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On closure of the pre-images of families of mappings

OLEG ZAYTSEV

Abstract. The closures of the pre-images associated with families of mappings in different
topologies of normed spaces are considered. The question of finding a description of
these closures by means of families of the same kind as original ones is studied. It is
shown that for the case of the weak topology this question may be reduced to finding an
appropriate closure of a given family. There are discussed various situations when the
description may be obtained for the case of the strong topology. An example of a family
is constructed which shows that it is, in general, impossible to find such a description
for this case.
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1. Introduction

Let A = {AX}XEA be a family of continuous mappings Ay : X — Y where X,Y
are normed spaces. For f € Y we set Z(2, f) = {u eX|Awu=f A€ 2[}
We are interested in the question: Does there exist a family B = {Ag}ycp of
continuous mappings Ay : X — Y such that for every f € Y the set Z (B, f)
coincides with the closure of Z (2, f) in the strong (weak) topology of X?

For u € X let us denote by F (2, u) the set {Ayu| A, € A}. For the case
of the strong topology, assuming that each A, maps X onto Y and there exist
constants v1, 9 > 0 such that
viflu—vllx < |[Ayu— AX’UHY <wyllu—wvlx forall u,ve X, forall xe€A,
the above stated question becomes to: Is it possible to find such a family B C
C(X,Y) that for every u € X the set F (B, u) is equal to the closure of F (2, u)
in the strong topology of Y7

The prototype of this question is the problem of extension of optimal control
problems with cost functionals which do not depend on controls. Indeed, an
extension of the problem

) J (1) — min
(1) Au=fiue X, Ae
is often searched in the form
J (u) — min
Bu= f,ue X,B € B,
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where B is a larger set of operators (we refer to [7] for a general definition of
extension of an abstract variational problem). The necessity to be in agreement
with the continuity properties of the cost functional J causes special demands on
the properties of B. If J is weakly continuous, then one must seek the closure of
Z (A, f) in the weak topology of X and the extension of (1) is simply the passage
from the set 2 to the G-closure of the set 2. If J is not weakly continuous, then
in the process of extension it is necessary to preserve the strong closure of the set
of feasible states Z (2, f) in the above mentioned sense.

There are many results on extensions of optimal control problems. See, for
instance, [7] and [16] for the case of ordinary differential equations and [10], [11],
[12], [14], [15] for the case of elliptic equations. We also refer to [1], [2], [5], [13]
and references therein for related questions.

It is clear that most of these successful extensions have, as a basis, some ab-
stract properties of the involved families of mappings (defined by state equations
and sets of admissible controls). The purpose of the present paper is to discuss
and systematize these properties for various situations.

Since the source of the problem studied in this paper lies in the field of opti-
mal control problems for ODEs and PDEs, we will deal mainly with families of
mappings between Banach spaces (Sections 4, 5) and we will illustrate our results
by examples of families which are encountered in this field. A part of our results
depends only on some general properties of families of mappings and we formulate
them in the setting of topological spaces (Section 3).

2. Basic notations

The letters X, 2 will denote topological spaces. The symbol cl means the
closure operation in X. By C (%,9)) we denote the set of all continuous mappings
of X into ). The regularity of a topological space X is meant in the sense of
[4]. Let A C C'(X,9). For 2 € X, € Y we define F (A, ) = {AZ | A € A} and
ZAg) ={zreX|Ar=7,AcU}.

The letters X,Y will always denote real normed spaces. The symbol “—”
(=" and “”) means to be “strongly convergent to” (“weakly convergent to”
and “weakly * convergent to”, respectively). For M C X, cls M (cly, M) stands
for the strong (weak) closure of M in X. Denote by B(X,Y) (C(X,Y)) the set
of all continuous linear (continuous) mappings of X with values in Y.

For a multivalued mapping F : X ~» Y its inverse F 1 : Y ~» X is defined in
the following way: x € F~! (y) if and only if y € F (). The symbol cls F (cly, F)
denotes the multivalued mapping defined by (cls F) (z) = cls F (z) ((clw F) (z) =
cly F (z)) for z € X.

Let 2 be a subset of C (X,Y). The symbol cly, 2 means the closure of 2 in
the metric topology of C' (X,Y’). The symbol cls 2 (cl, ) denotes the sequential
closure of 2 in the topology of point-wise convergence in C' (X,Y) when Y is
endowed with strong (weak) topology.

