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On Besov spaces and absolute convergence
of the Fourier transform on Heisenberg groups

LESZEK SKRZYPCZAK

Abstract. In this paper the absolute convergence of the group Fourier transform for the
Heisenberg group is investigated. It is proved that the Fourier transform of functions
belonging to certain Besov spaces is absolutely convergent. The function spaces are
defined in terms of the heat semigroup of the full Laplacian of the Heisenberg group.
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1. Introduction

Different problems in harmonic analysis on Heisenberg groups attracted attention
in the last two decades. As far as the group Fourier transform is regarded a
basic reference is Geller’s fundamental work [5], confer also Folland’s book [3].
D. Geller obtained in his paper, among other things, a characterization for the
Fourier transform of rapidly decreasing Schwartz functions. On the other hand a
natural analogue of the Paley-Wiener theorem for Heisenberg groups was proved
by S. Thangavelu [13]. In the classical setting the third type of results that
describe the connection between the smoothness of functions and the behaviour
of their Fourier transform are the Bernstein type theorems. The last ones assert
that the Fourier transform of a function is absolutely convergent if the function
belongs to a suitable Besov space, cf. [1], [7]. In this paper we want to prove the
similar results for the group Fourier transform of the Heisenberg group.

The Heisenberg group H” = R™ x R™ x R is a nilpotent Lie group whose group
law is defined by

1
(1) (21,1, t1) - (22, y2,t2) = (x1 + 22,91 + Y2, t1 + to + = (y1 - T2 — 1 - Y2)).

2
The Lie algebra b, of H" is spanned by the left invariant vector fields
0 1 0 0 1 0 0
2 Xi=—+zyi=—, Yi=—— -x;— =—,i=1,...n.
( ) 1 653@ + 2y’lat7 1 ayz 2xlata ata ? ’ n

We have the commutation relations

(3) Y, Xi]=T, i=1,...,n,
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and all other commutators vanish. The Haar measure of H" coincides with the
Lebesgue measure on R27+1,

For each nonzero real number A there is a irreducible unitary representation of
H™ on La(R™) given by

(4) (2, Y, 1) (€) = ™V TN ERATY) e 4 g

where ¢ € Lo(H™). There are also one dimensional unitary representation of H",
T(ab)> G b € R™, given by

(5) Tap) @y, )€ = 2™V 7HasH)e ¢ e C.

Any irreducible unitary representation of H™ is unitary equivalent to one of just
described representations. The representations T(q,p) are of less importance for
us since they form a set of Plancherel measure zero.

For a function f on the Heisenberg group, say f € Li(H"), the Fourier trans-
form is defined to be the operator valued function

() FO) = [ f@tm(=o.—y ) dodyat.

If ¢ € Ly(H"), then f(\)¢ is given by

(7) fNo(x) = (A" / FOT @ —y),w, e~ THHDw=20V =T ) iy d di.
So it is an integral operators with kernel

(8) K)wy) = A" FafO T — ), g +9),0),

where F3 3 denotes Fourier transformation in the second and third variables.
The Plancherel formula for H" looks as follows

©) /H £y O dedyde = o [ [P dx

Here || - || frg stands for the Hilbert-Schmidt norm.

2. Besov spaces on Heisenberg groups

To describe the smoothness of functions we use the Besov spaces related to the
full Laplacian on H™. Let A =31, Xi2 + Yi2 + T2 be the sum of squares of left
invariant vector fields. If we equip H" with the left invariant Riemannian metric
g such that the vector fields are the orthonormal basis in any tangent space, then
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the operator A coincides with the Laplace-Beltrami operator corresponding to this
metric, and the Riemannian measure coincides with the Haar measure on H".

The Bessel-potentials (I — A)~5/2 with s > 0 can be defined in Ly (H™) via the
spectral theory. They can be extended afterwards from Lo(H™) to L,(H™) with
1 <p<oo,cf [12]. For 1 <p < oo, s € R we define the Sobolev spaces W (H")
in the following way:

- if s > 0, then W;(H") is the collection of all functions f € Lp(H") such that
f=(I—A)"%/2h for some h € Lp(H"), with the norm || f[W (H")|| = [|A|p,

- if s < 0, then WJ(H") is the collection of all distributions f € D’(H") of the
form f = (I — A)™h with h € ng"'s(H"), where m is a natural number such
that 2m + s > 0, and || f|W;3(H")|| = ||h|W2mTs (H™)]),

- if s =0, then W(H") = L,(H").

