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Uniformly p-continuous topologies on
Kothe-Bochner spaces and Orlicz-Bochner spaces

KRrRzZYszTOF FELEDZIAK

Abstract. Some class of locally solid topologies (called uniformly p-continuous) on
Kothe-Bochner spaces that are continuous with respect to some natural two-norm con-
vergence are introduced and studied. A characterization of uniformly p-continuous
topologies in terms of some family of pseudonorms is given. The finest uniformly p-
continuous topology 7,7 (X) on the Orlicz-Bochner space L¥(X) is a generalized mixed
topology in the sense of P. Turpin (see [11, Chapter I]).
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1. Preliminaries.

For notation and terminology concerning locally solid Riesz spaces we refer
to [1].

Throughout the paper let (2, X, 1) be a complete o-finite measure space and
let L9 denote the corresponding space of equivalence classes of all ¥-measurable
real valued functions. Then L0 is a super Dedekind complete Riesz space under
the ordering u; < ug whenever uj(w) < ug(w) p-a.e. on .

For v € LY let us put

[lullp = inf{XA > 0: p({w € Q: Ju(w)| > A}) < A}

It is easy to see that a sequence (uy) in LY is convergent to u € LO in measure
on 2 (in symbols up — u (pn — Q)) iff |[up — |y — 0. We will denote by 7, the
topology on LY of || - || 4.

For a subset A of Q let x 4 stand for its characteristic function.

Let [z] denote the greatest integer which is less or equal to a real number x.

Let (E, | -||g) be an F-normed function space, that is F is an ideal of L9 with
suppE = Q and || - || g is a complete Riesz F-norm. The Kéthe dual E' of E is
defined by

E ={velL’: /Q Ju(w)v(w)|dp < co for all u € E}.
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In case (E, || - |g) is a Banach function space the associated norm || - || g on E’
can be defined for v € E' by

ol = sup{| /Q u(@)o() dp| : u € B, Jlullp <1},

We will write A, \, 0 when (A,,) is a decreasing sequence in ¥ such that
w(An N A) — 0 for every A € ¥ with p(A) < oo.

We denote by E, the ideal of elements of absolutely continuous norm in E, i.e.
Eo={ue FE:|xa,ullg— 0as A, \, 0}.

Let (X, - ||x) be a real Banach space, and let Sx and Bx denote the unit
sphere and the closed unit ball in X, respectively.

By L° (X) we will denote the linear space of equivalence classes of all strongly
Y-measurable functions f: Q — X.

For f € LY(X) let us put

IF17 = imf{A > 0 u({w € Q: || f(W)llx > A}) < A}

We say that a sequence (f,,) in LO(X) is convergent to f € L?(X) in measure on
Q (in symbols fp, — f (1 —Q)) whenever p({w € Q: || fn(w) — f(W)llx >¢€}) =0
for every ¢ > 0. It can be seen that a sequence (f,,) in L%(X) is convergent to
f € LY9(X) in measure on  iff || f,, — f||ff — 0. The topology on LY(X) of || - ||ff
will be denoted by 7,(X).

For f € LO(X) let

fl)=[lfW)lx for weQ.

The linear space E(X) = {f € LX) : f € E} provided with the norm
1 flex) = | fll & is called a Kéthe-Bochner space (see [2], [3]).

Now we recall some concepts and terminology concerning locally solid topolo-
gies on vector-valued function spaces as set out in [3].

A subset H of E(X) is said to be solid whenever || f1(w)||x < ||fe(w)]lx wu-a.e.
and f1 € E(X), fo € H imply f; € H.

A pseudonorm p on E(X) is said to be solid whenever for fi, fo € E(X),
[Aiw)llx < [lf2(w)llx  p-a.e. imply p(f1) < p(f2).

A linear topology 7 on E(X) is said to be locally solid if it has a basis for
neighbourhoods of zero consisting of solid sets.

