 2

for every s > 0.
It is not difficult to prove that

i(pr) =i(¢) and  I(¢r) = 1(¢)

for every t > 0. Moreover, it is clear that lower and upper types of ¢; are those of
¢ with constants independent of £. On the other hand, using again the types of ¢,
it is easy to check that |- ||4, and [], are equivalent to |- || and [-], respectively,
but this time the constants would depend upon ¢. To deal with the dual families
{L$t}t>0 and {Lz;t}bo, we note that there exist constants C7 and Cy such that

d(ts) _ ~ ¢(ts)

(1.7) 1 ; < or(s) < Co ;

for every s > 0 and ¢ > 0. This relationship follows easily from (1.5) and (1.6).

95
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In what follows a non-negative function w defined in R™ will be called a weight
if it is locally integrable. We will denote by |E| the Lebesgue measure of E and by
w(E) = [w(zx)dz. Given a ball B = B(xpg, R), and 6 > 0, 6B and BY will mean

E

the balls B(xg,0R) and B(zg, R?), respectively. Also, for a locally integrable
function f and a ball B in R", mpf stands for the usual average

B

For a given weight w we define the weighted Orlicz space Ly, as the class of
functions f such that | f|l4. = ||f/wllg is finite. Similarly, we shall say that f
belongs to LY  if [f]s ., = [f/w]g is finite. Denoting by d; f(x) = f(tx), t > 0, it
is not too hard to see that

11,600 = H‘Sl/ﬁf ‘qben w

and that
n

o g = [B17ef]

We now introduce the classes of weights C'(¢), which will be used throughout this
work.

en oy

1.8 Definition. Given a function ¢, we say that w € C(¢) if there exists a
constant C' such that

¢~ (1/|B]) [xBowlly < C'inf pow

for every ball B C R™ and every t > 0.

Notice that these classes have been defined to make them invariant under di-
lations. That means that if w € C(¢) then diw € C(¢) for all ¢ > 0 with a
constant independent of ¢{. Furthermore, in Section 2, we shall study the con-
nection between C(¢) and the A; class of Muckenhoupt, that is those weights

satisfying B)
w(B

—~- < Cinfgw
| B

for every ball B € R™.
For 0 < o < n, the fractional integral operator of order « is defined by

(L.9) Mf@%z/f@ﬂx—mwmdy
RTL

whenever this integral is finite almost everywhere. Since the functions f we are
interested in may not have the necessary decay at infinity to make the above
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integral convergent, we will use a modified version of this operator which will be
also denoted by I,. We set

1 1= XB4 W)
IO! = - : d )

where y By (y) is the characteristic function of the unit ball. We point out that
for functions good enough to make the integral in (1.9) convergent, the modified
version is also finite and both agree upon a constant, but this means equality as
functions in Lipschitz type spaces. This new operator is well defined for functions

*

belonging to weighted Orlicz spaces L b 85 long as the upper index g satisfies

g < n/(a—1)". With this notation we mean ¢ < oo if « <1 and ¢ < n/(a — 1)
otherwise. This result is contained in the following theorem.

1.11 Theorem. Let 0 < o < n and let ¢ be a non-decreasing function with
lower index p > 1 and upper index ¢ < n/(a—1)T. Then the following conditions
are equivalent.

(1.12) The operator 1, is well defined on Ly, and there exists a constant C
independent of t such that

Ixpw™
|B|1+a/n¢

1H
sup S / Lo f(x) — mp(Taf)| dz < C[f/u],,

for every t > 0, where the sup is taken over all the balls B C R".

(1.13) The operator 1, is well defined on Lz » and there exists a constant C
independent of t such that

Ixsdew|
sup L e / af (&)~ mp ()| de < C1f/ (5],

for every t > 0, where 1)(s) = s*/"¢~1(1/s) and the sup is taken over all the balls
B in R™.

(1.14) The weight w belongs to C(¢).

(1.15) The weight wP belongs to A;.

1.16 Remark. Let us note that if in (1.12) and (1.13) the weak norms [-]4, and

[]p are replaced by the strong norms || - |4, and || - |4 respectively, then the
corresponding statements are equivalent for each ¢ > 0.

o7
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1.17 Remark. We would like to point out that for w = 1 and ¢(¢) = tP, Theo-
rem 1.11 gives the classical results:

I,: weak L® - BMO

and
Io: weak LP — A(B),

B=a-n/p,nfa<p<n/(a—1)T, where A(3) means the space of Lipschitz
functions of order S3.