The spaces W (H™) with s < 0 are independent of m (equivalent norms). If s
is a positive integer, then one can use left-invariant vector fields on H" to define
equivalent norms in W (H"), cf. [14].

For s € R, 1 < p < oo and 1< g < oo we define the Besov spaces B, ,(H") via
the real interpolation

(10) By g(H") = (W (H"), Wyt (H"))g,q,

s=(1—-0)sp+06s1,0<8<1.
The norm in the Besov spaces can be described by the heat semigroup H; = e
([11]). The heat semigroup H; is given by a right convolution:

tA

(11) Hf(x) = /G F)he(y™ ) dy

where (t,2) — hi(x) is a C*° function on R4 X G and a positive solution of
(% + A)u = 0. The semigroup is symmetric submarkovian, hence analytic in

Ly(G)ifl <p<oo Ifs€R 1<p<oo,1<q<ocandm> L then the
expression
dm

dgm

gt

1
(12) 1By o(EM)lla = I/ * homllp + ( /0 £/ 200) 2 ol |2)

is an equivalent norm in ng(H"). Here hq g, is a C°° function on H" given by
m—1 9l

(13) hom = Z Cl—lht|t:1-
= ot

Using the above norm one can define the Besov spaces for p = 1 and p = co. The
definition if independent of m (equivalent norms). If s > 0, then one can use || f||p
instead of || f * ho,mlp in (12), 1 < p < oo.
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We have the following elementary topological embeddings

(14) B3l (H™) C B2, (H") if s3> sg,
(15) By g (H") C By 0, (H") if q1 < g2,
(16) BY ,(H") C Ly(H") if 1<p<2.

More information about function spaces of Hardy-Sobolev-Besov type on Lie
groups and more general on Riemannian manifolds with bounded geometry may
be found in [15] and [10], [11].

3. Absolute convergence of the Fourier transform
We start with the following standard lemma.

Lemma 1. Let 0 < r < ¢. Then there is a positive constant C' > 0 such that
a geodesic ball Q(0,r) is contained in the euclidean box centered at 0 with sides
parallel to the coordinate axes and sizes C'r.

PROOF: We give a short proof of the lemma for completeness. Let (z1,... ,Zo,+1)
€ Q(0,r) be a point inside the geodesic ball. Then the is a geodesic y(t) =

(1(t),- - 1ms1(t)) with 74(0) = 0, 74(1) = a; and [4(5)] < r. There are
functions ;(¢) such that

n

A1) = (11(t), - Aons1 (D) =D Bi()X; + Bus1 ()Y + Banta1 ()T

1=1

and
2n+1

PONACESE
1=1
Thus |3;] < r for each i. But (2) implies 4;(t) = 5;(t) for i = 1,...2n and

12"+1(t) Bon41(t) + 23205 mri()Bi(t) — %(t)Bpti(t).  Now |y(1)] <
fo |4;(t)| dt < Cr since ;(0) =0 and r < c. 0

The main result reads us follows.

Theorem 1. The following inequalities
+(3]
(1) L 1FO s A ax < <717 2 )

(13) L IF s ax < el B2

hold.
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Remark 1. The measure |A|" dA seems to be more natural since it is a Plancherel

measure, but the measure |)\|% d\ better describes the behaviour of the Fourier
transform near zero, cf. the proof of the theorem. So we decide to state the both
inequalities.

The next corollary follows by real interpolation from the above theorem and
Plancherel theorem since 3872 (H™) = Lo(H™).

Corollary 1. Let s, = %(n + (5] +2) and o = %(n +2) forl <p<2.
Then the following inequalities

/p
(19 ([ 1soomsira)” < cisig
1/p
(20 ([1rooms®an) ™ < oz
hold.

PROOF OF THEOREM 1: Step 1. To prove the theorem we use the atomic decom-
position for the spaces B, ;, cf. [10]. For any j, j = 0,1,..., let {Q(z;;, 2_j)}f20
be the uniformly locally finite covering of H" with the multiplicity independent
of j. The atomic decomposition theorem asserts that f € Bf {(Hp), s > 0, if and
only if f can be decomposed into the sum ’

o0
(21) f= Z 55,i0j 4, convergence in S/(R2F1),
1,j=0

where functions a;; € C§° (R?"*+1) are smooth atoms and the real numbers Sji
satisfy the condition

o0
(22) > Isjil < oo

i,j=0
The function a;; is called a smooth atom if the following two conditions are
fulfilled
(23) supp aj; C Qw277 ),
(24) Zmy -+« Zimgaji] < C2796=F=N) 1 <,
where Z,, denotes any left invariant vector field X;, Y; or T and N = 2n + 1.