A linear topology 7 on F(X) that is at the same time locally solid and locally
convex will be called a locally convez-solid topology on E(X).

Theorem 1.1 (see [3, Theorem 2.2, Theorem 2.3]). For a linear topology T on
E(X) the following statements are equivalent:

(i) 7 is a locally solid topology (respectively T is a locally convex-solid topo-

logy);
(ii) 7 is generated by some family of solid pseudonorms (respectively semi-

norms).
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Now we are going to explain the relationship between locally solid topologies
on E and E(X) (see [3]).
Let p be a Riesz pseudonorm (respectively seminorm) on F, and let

p(f) == p(f) for fe E(X).

Then P is a solid pseudonorm (respectively seminorm) on E(X).

Next, fix x € Sx. Given u € E let us put t(w) := u(w) - z for w € Q. Then
7€ LY9(X) and ||a(w)|| x = |u(w)| for w € Q, so T € E(X).

Let p be a solid pseudonorm (respectively seminorm) on E(X), and let

p(u) := p(w) for u e E.
Then p is a Riesz pseudonorm (respectively seminorm) on F.

Theorem 1.2 (see [3, Lemma 3.1]). (i) If p is a solid pseudonorm on E(X),
then 7(f) = plf) for f € B(X).
(ii) If p is a Riesz pseudonorm on E, then

p(u) =p(u) for u e E.

Let 7 be a locally solid topology on F(X) generated by some family {pq : « €
{a}} of solid pseudonorms defined on E(X). By 7 we will denote the locally solid
topology on E generated by the family {p, : a € {a}} of Riesz pseudonorms
on E. If 7 is a Hausdorfl topology, then so is 7.

In turn, let £ be a locally solid topology on E generated by some family {pq :
a € {a}} of Riesz pseudonorms on E. By ¢ we will denote the locally solid
topology on E(X) generated by the family {p,, : o € {a}} of solid pseudonorms
on E(X). Then ¢ is a Hausdorff topology, whenever ¢ is Hausdorff.

Theorem 1.3 (see [3, Theorem 3.2]). (i) For a locally solid topology T on E(X)
we have: T=r.

(ii) For a locally solid topology & on E we have: ?: £.

Now we recall some notation and terminology concerning Orlicz spaces (see [5],
[6], [11] for more details).

By an Orlicz function we mean a function ¢ : [0,00) — [0, cc0] which is non-
decreasing, left continuous, continuous at 0 with ¢(0) = 0 and not identically
equal to 0.

A convex Orlicz function is usually called a Young function. For a Young
function ¢ we denote by ¢* the function complementary to ¢ in the sense of

Young, i.e.
©*(s) =sup{ts — ¢(t) : t > 0} for s> 0.

Let ¢ and ¢ be a pair of Orlicz functions vanishing only at zero (respectively
taking only finite values). We say that ¢ increases essentially more rapidly than v
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1
for small ¢ (respectively for large ¢) denoted 1 = ¢ (respectively ¥ << @), when-
ever for any ¢ > 0, v¢(ct)/p(t) — 0 ast — 0 (respectively t — c0). We will write

1
1) << ¢ when ¥ <S< @ and 1 << hold. For ¢ and v being Young functions the

1 1
condition = ¢ (respectively 1 << ) implies p* 2= ¥* (respectively p* << 1)*)
(see [5, Lemma 13.1]).
An Orlicz function ¢ determines a functional my, : LY — [0, o0] by

() = /Q o([u(w)]) dps.

The Orlicz space generated by ¢ is the ideal of LO defined by
LY ={uelLl: myp(Au) < oo for some A > 0}.

L¥ can be equipped with the complete metrizable topology 7, of the F*-norm
. U
ully = 1nf{)\ >0: m¢(X) < )\},

Let

0 for 0<t<1
wo(t) =

1 for ¢t>1.

It is known that L¥0 is the largest Orlicz space and consists of all those u € L?
that are bounded outside of some set of finite measure and ||u||y, = [|u||,, for all
u € L¥0. (see [11, 0.3.4]).

