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DiPerna—Majda measures and uniform integrability

MARTIN KRUZIK

Abstract. The purpose of this note is to discuss the relationship among Rosenthal’s
modulus of uniform integrability, Young measures and DiPerna-Majda measures. In
particular, we give an explicit characterization of this modulus and state a criterion of
the uniform integrability in terms of these measures. Further, we show applications to
Fatou’s lemma.

Keywords: bounded sequences, DiPerna-Majda measures, Fatou’s lemma, relative se-
quential weak compactness, uniform integrability, Young measures

Classification: 28A05, 28A20, 28A33, 40A30

1. Introduction

We will consider a problem of uniform integrability of bounded sequences in
LY(Q;R™) where Q C R" is a bounded domain. Let us recall that a bounded
sequence {uy ey C L1 (Q;R™) is said to be uniformly integrable if

(1) Ve>0 3K >0 : sup/
keN J{zeQ; |ug(z)|>K}

lug(z)|dx < e.
The uniform integrability is equivalent to the relative (sequential) weak L'-com-
pactness of the sequence in question via the Dunford-Pettis compactness criterion;
cf. e.g. [13, Section IV.8] or [30]. We refer e.g. to [9], [11], [13], [22] for other criteria
ensuring the relative weak compactness. Briefly, any bounded and uniformly inte-
grable sequence {uy }ren in ! (€;R™) contains a subsequence converging weakly
in L1 (©; R™). The opposite implication is also valid: weakly converging sequences
in L'(Q;R™) are uniformly integrable. This additional requirement, namely the
uniform integrability, on bounded sequences in L1(€; R™) to be relatively weakly
compact reflects the non-reflexiveness of L1(€;R™).

Saadoune and Valadier [25] introduced the so-called Rosenthal modulus of uni-
form integrability n; cf. also [7], [19]. Taking a bounded sequence {uj}ren in
LY(Q;R™) then (“meas” stands for the Lebesgue measure on R™)

fadeen) = Jim [sup { [ Jun(o)ldss meas () <=, ac )]

e—=04 [keN
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It is proved in [25] (see also [27]) that n({uy }ren) can be equivalently expressed
as

2) M({uhier) = Jim lsup / ur(2)] da
=00 | keN J{zeq; |up(0)|> K}

We remark that the sequence {uj}ren is uniformly integrable if and only if
n({ug}ren) = 0.

To understand better the meaning of Rosenthal’s modulus let us suppose that
{up}pen in L1 (Q;R™) is not uniformly integrable. This means that

(3) Jde>0 VK >0 : sup

/ lug(z)]dz > e.
keNJ{zeQ; |ug(z)|>K}

Then n({ug }ren) is the supremum of all of these €’s. This means that for Rosen-
thal’s modulus instead of € the sharp inequality (3) changes to >. In fact, this
is the most convenient definition for our purposes and we are going to use it.
Let us just mention that we will sometimes speak about the uniform integrability
without saying explicitly that we mean that one in Ll(Q; R™).

In what follows LP(Q; R™), 1 < p < +00 is the usual Lebesgue space of measur-
able functions  — R that are integrable with their p-th power (for 1 < p < +00)
or essentially bounded on Q (if p = +00). If m = 1, we write only LP(2) instead
of LP(Q;RY). For more information we refer e.g. to [13].

The aim of the note is twofold. Firstly, to show how modern mathematical
apparatus of Young measures and their generalizations fits in the classical topic
as the uniform integrability, secondly, to provide better understanding of these
generalizations. The plan of this paper is as follows. First, we briefly intro-
duce Young measures (see [4], [20], [26], [31], [32]) and their generalization called
DiPerna-Majda measures; cf. [12], [21]. Afterwards, we study the relation between
Rosenthal’s modulus and measures of DiPerna and Majda. In particular, we give
an explicit characterization of this modulus and show its intimate relationship
to the support of these measures. We also touch properties of DiPerna-Majda
measures which were analyzed in detail in [21]. This enables us to find a new
characterization of uniformly integrable sequences. Further, we apply our results
to the Fatou lemma getting thus simple and straightforward proofs of interesting
inequalities involving Young measures.