Let R™ denote the n-dimensional Euclidean space and 2 a bounded open subset
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of R™. C§°(Q) is the set of all functions with compact support in Q having all
derivatives of arbitrary order continuous in Q. LP (), 1 < p < oo are the usual
Lebesgue spaces of measurable functions f on Q. H! () is the Sobolev space of
functions f € L? () such that df/0x; € L% (Q), 1 < i < n, with the usual norm.
H} () is the closure of C§° (Q) in H! (). H~1 () is the dual space of H} ().
For f € L' (), supp f denotes the support of f.

3. The abstract case

Let K C C(%,9) be a fixed set and let A C K. A family B C C (%,9)) is said
to be a K -extension of 2 if

) cdZ A, y)=Z(B,y) forall ye9,
@ ACBCK.

The role of the set K is to select from all continuous mappings those which are
of interest. The mappings from K usually describe a concrete physical process and
according to the physical laws processes of this type are described by equations
of specific kind. So, from the practical point of view the possible extensions must
be subsets of K.

In this section, we present an abstract result concerning existence of K-exten-
sions of families of mappings. This result becomes possible due to the relative
compactness of the families in the topology of point-wise convergence in C (%, 9)).

Let us recall a useful definition. A family 2 is said to be uniformly continuous
if for every z € X, and every y € 2), for any neighborhood V of y, there exist
neighborhoods U and W of x and y, respectively, such that whenever A € 20 and
Az € W then AU C V (cf. [4]).

Proposition 3.1. Let ) be a regular topological space. Let 2 be a uniformly
continuous family. Let B be a closure of 2 in the topology of point-wise conver-
gence in C' (X,9).

(i) If A is such that for every x € X the closure of the set F' (A, x) is compact
in %), then

cdZA,y)C Z(B,y) foral ye9.

(ii) If A is such that for any generalized sequence {yw}ye@ C 9, for every
x € X such that y, = Ayx, Ay, € A for all v € © and y, — y in 9, there
is a generalized sequence {zﬁ}BeE C X for which y = Agxg, Ag € A for
all f € E and xg — x in X, then

Z(B,y) CclZ™,y) forall yec.

493



494

O. Zaytsev

PROOF: Let « € cl Z (2, y). Then there are generalized sequences {A’Y}yee cA
and {x’Y}ye@ such that x4 — 2 in X and y = Ayz, for all vy € ©. Put G (z) =

clF (2, z) for any x € X. The set M = [[,cxG (2) is compact in the space
3 = [lpex Dz endowed with the Tychonoff topology (Y = 9,z € X). Hence
the generalized sequence {zfy} 2y = {A“Yx}:cex contains a subsequence {zﬁ}
which converges to some z € M. It is clear that z = { Az}, 4 for some mapping
A: X — 9. We have also that Az = y. It may be seen that A € C' (%,92)). Indeed,
let z € X and V C ) be a neighborhood of Ax. Since Q) is regular, there is an
open set Vi C Q) such that Az € V3 € V4 C V. Since 2 is uniformly continuous,
there exists a neighborhood U of = such that AU C V.

Let x € Z(®B,y). Then Az = y for some A € B. Since B is a closure of A
in the topology of point-wise convergence in C (X,9)), there exists a generalized
sequence {A«,}Wee C 2 such that Ayz — y in Y. From the corresponding

assumption it follows that there exists a generalized sequence {xﬁ} ges such that
rg — xin X and y = Agwg, Ag € A for all 3 € Z. Hence z € cl Z (A, y). O

The next theorem is an immediate consequence of Proposition 3.1.

Theorem 3.1. Let ) be a regular topological space. Let K be a non-empty
subset of C (X,9) which is closed in C (%,9)) equipped with the topology of
point-wise convergence. Let 2l C K be a uniformly continuous family. Suppose
that 2 satisfies assumptions from (i) and (ii) of the previous proposition. Then
the closure of % in C (X,9)) equipped with the topology of point-wise convergence
is the K-extension of .

Here we would like to point out that the situation described in this theo-
rem corresponds to a great part of optimal control problems for ODEs and for
PDEs where controls appear in boundary conditions and on the right-hand side
([9], [16]). Such problems may be very often described in the following way.

Let X,Y,V be separable normed spaces and Ly : V — Y compact linear
operator. Assume that a family € of operators of X into V is bounded in the
normed space B (X,V) and Ly € B(X,Y) is an isomorphism. Consider the

family
A={Ly+ L1C|Cec}.