For w = 1 and general ¢, the theorem recovers the results about the bound-
edness of I, on weak Orlicz spaces proved by the authors in [HSV1], and for
o(t) = "/ and general w, the ones obtained by B. Muckenhoupt an R. Wheeden
in [MW] (see Theorems 7 and 8). Finally for general w and ¢(t) = tP it gives
Theorem 2.5 of [HSV2] but for a slightly different class of weights.

1.18 Remark. We observe that when o < 1 the operator I, acts on any weighted
Orlicz space with 1 < p < ¢ < co. On the other hand, if @ > 1 we restrict the
function ¢ to have ¢ < zZ7. This range could be extended modifying the defini-
tion of I, and the left hand side of (1.13) as to involve higher order differences.

In the next section we give some properties of the class C(¢) and the proof of
Theorem 1.1.

2. Classes C(¢) and proof of Theorem 1.11

2.1 Proposition. The following statements are equivalent.
(2.2) w belongs to C(¢).
(2.3) There exists a constant C such that

-1 .
¢p (1/1B]) lIxp wly, <C wlgjfgw(:v)

for every ball B C R™ and every t > 0.

(2.4) ¢(tw) belongs to Ay for every t > 0, with constant independent of t, that
is there exists a constant C such that

1 .
E!gﬁ(tw(x)) de < C ;&fg P(tw(x))

for every ball B C R™ and every t > 0.

PROOF: Let us assume (2.2) holds. Writing down this inequality for t1/™ instead
of t and t~1/" B instead of B we get

[o(s@a iy ae
B

C infp w t —
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which proves (2.3). Arguing in a similar way, we obtain that (2.3) implies (2.2).
Now we prove that (2.2) follows from (2.4). In fact, taking
t = ¢~ Y("/|B|)/ infyep w(z) with € > 0 in (2.4), we get

1 w(x) 4 (€ C e
w )¢ Gty () 2= G
B

Then, an obvious change of variable yields to (2.2). Proceeding similarly, (2.4)
can be obtained from (2.2). O

2.5 Corollary. Let w be a weight in C(¢). Then there exists € > 0 such that
w e C(¢P) for every ( in (0,1 + ).

PRrROOF: From Proposition 2.1 and the fact that Aji-weight satisfies a reverse-
Holder inequality there exists € > 0 such that, for any 8, 1 < 8 < 1 + ¢, we
have

;ﬁ / 8 (t(@)) do < C inf 69 (1))

for every t > 0. Then, by using Proposition 2.1 again, we get that w € C(¢P)
for every § in [1,1 + €). On the other hand, if 3 belongs to (0,1), by Holder
inequality, we obtain that

/ O (o) (0% /1) ) da
B

< B8 ]!(;5 <%¢—1 <|B|11/5>) dx

Replacing ¢ by €| B|(1_ﬁ)/ "8 and changing variables, we get that the last expression
is bounded by

B8
K (c inéfﬁszaem o (|B|11/ﬁ>) o

Bl/8

Then, since w € C(¢), we have that w € C(¢?) for every 3 in (0,1). O

Now we prove two technical lemmas that will be used in the proof of our main
result.
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2.6 Lemma. Let w be a weight in C’(QB), where ¢ is a function with lower type

*

p > 1 and upper type q. Let f be a function in L¢,w. Then, there exists a
constant C', independent of f, such that

[1#@do <€ 1Bl o7 0/1B) inf e (flo,
B

holds for every ball B in R"™ and for every ¢ > 0.

ProOF: Let B be a ball in R™. From Corollary 2.5 there exists r > 1 such that
wel ((br). Then, by Holder inequality, we have

Z f@]do < Ixpwlys I1f/ol=

(2.7)
infgw

<o Bl
(¢ )~L(1/|BI)

for every t > 0. Now, we estimate the norm on the right hand side of (2.7).