Young measures. The Young measures [31] represent a modern mathematical
tool to hold certain “limit” information about oscillations in nonlinear problems
arising in optimal control theory, variational calculus, partial differential equa-
tions, game theory, etc.; more details about Young measures can be found, e.g.,
in [4], [6], [10], [15], [20], [21], [23], [24], [28], [29], [30]. The Young measures on
a domain 2 C R" are weakly measurable mappings « — vz : Q — rca (R™) with
values in probability measures; “rca” denotes the set of regular countably additive
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set functions on the Borel o-algebra on R™ (cf. [13]) with a bounded total varia-
tion and the adjective “weakly measurable” means that, for any v € Cy(R™), the
mapping Q@ — R : z — (vz,v) = [pm v(A)vz(d)) is measurable in the usual sense.
Let us remind that, by the Riesz theorem, rca (R™), normed by the total varia-
tion, is a Banach space which is isometrically isomorphic with Co(R™)*, where
Co(R™) stands for the space of all continuous functions R™ — R vanishing at
infinity. Let us denote the set of all Young measures by Y(Q;R™). It is known
that Y(Q;R™) is a convex subset of L(Q; rca (R™)) = L1(; Co(R™))*, where
the subscript “w” indicates the property “weakly measurable”. A classical result
[10], [28], [31] is that, for every sequence {u}rey bounded in L*°(Q; R™), there
exists its subsequence (denoted by the same indices for notational simplicity) and
a Young measure v = {vg },cq € Y(;R™) such that

(4) Vv e Co(R™) : klim vouy =y weakly* in L°°(Q),

—00

where [v o ug](z) = v(u(z)) and

(5) () = / (e ().

Let us denote by Y°°(2; R™) the set of all Young measures which are created
by this way, i.e. by taking all bounded sequences in L°°(2; R™). Note that (4)
actually holds for any v : R"™ — R continuous.

A generalization of this result was formulated by Maria Schonbek [26] (cf. also
[4], for p = 1 especially [20] and [24] where further generalization in this direction
has been performed) for the case 1 < p < +oo: for every sequence {ug}iren
bounded in LP(Q; R™) there exists its subsequence (denoted by the same indices)
and a Young measure v = {vg},cq € V(€ R™) such that

(6) Vv e Cp(R™): klim voup =v, weaklyin L'(Q),

—00

where
Cp(R™) = {v € C(R™);v(X) = o(|A|P) for |A| — oo}.

We denote by YP(Q; R™) the set of all Young measures which are created by this
way, i.e. by taking all bounded sequences in LP(; R™). The reader can find in
[20] that YP(R™) = {v € Y(ER™); [ Jrm [APrz(dX) dz < +o00}. We call a
sequence {ug }ren satisfying (6) a generating sequence of v € YP(Q; R™).

DiPerna-Majda measures. Sometimes nonlinear problems may exhibit, beside
the rapid-oscillation phenomena, also concentration effects which were previously
neglected because the LP-Young measures admits only test functions with the
growth strictly lower than p. DiPerna and Majda ([12]) developed a tool to handle
both oscillation and concentration effects simultaneously. Let us take a complete
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(i.e. containing constants and separating points from closed subsets) separable
(i.e. containing a countable subset which is dense with respect to the supremum
norm) ring R of continuous bounded functions R™ — R. It is known (cf. [14,
§3.12.21]) that there is a one-to-one correspondence R — BrR™ between such
rings and metrizable compactifications of R"™; by a compactification we mean here
a compact set, denoted by SrR™ into which R™ is embedded homeomorphically
and densely. We will not distinguish between R™ and its image in SrR™. If we
take, for example, the smallest complete ring containing only continuous functions
possessing limits for |A\| — oo, then the corresponding compactification is the one
point (Alexandroff) compactification, i.e., BrR"™ = R™U{co}. See [12], [16], [24]
for other examples.