If there exists 0 < ¢ < 1 such that HL2_1L10H < g for any C' € €, then the
family 9 which is a closure of 2 in the strong operator topology of B (X,Y) is a
K-extension of 2 with K = B(X,Y).

4. Weak and strong closures

First of all, let us investigate the case of weak closure. This can be done by
using the theory of G-convergence of abstract operators ([17]).

Let X be a separable reflexive Banach space and X™* be its conjugate. Let
v1,v3 > 0. Denote by M (v1,v2) the class of mappings A : X — X ™ satisfying
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the conditions

(Az — Ay,z —y) > 1 |z —yll%

3)

Az — Ayl x« < vallz -yl x,

where (-,-) is duality between X* and X. We recall that by Browder-Minty
theorem ([6]) each A € M (v1,v2) has continuous inverse A~1 : X* — X.

A mapping A : X — X* satisfying condition (3) is said to be a G-limit of the
sequence {A} C M (v1,72) and the sequence {A} G-converges to A if for every
¥ e X*

A;lx* —~ A% in X,

By using the diagonal process, one can prove

Proposition 4.1. Let 2l C M (vq,v2) for some vi,v2 > 0. Suppose that for
x =0 the set F' (A, x) is bounded in X*.

(i) If B is a set of all G-limits of G-convergent sequences from 2, then B C
M (1/1,1/1_11/22) and

cly Z (A, 2*) = Z (B,z*) forall z* € X*.
(if) If € =cly A, then € C M (v1,v2) and

cly F (A, z) = F (€, z) forall ze€X.

Further, for a family 20 C M (v1, v3) we shall denote by clg 2 the set of all G-
limits of G-convergent sequences from 2. It should be noted that for some classes
of differential operators there are many results which give an explicit description
(by means of coefficients of a differential operator) of a G-closure (see, for instance,
[3], [11], [17] and references therein).

Now let us consider the problem of the strong closure. For this, it is useful to
admit the following definition. Let K C C (X,Y) be a fixed set and let A C K.
A family B C C (X,Y) is called a strong K -extension of 2 if (2) is fulfilled with
clg instead of cl.

Denote by L (v1, v2) the class of mappings A : X — Y satisfying the conditions

v |lzr — x2|ly < |Azyr — Axally < vallzy —a2l|x for all zq,z9 € X,
A maps X onto Y.

As was mentioned in Introduction, the problem of finding a description of
strong closures of sets F' (A, z), z € X for family 2 from L (v1,13) is equivalent
to the analogous problem for sets Z (2,y), y € Y. It is a consequence of the
following proposition.
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Proposition 4.2. Let A C L(vy,v9) for some vi,v3 > 0. Let F : X ~~ Y
be a multivalued mapping defined as F (x) = F (™, z) for all x € X. Then
s F71 = (cly F)7L.

PRrROOF: The proof is straightforward. (]
We have

Proposition 4.3. Let 2l C L (v1,v) for some vi,vy > 0. If 2 is sequentially
compact in the topology of point-wise convergence in C (X,Y), then

cls Z(A,y) =Z (cls™U,y) forall yeY.

If 2 is sequentially compact in the topology of uniform convergence in C (X,Y),
then
cs Z(N,y)=Z(cl,N,y) forall yey.

PRrROOF: Let x € clg Z (A,y). Then there exist sequences {xp} and {Ap} C A
such that Az, = y and z;, — x in X. Since 2 is sequentially compact in the
topology of point-wise convergence in C (X,Y’), there is a subsequence of {Ag}
(still denoted {Aj}) which point-wisely converges to some A € C(X,Y). By
means of the inequality

ly — Azlly < ||Apzp — Apzlly + | Apz — Azlly

we get that Az = y. Hence z € Z (cls 2, y).

Let 2 € Z (cls 2, y). Then for some A € cls 2 we have Ax = y. Since A € clg 2,
there is a sequence {A;} C 2 which point-wisely converges to A. Define the
sequence {z}} by the equations Agzy = y. Now from the inequality

(4) v ek — ol x < [ Agzr — Apzlly = lly — Agzlly

it follows that xp — = in X, i.e. z € cls Z (2, y).
The proof of the second statement is similar. (|

It is easy to see that if X is separable and a family % C L (v1,v2) is such that
the closure of the set F' (2, z) is compact in Y for all z € X, then 2 is sequentially
compact in the topology of point-wise convergence in C' (X,Y"). To illustrate this
situation, let us consider an example.