I/l

Denoting v = (Etr and g = f/w, for some A > 0 to be determined, we get

!1/’( ) /}{MB )| > ¢! )A}}ds

(2.8) (2Bt o
‘ = / + / ‘{x € B:|g(x)] > w_l(s))\} ds
0 (2|Bl)
1
S 5 +Iu

where I is the integral over [(2|B|)~!, 00). Since g € Ly, , for any € > 0, we have

[e.e]

/ Pe(V) /\/[ Jpew)

@B)H—t

ds
2|B|/¢e (52BN~ [9)pew)

Notice that ¢~1(s) ~ s1/" o L(sY/7) with v = r/(r — 1). Therefore, choosing
t=¢/ |B|1/r/ and using the upper type of ¢, we obtain

1 ds
I < .
~ 21B] / 0e(Co (17 /|B) s/ N/ (IBIY (9], )
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Then, taking A = H|B|Y/" (9]¢ w for some constant H to be determined and
using that ¢ is of lower type p > 1, we get that

< 1 7 ds
~ 2B e o (V18] )

[e.9]

1 ds
< !
- elpronm 1/ sP/7 ge(9 ! (517 /|B)))

00

o] _w

" HP Sp/r/—i-l/r
1

_C

=
Choosing H sufficiently large, we have that I < 1/2. Therefore, from (2.8), we
have

(2.9) lgll, < H B [g]p.

Finally, since ((51«/71)_1(5) ~ s1/7T /¢ (tsY/T), from (2.7), (2.9) and our choice of t,
we obtain the desired conclusion. O

2.10 Lemma. Let o belong to (0,n). Let w be a weight in C(¢), where ¢ is
a function with lower type p > 1 and upper type ¢ < n/(a — 1)T. Then, there
exists a constant C' such that

/()] “1/n 1 .
/ W dy <C |B|a/n /n be - (1/|B]) 1%fw [f]fbe,w
R"\B
holds for any ball B= B(zpg,R) in R", every e > 0 and f € L*M.
PROOF: Denoting g = f/w, we can write
9=29"+ga,
where g% = g X{4:|g(x)|>a) With a a constant to be determined. Therefore,

|f(y)] _ 9% (y)| w(y)
/ |$B - y|n—a+1 dy - / |$B _ y|n—a+1 dy

R"\B R"\B

+/ 19a(y)| w(y) dy

g —y|"
R"\B

=1+ I
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Let us estimate I;. From Corollary 2.5, there exists r > 1 such that w € C(ar).
Then, by Holder inequality, it follows that

XRm\B

(2.11) I < |0/ m=art
zp — otz

all
"l

for any ¢ > 0. Now, for a positive constant A to be determined later, denoting by
B;j = B(rp,2'R), we have

(2.12) S T L)d
ng QJRS\xB!y|<2j+1R¢t <|$B—y|n_a+1)\ Y
wy)(@) (1B )dy.
|B|1/n2])n a+1(¢t )~ 1(|Bj|—1)

s;faﬁ <

Therefore, using the relation (5[)—1(5) ~ sl/r/gbt_l(sl/r) and having in mind
that ¢, Lis of lower type 1/q and gbtr is of upper type rq’, the above series is
bounded by

Z <0w< (@ )BT et (B i ) ”
BJ

py |B|1—a/n+1/n—1/r 9j(n—a+1-n/r)

1
=C Z 0 2/ (n—at+l-n/rq')rq

% /q;;r( W(y)( t )_ (|Bj|_1) ¢t—1(|B|—1/r) inwa> ]

A infBj w |B|1—a/n+1/n—1/r

B
Now, we choose t = 6|B|_1/T,, € >0, and

A= HC¢ Y(e|B|™Y) | B/t inf o

with H > 1 to be fixed later. Since ¢ is of upper type ¢ and w € C(QNST), we have
that the above expression is bounded by

1
(n—a+1-n/rq’)rq

00
iTG ;
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Then, since ¢ < n/(a — 1)T, the last series converges and we can take H large
enough to have (2.12) bounded by one. So, we obtain

6 (1/|B)) infp w

5 - |B|1/n+1/r,—a/n

XR"\B W
|n—a+1

(2.13)

lxp —

for t = ¢|B|~ 1/ ; € > 0. On the other hand, in order to estimate the second

factor in (2.11), we denote by ¢ = ¢, with t = € |B|~ 1 as before. Then, since
g € L%, we get

[e.e]

/¢ /AM—/Mx @) > v~ ()] ds

P(a/N) oo
/ [ 1@ > 9 ()} ds
0 w(a/x
(2.14) < ¢(a/A) {z : |g(@)] > a}|
/ (22 19%@)] > v (5)0} ] ds
bla/)
< a/)\ / '
de(a/lgls.) be(p M 9lg.)