DiPerna and Majda showed that, having a bounded sequence {uj}ren in
LP(Q;R™) with 1 < p < 400 and Q an open domain in R™, there exists its subse-
quence (denoted by the same indices), a positive Radon measure o € rca (£2), and
a Young measure o € J(Q, o; BrR™) (i.e. we consider here the closure {2 of (2 en-
dowed with the Radon measure o instead of the Lebesgue measure as previously)
such that

(7) VgelC@Q)VyeR: lim [ g(x)v(ug(x))dr =

k—oo JO
- / / 9(2)00(N) e (V)0 (dz),
Q JBrR™

where v(A) = vg(A)(1 4 |A|P). In particular, putting vg = 1 € R we can see that

lim (1 + |ugP) = o weakly* in rca(Q).
k—oo
Let us again denote by DMP% (€;R™) the set of all pairs (0,0) € rca(Q) x
V(Q,0; rR™) created by this way, i.e. DM%(Q;]R’”) contains just such (o,7)
for which there exists a sequence {uy}ren such that (7) holds; note that, tak-
ing vg = 1, we can see that such a sequence must be inevitably bounded in
LP(;R™). Also here the sequence appearing in (7) is called the generating se-
quence of (0,0) € DMY, (;R™). We refer to [21] for properties and the full
explicit description of DM %(Q; R™).

The next paragraph shows how DiPerna-Majda measures are related to non-
uniformly integrable sequences.

Remarks on concentrations. Let p =1, n=m =1, Q = (0,1) and frR =
R U {0} for a moment. There are two basic types of non-uniformly integrable
bounded sequences in Ll(Q) generating a DiPerna-Majda measure.

ExXAMPLE 1.

Eoifze(d-%,1+14
uk(x):{ (2 k2 k)

0 otherwise.
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EXAMPLE 2.

Eoif e(i—l,i 1)00,1,ZGN
vk(x)—{ fre(f-gm 5taz)n01

0 otherwise.

Similar examples to these have been already used in [24]; cf. also [5]. It can
be shown (see [24]) that {uy,}ren generates a DiPerna-Majda measure (o, 71) €
DM%Q(Q;R) such that o!(dz) = da + 2805 and D2 = &g, = # 0.5 and 1)11/2 = 0oo-

The sequence {v;, }ren generates (02, 5%) € DM%Q(Q;R) where ¢2(dz) = 2dx
and 72 = 0.560 4 0.50c for 2 € (0,1); cf. [24].

The sequence {u;} concentrates around the point z = 0.5 meanwhile {v;} ex-
hibits a “continuous” concentration smeared out uniformly throughout the whole
Q. In [21] it is shown that these two different situations are reflected in the prop-
erties of ol and o2. The measure o! is not absolutely continuous with respect to
the Lebesgue measure but o2 is.

Taking now (o, 2) € DMY%, (€;R™) (for simplicity SgR™ = R™ U {c0}) gene-
rated by some {wy, }ren and having E C Q, o-measurable, with the characteristic
function y g then it follows from [21, Theorem 2] that the following three basic
situations can take place:

(i) {XEWk} kenN is uniformly integrable if and only if ¥,(c0) = 0 for o-almost all
el

(ii) {x pwg } ke exhibits a “point” concentration at = € E if and only if ¥z (00) = 1
and o({z}) > 0, (see Example 1),

(i) {xpwg}ren shows a “continuous” concentration on E if and only if 0 <
p(00) < 1 for g-almost all o%(dx) = 2dz and 2 = 0.55¢ + 0.5~ for = € (0,1);
cf. [24].

If (i), or (iii) is valid then the restriction of o on E is absolutely continuous
with respect to the Lebesgue measure.

Recently Roubicek (see [20], [24]) proved the following result.