Let X = H}(Q) and Y = H~1(Q). Let a be an n x n-matrix with entries
from L*° (92) such that

(a(x)€,6) > veE? ae. zeQ, forall €€R™ (v>0).

Let {b?}aeA CL>®(Q),1<i<nandlet {c*} cp C L®(Q) be bounded sets
of functions. Consider a family 2 consisting of operators Ay : X — Y, a € A

defined by
Aqu = —divaVu + bjfuz, + c*u for all uwe X,
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where summation over repeated indices is assumed. Let us denote by K the set
of operators of the same kind as A, (linear second order elliptic operators in
divergence form). Let pg be a constant such that pg < ¢ (z) a.e. z € Q, for
all @« € A. Then one can see that under some obvious assumptions on 2 and on
the constant uo the family 2 belongs to L (v, v2) for some vy, 9 > 0. It is also
clear that the closure of the set ' (U, u) is compact in Y for all v € X. Hence the
strong K-extension of the family 2l may be chosen as its sequential closure in the
strong operator topology of B (X,Y).

The same reasoning is valid for cases of general second order linear elliptic
systems with the fixed second order terms.

In the case when X and Y are separable reflexive Banach spaces we have

Proposition 4.4. Let A C L (v1,v2) for some v1,vy > 0. Suppose that for v = 0
the set F (2, x) is bounded in Y. Assume also that

(5) cly F(A,z) =cls F(A,z) forall zeX.

Then
cls Z (A, y) = Z (clyN,y) forall yey.

PRrROOF: Let x € cls Z (2A,y). Then there exist sequences {x;} and {Ap} C &
such that Apz, = y and 73, — x in X. By assumption of the proposition, the
set F (2, z) is bounded in Y for all z € X. By the diagonal process, we can
extract a subsequence of {Ay} (still denoted {Ag}) which point-wisely converges
in C(X,Y) where Y is considered with the weak topology to some mapping A.
It is also clear that A satisfies

|Az1 — Axa|ly < vollxr — a2y for all zq,20 € X.
By using the inequality
[Agz — Apzglly <velle —2pllx

we obtain that Az =y. This gives that z € Z (cly, A, y).

Let © € Z(clyA,y). Then there is A € cly, 2 such that Az = y. By the
condition (5), there exists a sequence { Ay} C A such that Ayz — y in Y. Define
the sequence {z} by the equations Aizy = y. It follows from the inequality (4)
that 2 — x in X. In other words, = € cls Z (2, y). O

Condition (5) of this proposition is satisfied if clg F' (2, x) is convex in YV for
all x € X. This situation often occurs in optimal control problems for distributed
parameter systems described by the second order elliptic (or parabolic) equa-
tions when controls appear only in the first order terms and the set of admissible
controls is decomposable. There are analogous results when controls appear in
the second order terms and the set of admissible controls is decomposable (see
[11], [12], [15]).
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We remind that a set M C L1 (Q) is called decomposable if for all f,g € M and
for any characteristic function x of a measurable subset of {2, the set M contains
the element xf + (1 — x) g.

The other possible situation is when all sets F' (A, z) ,x € X are closed in Y. If
this is the case, 2 is the strong A-extension of itself, provided that A C L (v1,v2)
for some vq,v9 > 0. For instance, if {aX}XeA C L* () is decomposable and

closed in L2 (Q2) and there exist v1,v2 > 0 such that v; < ay(z) < v2 a.e. z € ,

for all x € A, then the set
Ut (&)
— (ay—
oA dz dz

is closed in H~1 () for any u € H{ (Q).

The following example shows that a strong K-extension of a given family 2 C
K for some natural K may not exist.

Let Q@ = (0,1) and a®(2) = (1+e)x+A(e7tz) (1—x), 1 > ¢ > 0 where
X is the characteristic function of the interval (0,1/2) and A (z) = 1—10 sinx + 2.
It is clear that a° = a® = 2 — x in L™ (Q) as ¢ — 0. Define the operators

A HY(Q) — H71(Q) as
d d
e _ e
A= dx (a d:c>'