From (1.5) it follows easily that
w—l(s) ~ Sl/r’¢6—1 (Sl/r/ |B|1/’"’) '

Therefore, taking a = H[g]¢€¢€_1(|B|_1) with H to be determined and X such

that 1(a/A) ~ |B|™!, that is A = H[g]¢e|B|1/T and using that ¢ is of lower
type p, inequality (2.14) allows us to obtain

1
!ﬁ@(ﬂ» o (e (B0 )
100 ds
+W!m@ﬁmmﬂwwﬁ
<£+i7 ds
T H VB g (cH s\ 67 V7 |B)
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9
C ds
HP Sp/?“ +1/T
1
C
or-

IN

<
Consequently, for H large enough, we have

lg°ll, < C1BIM" [glg,-

€

Therefore, from (2.11) and (2.13), it follows

C ¢ '(1/|B]) infp w
(215) = |B|1/n—a/n

(9l -

Now we estimate Io. Since ¢ < n/(a — 1), there exists § < 1 such that (¢'8) <
n/(a —1)T. Applying Holder inequality, we get

XRn\B

B— '|n—a+1

(2.16) I <
|

gl

& Pt

for every t > 0. Proceeding as in (2.12), denoting B; = B(zp, 2/ R) and using
that the lower type of ¢ is ¢/, we obtain

79 w(y) x 1
dy < C
/ & <|:CB—y|"_a+1)\> v Eo 9j(n—a+1-n/(8¢"))5q’
Rn\B

<&l Coly)G) B (@ )BT intpe)

/\infij |B|1—a/n+1/n—1/6
B;

Let us take t =€ |B|1/6_1, € >0 and
A= CH ¢~ 1(e|B|71)|B|*/"=1/7+1/0=1inf p . From Corollary 2.5 and the fact
that (¢'6)" < n/(— 1)T, we have that the above series is bounded by

C_ 2 gmitn—atl-n/(6d)éd < 1

H4% =

for H large enough. Hence, we get

XR"\B w

Coc(1/|B]) infp w
'|n—a+1 <

(2.17) $6_ |B|1—1/5+1/n—a/n ’
t

lzp —
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where t = ¢|B|Y/¢"1, ¢ > 0. With this choice of ¢ we are going to estimate the

~6
second norm in (2.16). Setting ¢ = ¢y , we have

Y(a/N)
[o(#2) o= [ [tslal > 20t en]a
(2.18) wfa/x)
< ds
= SN

where a = H[g]¢,€¢;1(|B|_1) as before. From (1.5) we get that
O LTl CRAV): T}

So, choosing A = H[g]¢€|B|1_1/‘57 it is easy to see that ¢(a/\) ~ |B|~1. Moreover,
since ¢ is of lower type p > 1, from (2.18), we obtain that

1
Jo (95 ) e vt 0/ el APETETT

I A

1
Q/ du
Bl ge(cHul =106 (ul/? |B[7)

< %/uu/a_np_w du

0
<

[u—y

for H large enough. Therefore
(2.19) lgall,, < clgl. 1BI'°.
From (2.16), (2.17) and (2.19), we conclude that

5, < Coct(1/|B))infpw
2= |B|1/n—a/n

)

which together with the estimate for I1 yield the conclusion of the lemma. (Il

We are in position to prove our main result.
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PROOF OF THEOREM 1.11: Assuming (1.12) let us prove (1.13). It is easy to
check that

(2.20) [f/wlg,, = [0cf/0wlg
holds for every ¢ > 0. On the other hand, since
Iof(x) = 1% 01 ,(1a(0¢.f))(2),

we have

[xpw™ 1||
B gol(1/ |B) / fafte) = mle Dl dr

[ x¢-15(0tw) 1H 1 /
- = - In (8¢ ) (z) — my—1 g(I1a0cf)| dx.
t=1B|/"™ ¢=1(1/|t=1B) It 1B|t1B| 0ef)(@) = i1 5(ladef )]

So, from (2.20), (1.13) is clear. A similar reasoning allows us to prove that (1.13)
implies (1.12).