Proposition 1. Let {u}reny C LP(2;R™) be a generating sequence of (o,7) €
DM, (;R™). Then {|uy|P} ey is uniformly integrable if and only if

(8) /Q /ﬁ g P2 =0

In particular, taking p = 1 we have that {uy}ren is uniformly integrable if and
only if (8) is valid.
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2. DiPerna-Majda measures and the Rosenthal modulus

Let us start with the following lemma.
Lemma 1. Let {u;}peny € LY(Q) be bounded. Then n({|ug|}ren) = n({1 +
ukl}ren)-
Proo¥F: This is easy. (]
Now we show that if (0,0) € DM (Q;R™) then [q fﬁRRm\Rm Vg (dN\)o(dx)

does not depend on the particular compactification of R™, i.e., on GrR™. In
other words, we show that it is only related to the generating sequence.

Proposition 2. Let R and R’ be two separable complete and closed rings of
continuous bounded functions R™ — R and let {ug}reny C LP(Q;R™), 1 <p <
+00 generate (o,0) € DM, (Q;R™) and also (o, 0') € DM7%,,(€;R™). Then

/ / (AN o(dz) / / 7 (dA)o’ ().
RRm\Rm R,Rm\Rm

PROOF: Let us take g =1 and vg = 1 in (7). Then we have

9 lm [ (1+]up(@)P)de =

k—o0 J
- /Q /  Da(dN)o(dr) + /Q /ﬁ e g (dA)o(dz).

On the other hand, we can write Lebesgue’s decomposition of o(dz) = dg(x)dz +
o%(dz), where dy € L'(Q) is the density of the absolutely continuous part of o
with respect to the Lebesgue measure and ¢* is the singular part of o. It follows
from [21, Theorem 2] that o({x € Q; [gm Dz(dA) > 0}) = 0. Therefore, we have

//m (dN\)o(dz) // +(dN)d dx_//m (AN)do (z)dz

The second equality is due to the fact that we assume the Lebesgue measure of
9Q = O\ Q being zero.

Finally, it follows from [20, Formulae (13-15)] and [21, Theorem 1] that {u }ren
generates a Young measure v € YP(2; R") given for almost all 2 € Q by

vz (d)) = do () Pz(dA)

L+ AP
Eventually, we can write (9) as

lim [ (1+ |ug(z)P)dz =

k—oo JO
_ / / (1+ \P)ve(dr) de + / / Pe(dN)o(dz).
9] m Q ﬁRRm\Rm
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The same procedure can be done also for (¢,7’) and we obtain

lim / 1+ Jug(x)P)da =
k—oo JQ

:/Q/Rm(u|A|p)ux(dA)d:v+/Q/6R/Rm\Rmﬁ;(dA)o’(dw)-

The subtraction of the last equality from the last but one gives the assertion of
the proposition. (Il

We will need the following auxiliary and easy lemma.

Lemma 2. Let {ug}ren C LP(;R™) be bounded and generate v € YP(Q; R™).
Then also any subsequence of {uy}reN generates the same v € YP(Q; R™).

PrOOF: The proof is quite the same as Step 5 in the proof of [24, Proposi-
tion 3.2.9].
O

REMARK 1. (i) Proposition 2 and Lemma 2 lead us to the following conclusion.
If {up}ren C LP(2;R™) is bounded, generates a Young measure v € YP(Q;R™)
and, moreover, there exists limy_, . [, [ug(2)|P dz, then

lim / |ug(z)|P doe =
k—oo JO

_ /Q / Pua(d) o+ /Q /ﬁ S Po(AN)o(dz) = o()-meas (),

where (0,0) € DM%(Q; R™) is an arbitrary DiPerna-Majda measure gene-
rated by some subsequence of {up}ren. Indeed, for such subsequence, say
{ug, }1en, the last equality obviously holds and also limy_,q [ |ug(@)P dz =
limy o0 fq ug, ()P da.

(ii) Following the same proof as that of the previous lemma we can show that once
{ugpeny € LP(;R™), 1 < p < 400 is bounded and generates a Young measure
v € YP(Q;R™) than this sequence generates also 7 € Y1(Q;R™) and v = 7.