The constant L is a fixed real number L > [s] + 1, and C is an absolute constant.
Moreover, the infimum of (22) taken over all possible decompositions (21) is an

759



760 L. Skrzypczak

equivalent norm in B ;(Hp). The details about the atomic decomposition of
Besov spaces on Riemannian manifolds can be found in [10].

Step 2. Let a;; be the smooth atom supported in Q(z;;, 277+1) Then a(z) =

a;i(zj; - 2) is a smooth atom supported in ©(0, 27J3F1). Let F3 denotes Fourier
transformation in the third variable. Let z; = (z0,y0,t0). Then

||dj,i()\)||%{s = |)\|_"/|.7:3aj7i(:v,y,)\)|2 dx dy
=[A™" / | F3aji(z + x0,y + yo, /\)|2 dzx dy,

cf. [3, p.39]. But

F3aji(x + 20,y + Yo, A) / a;i(z + 20,y + Yo, t)e V=Tt gy
/ a(z,y,t —to — %(y Sxg — T - yo))e_mt)‘ dt
= Ce—\/—_)\(to—%(y'xo—mvyo))/ alz, y, t)e” V1A g,
R
and
VI = (VTN T eV T

Thus Lemma 1 implies

2

laji (Mg < AT dz dy

/ e_\/__lt)‘Tma(:v, y,t) dt
R

c2-J
< [ Tty 0)de)? dedy
—C2-J
§C|)\|_"_2m2_j///|Tma(:c,y,t)|2dxdydt.
Now from the definition of an atom we get
(25)  [laj (Vs < CIATm—F27I0mm=550) = oy g i Gomen),

Using these estimates with m = 0 for small values of |\| and m = 2 for || big we
get

2 / de,i()‘)||HS|/\|% d\ < Co—i(s—2-n)
R\{0}
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Similarly, taking m = [%] for big values of |A| we get
27) [ lajallashirax < ezt -2,
R\{0}

Step 3. If f € Li(H™), then the operator f()\) is an integral operator with
kernel

1
Y), 5(:10 +y),N).
If a;; is an atom, then the corresponding kernels K ;‘Z are smooth functions.

If fe B{"‘{Q(Hn) and f = > 29 (8ja;, then f € L1(H") and

/fxy, (z,y,t)dxdydt = Zs”///aﬂxy, (z,y,t) dx dy dt,

K} (z,y) = I\ " Fasf(A\ (@

7,4=0
Y € S(RN). Thus
o0
K3 @) < Y Jsjal AT P30, (@ — ), (:v+y )| = Z |4 K
7,4=0 7,4=0

where K;:Z is a kernel of a;;(A). Thus
£V irs = ([ 113 ) e )2
< 3 gl M a2 = 3 Iyl s
7,4=0 7,4=0

Now the theorem follows from inequalities (26)—(27). O

Theorem 2. Let 1 < ¢ <2 and sq = Tq(n + ) Then the following inequality

(29 (L1sovtsgran) ™ < cisisg e

holds.

PROOF: For ¢ = 2 the theorem is obvious since B9 5(H") = Lo(H"), cf. [14]. We
prove the theorem for ¢ = 1. The rest follows by interpolation. Any function
f € Lo(H™) can be decomposed in the following way

(29) r0 = (Fenom+ [ o ren)
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where hg m € S(R?"F1) is given by (13), cf. [11]. Thus

A A ~ 1 A ~ ~
If M as < [1f (N hom (M s +/0 tm”f()‘)h?}Q()‘)ht/2()‘)”HS%
dt

~ ~ 1 ——m ~
< MllasllhomM as +/O NS+ heyall sty 2N s

. . 1/2 . 1/2
L1 lsiarar < ( / ||f<A>|%{S|A|"dA) ( i ||hovm<A>|%{s|A|"dA)
2 m 7.3 2 n 1/2 7 2 n 12 dt
s [T (LT o) (a0 a)
0 R R

dt
- |f|2|h0,m||2+/0 tm|\f*ht/2|\2||ht/2n2—

< Sllalltmollz + | “um= ) gyl < eyt ).

([
Corollary 2. Let 1 <g<p<2andspq= n+ 22 [%] + % + % — 1. Then the
following inequality
(30) ([ 1ioomsiar )’ " < cismEn)
holds.

Remark 2. There is also a heat semigroup version of Bernstein theorem on a
unimodular Lie group, cf. [8] and [4].
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