Next, we are going to show that (1.14) can be obtained from (1.12). First note
that, since [f/wl]y, < C|f/wl|y,, we also get (1.12) with [f/w]s, replaced by the

strong norm. Then taking B = B(zp, R) and B = 12B, we have

s 1H
|B|1+a/n

(2.21) 1T / o f (2) = mg(Iaf)| dz < C|If /]y,

for every f € Ly . We denote by Bj and Bsg the translates of B defined by
B + ey, B+ ey with |ej| = 4R and |eg| = 10R. A straightforward calculation
shows that

|B1| = |Bz| = |B,
BUB{UByCB with
|B| = 12" |B].
Moreover, for every y € By, z € Bg and z € B, we get that
ly — 2| <6R and |z —z| > 8R.

For a non-negative f supported in B, the integral on the left side of (2.21) can be
bounded from below by

2|B|// /( ly — x|~ a |Z_;|n—a>f($)dd? dydz
ZﬁB{B/lg(w_;"—a_ |Z_i|n_a>f($)dxdydz

> C|B|Y" | f(z)da
/
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Hence, recalling that ¢ has upper index ¢ and combining the above inequality
with (2.21) for wf instead of f, we have that

/ Fayo@yda| < OBLICALBD o

IxBw™ oo

for every f € Lg,(B) with ¢ > 0. Therefore, w must belong to the dual of Ly, (B),

that is L(z;t(B), concluding that w € C(¢) by using (1.5).

In order to prove the reciprocal, let us assume (1.12). For B = B(xp, R) we
can write

/ I f () — mp(af)| dz < / (2. f)(@) — mpla(xanf)| do
B B

(222) + [ tatmoan @) - mpla(xrnop )| do

=0+ 1.

We first estimate I;. Applying Lemma 2.6 and Fubini’s theorem we get that

|11|§2/ /| |n a dx

<l [ 1)l dy
< OB 6711/ 1B]) infw (/g

for any € > 0.
On the other hand, by Lemma 2.10, we have that

2= lzp —y[P /
R™\2B

< OB ¢ (1 |BI) infw (oo

Therefore, from (2.2) and the estimates for I; and I, (1.12) follows immediately.

Let us prove the equivalence between (1.14) and (1.15). Suppose that w? € Aj.
Then, there exists € > 0 such that wP'te ¢ Aj. Since ¢ has lower index p and
upper index g, it follows that ¢ is, in particular, of lower type p’ + € and it is of
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upper type ¢’ — 6 for some § > 0. Hence, for A large enough, we get that

_ 71 p'+e
[o(s e ar ¢ 1 (ut YO,
Ainfpw t X' —9 | B| infgw
B B

< C
_Aq/_(g
<1

for every ball B C R"™, which proves that w € C(¢). For the converse note that
in view of Corollary 2.5, we only need to prove that w € C(¢) implies wP' "€ € Ay
for every € > 0. From Definition 1.3 it is clear that for each r» > 1 there exists
s = s(r) > 0 satisfying

(2.23) P ¢(s) < 26(rs).

On the other hand, since w € C(¢), taking a ball B in R"™ and defining

Ey={zeB:2F<w(x)/infgw < 281} k>0,

12 [6( G2 g im)) &
B

we have

(2.24)

for any ¢ > 0 and k& > 0. Applying (2.23) for r = 2k k>0, we get a sequence Sk
such that o ~ .
2% (sk) < 2(2%sy,).

Now, for each k > 0, we use (2.24) with ¢ = ¢(c sy )| B|. Therefore, having in mind
that ¢ is of upper type p’, we get
| E|
$(C'st.) |B
o 2% 4(si) | gl
 2¢(C'sp) | B

/| Ey|
> C2kp |_
|B|

1 w(z) \P' ¢
> ke — d
- |B|/(inwa) v
Ey

1> ¢(2Fs;)
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for 0 < € < p’. So, we have that
L (s
|B| infgw
Ey

holds for every k£ > 0. Summing up over k these estimates we obtain the desired
conclusion. (]

p'—e
) de < c27ke
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