The next proposition characterizes 7.

Proposition 3. Let {ux}reny C LP(;R™), 1 < p < +oo generate (o,0) €
DM, (;R™). Then

wlhead = [ [ se(@otan

PROOF: The main idea is basically taken from Roubicek’s proof of Proposition 1.
Utilizing Lemma 1 it is sufficient to look for Rosenthal’s modulus of {14 |ug|P} ken-
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If {|ug|P} pen is uniformly integrable the assertion follows from Proposition 1. Let
us suppose that {|ug[P}ren C LY(R) is not uniformly integrable. First, let us

abbreviate
T:// Uz (dN\)o(dz).
Q BRRm\Rm

Further, we define for any o > 0 the function vg :R™ - R

0 if A[<e
VA =14 [AN—o if o<\ <o+1
1 if [A|>o+1.

Note that always vg € R. We can estimate for any o > 0

T /Q /ﬁ i Pe(Wold0) < /Q /ﬁ o AN ()

= lim | v (up(2)) (1 + |ug(2)[P) da

k—oo JQ

< sup (1 + Jug(2)[") da.

keN /{xEQ; luk (z)|>0}

This gives us that n({ug}tren) > T.
To finish the proof we have to show that T is the supremum of all of 7T’s
satisfying

(10) VK >0 : sup/
keN J{ze; |uy(x)[>K}

This will be done if for any § > 0 we find K(d) > 0 that
SUPKeEN Jiwen; uy(a) 2k (0)} (LT [ur(@)P) de < T'+6.

Let us define B, = {\ € R™; |A| < o}. We have from the Lebesgue dominated
convergence theorem

lim / / P (dN)o(dz) = / / Pe(dN)o(dz) = T.
0=~ Jo Jgrrm\B, 0 J prrm\R

For any § > 0 we can find ¢ > 0 sufficiently large that

ﬁ / Ug(dN)o(dz) < T + 0 .
[9) BRRW\BQ 4

On the other hand, there is k, > 0 that for any k > k,

(1 + |ug(z)[P)dz > T.

/Q/BRR’" V8 (N) Dz (dN)o(dz) — /Qvg(uk(x))(l + |ug(@)[P) dz| < g
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As ’Ug = 0 on B, we have also

/Q /6 o () / / [, BV (02,

Altogether we obtain that [ v§(ug(x))(1+ |ug(2)|P) dz < T'+4/2 for any k > k,.
Thus, for any k > k, also

5
/ 1+ hu@P)de < [ o)+ lu@l)de < T+ 5
(€9 Jup(2)|>0+1} Q 2
and finally,
30
sup/ 1+ |ug(z)P)de < T+ —.
k>ko J {2€Q; [ug(2)[>0+1} 4

We end up the proof recalling that the finite set {1 + |ug|,k = 1,... ,k,} is
obviously uniformly integrable, hence, we can take g > 0 such that
SUPLE(L,... ko) f{meQ; Iuk(w)lzé}(l + |ug(z)P) dz < 6/4. Eventually, we get

sup (1 + [ug(2)P) d

keN /{er; |ug (x)| >2max(o+1,0)}
< sup (1 + Jug () ") da

ke{l,...,kg}/{xeﬂ; fup (2)| > max(e+1,6)}

+swp [ (1 + g (2)P) do
k>ko J{x€Q; |uk(x)|>max(o+1,0)}
§ 36
T+-+—=T+6.
<T+o+ 7 =T+
As § > 0 has been arbitrary we see that T = sup{T; T satisfies (10)} and thus
T = n({|ug|P}ren). The proposition is proved. O

REMARK 2. If {up}ren C LP(2;R™) generates except a Young measure v €
YP(Q; R™) also some DiPerna-Majda measure, we can write

Jim [ u@ras = [ e de s (il ben).

Now we give a criterion of the uniform integrability.