Set A = {Ae}ee(071}. For u € H} (Q) let us denote by G (u) the strong closure of
F(,u) in H~1(Q). If u € H} () is such that the set suppw’ N (1/2,1) is non-
empty, then G (u) = {(aau’), [0<e< 1}. It is also clear that (aou')/ € G (u)if
suppu’ C [0,1/2]. Let us assume that there exists the operator

d d
6 A=—(b—),b€ L>®(Q
(6) dx ( d:z:)7 < @),
which is a selection of the multivalued mapping G and Av = (aov')/ where v
belongs to C3° (0,1/2) and the set suppwv is non-empty. Put ¢ = v + 9 for

e,

Y € C§°(1/2,1) with non-empty set support. From the equalities Ap = (a @ )/,
e =c¢(p) and Av = (aov')/ in H=1(Q) it follows that (b—a®) v’ = ¢; = const,
(b—a®) ¢’ = co = const in L? (Q) and (a® (z) — a® (z)) v (z) = c3 = const a.e.
x € (0,1/2). Hence ev’ (z) = const a.e. = € (0,1/2). But this is impossible since
the support of the function v is non-empty. Consequently, we conclude that there
does not exist any family B of the differential operators of the divergence type
such that
G (u)=F (B,u) forall ue H}(Q).

Thus, if K is a class of operators of the form (6) for which 1 < b(z) < 3 a.e.
x € (Q, there does not exist a strong K-extension of 2.
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5. Other closures

For a given family 2 of continuous mappings of X into Y let us consider various
closures of the graph grF of the multivalued mapping F : X ~» Y defined as
F(zx)=F A, z) forall z € X.

First of all, we shall construct a family 2 for which the closure of gr F in the
weak topology of X X Y coincides with the whole space X x Y.

Let @ = (0,1) and X = H} (Q), Y = H~1(Q). Let A = {AX}XEA where A is
the set of all characteristic functions of measurable subsets of (2 and

d d
Ay =— (1 — A.
Let A: R — {—1,1} be the 1-periodic function

1 for te(0,1/2),
vo= !, Brecl

~1 for te[1/2,1).
Set A" () = A (nx), X" = (L+A") /2 and u” (z) = [§ A" (t) dt, n =1,2,.... It
is clear that «™ — 0 in H} (€2). On the other hand, (1 + x") % - % in L2 (Q).

Denote by wy, 1, the intervals (%, %), k=0,1,... m—1,m=1,2,.... Put

U:Ln,k = Xm,kul(m’"), k=0,1,...,m—1; m,n = 1,2,... where [ (m,n) = mn

and Xy,  is the characteristic function of wy, ;.. Hence v)) , — 0 in HO1 (Q) and
d n

T+x™ Ud’g’k - %Xm,k in L2 (Q) as n — +o0o. Thus, we see that the element

(0, f) belongs to the weak closure of gr F for f = g—g when g is equal to a simple

function constructed by means of the intervals w,, ;. Since the strong closure
of the set consisting of such f coincides with H—1 (Q), the weak closure of gr F
coincides with X x Y.

For a multivalued mapping F, it is interesting to consider repeated closures of
gr F, i.e. when, for instance, one first considers weak or strong closure of F _1(y)
for every y € Y and obtains a multivalued mapping G, then one considers weak
or strong closure of G(x) for every x € X. The results concerning such closures
are summarized in Proposition 5.1.

Define multivalued mappings G;, Gi,1<i<4 setting for every x € X

Gr (z) = (clw (clu ]-')_1) N 2), 61 (2) = el (dw ]—"‘1) (),

G2 (2) = (el (A 7)) (). G2 ) =ty (A 7)),
1

g3 (x) = (clw (cls .7-')_1)_1 (2) .Gs () = cly (cls .7:_1)_ (z),

-1 -1

g4(:1:):(cls (cls]-')_l) (z),Ga () = cls (cls}'_l) (z).

If Y = X* and X is a separable reflexive Banach space we have
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Proposition 5.1. Let 2 C M (v1,v2). Suppose that for x = 0 the set F (A, x)
is bounded in X*. Then for every x € X

G1(z) = F (clgcly A, 2),G1 (z) = F (cly clg A, ),
Go (z) = F (cly A, 2),Go (2) = F (clg A, z),
G3 (z) = F (g, z),G3 (z) = F (cly A, z)

Gi(x)=cls F(U,z),G4(x) =cls F (A, z).

ProOF: We will prove only that Gy (z) = F (clgcly 2, z) for any x € X. The
other equalities can be proved in a similar manner.

Denote by H the multivalued mapping defined as H (z) = F (cly, A, x) for
all x € X. By Proposition 4.1, cl, F (2,2) = H(x) for every z € X and
cly H™ () = cly Z (cly A, y) = Z (clg cly A, y) for every y € Y. Hence Gy () =
F (clgcly A, z) for any z € X. O
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