Proposition 4. Let R be a separable complete and closed ring of continuous
functions R™ — R. Let {uy}ren C LP(;R™), 1 < p < 400 be bounded. Then

) se= s [ e@en) = (e

(o,0)eU
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where U is a set of all (0,0) € DMY,(Q; R™) that are generated by some subse-
quence of {ug}ren-

ProoF: Indeed, we have n({|ugPtren) = S. If n({|uglP}ren) > S, then we
would be able to extract a subsequence from {ug}ren which generates (o,0) €
DM (9 R™) and for which [q fﬁRRM\Rm Uz(dN\)o(dz) > S contrary to the de-
finition of S.

O

Corollary 1. Under the assumptions of the above proposition the sequence
{|ug|P}ren Is uniformly integrable if and only if S = 0.

PrOOF: It follows from the previous proposition or, alternatively, from Proposi-
tion 1.
]

In particular, if BrR™ is just the one point Alexandroff compactification of
R™, ie., if frR™ \ R"™ = {oo}, then (11) reduces to
V (0,0) €U Dz(c0) =0 for o-almost all z € Q.

3. Applications to Fatou’s lemma

Proposition 5 (see [19], [25]). Let {ugtreny € LP(R™), 1 < p < 400 be
bounded and such that there exists limy,_, . [q, [ug(2)|P dz. Then

12 [ i P ds < in [ ju@P de- oo e
Q k—oo k—oo JQ

Taking our characterization of the Rosenthal modulus into the play we can
come up with the following assertions.

Corollary 2. Under the assumptions of Proposition 5, (12) is equivalent to

/1iminf|uk(x)|pdx§ lim/|uk(x)|pdac— sup // Uy (dN)o(dz),
Q k—oo k—oo Jq (o,0)eUd JQ J BrR™\R™

where U C DM%(Q; R™) contains all of DiPerna-Majda measures generated by
some subsequence of {ug}ren-

ProOF: It follows immediately from Propositions 4 and 5. O

Proposition 6. Let {ug}lreny C LP(;R™), 1 < p < 400 be bounded and
generate a Young measure v € YP(Q; R™). Then

/1iminf|uk(x)|pdx§// |)\|pux(d)\)dx§hminf/ lug(z)P dz.
Q k—oo Q JrRm k—oo Jo
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PRrROOF: The second inequality is standard and can be found e.g. in [20], [29].
Let us prove the first one. Let {ug, };en be such subsequence of {uj}ren that
generates except the Young measure v also some DiPerna-Majda measure. This
means due to Remark 2 that

tim [ g, @) de = [ [ Pra(@0) do o+ ({fu Pher)
l—o00 JO Q Jrm

where 7({|ug,[P};en) is given by Proposition 3. Applying now Proposition 5 to
this subsequence we have

/liminf|ukl(a:)|pd:c§// [APrg(dX) dz
Q l—oo Q Jrm

and because [, liminfy,_ o [ug(2)[P dz < [ liminf;_ o Jug, ()P dz we obtain the
assertion. 0

Corollary 3. Let {ug}reny C LP(;R™), 1 < p < 400 be bounded. Then

/ lim inf |ug (z)|P dz < inf / / [AMPrg(dA) dx < liminf/ |ug ()P dz,

Q k—oo veld Jo JrRm k—oo JO

where U C YP(Q; R™) contains all of Young measures generated by some subse-
quence of {ug}reN-

PROOF: Let {vg}rew be a subsequence of {uy, }pen that generates v € YP(; R™).
According to the Proposition 6

/ lim inf |vg (z)|P dz §/ / APz (dN) da,
9] k—oo 9] m

/liminf|uk(x)|pdx§// [APrz(dA) dz.
Q k—oo Q JrRm

The first inequality follows straightforwardly.

Now let {wy}ren be such subsequence of {uy }ren that
limg o [q lwg(2)|P de = liminfy_, o [q [ug(2)[P dz and that it generates o €
YP(Q; R™). Then due to the previous proposition

/ / IAP7,(d)) dz < liminf / g (2)|P d
Q Jrm k—oo JO

from which we have the second inequality. O

which gives
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