Moreover one can check that L¥° is the largest linear subspace of L9 such that
the functional || - ||, restricted to L¥° is an F-norm.

We will write || - ||, and 7, instead of || - ||, and 7, respectively.

Moreover, if ¢ is a Young function, then the topology 7, can be generated by
the Luxemburg norm:

llulllp = inf{)\ >0: mp(g) < 1}.

For an Orlicz function ¢ let
E? ={ue L% :my(\u) < oo forall >0}

and
Lf ={ueL?:|lug,ll, =0 as A, \, 0}

It is well known that E¥ = L¥ whenever ¢ takes only finite values. Moreover, for
every Young function ¢ the identity (L¥) = L¥" holds.
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Let M, : L%(X) — [0, 00] be defined by

M(f) = /Q o F@)llx) dye.

Thus My(f) = my(f). The Kéthe-Bochner space
LP(X)={f e L%X): f € L¥}
={feLl’X): My(Af) < oo for some A > 0}

is usually called an Orlicz-Bochner space and is equipped with the F-norm

1fllzex) = Il for fe L9(X).

We will denote by 7,(X) the topology on L¥(X) generated by the F-norm
|+ llLe(x)- Moreover, if ¢ is a Young function, then 7,(X) is generated by
the Luxemburg norm: |[fllze(x) = |||f|||sp for f € L¥P(X). We will write | - ||ff
and 7,(X) instead of || - || v (x) and T, (X), respectively.

2. Uniformly p-continuous topologies on Kéthe-Bochner spaces

Definition 2.1. (i) A solid pseudonorm p on E(X) is said to be uniformly u-
continuous, whenever f, € E(X), fn — 0 (p — Q) with sup, || fnllpx) < o0
imply p(fn) — 0.

(ii) A locally solid topology 7 on E(X) is said to be uniformly u-continuous
whenever fy, € E(X), fn — 0 (p— Q) with sup,, || fnllp(x) < oo imply fn 0.

In view of [3, Theorem 2.3] a locally solid topology 7 on E(X) is uniformly
p-continuous iff it is generated by some family {p, : a € {a}} of uniformly
p~continuous pseudonorms defined on F(X).

It is easy to prove the following lemma.

Lemma 2.1. (i) If p is a uniformly p-continuous pseudonorm on E(X), then p
is a uniformly p-continuous pseudonorm on E (i.e. up € E uy — 0 (u— Q) with
supy, [[un||p < oo imply p(un) — 0).
(ii) If p is a uniformly p-continuous pseudonorm on E, then p is a uniformly
p-continuous pseudonorm on E(X).

From Lemma 2.1 we easily get the following theorem that explains the rela-
tionship between uniformly p-continuous topologies on E and E(X).

Theorem 2.2. (i) If 7 is a uniformly p-continuous topology on E(X), then T
is a uniformly p-continuous topology on E.

(ii) If ¢ is a uniformly p-continuous topology on E, then & is a uniformly
p-continuous topology on E(X).

We shall need the following result.
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Theorem 2.3. (i) If 7 is the finest uniformly u-continuous topology on E(X),
then 7 is the finest uniformly p-continuous topology on E.

(ii) If ¢ is the finest uniformly u-continuous topology on E, then ¢ is the finest
uniformly p-continuous topology on E(X).

PROOF: (i) Let £ be a uniformly p-continuous topology on E. By Theorem 2.2
¢ is a uniformly p-continuous topology on E(X), so & C 7. By [3, Theorem 3.3]
and Theorem 1.3 & = & C 7, as desired.

(ii) Let 7 be a uniformly u-continuous topology on E(X). By Theorem 2.2 7T
is a uniformly p-continuous topology on E, so 7 C £. By [3, Theorem 3.3] and
Theorem 1.3 7 =7 C &, as desired. O

Now we are going to give a description of uniformly p-continuous topologies

on Orlicz-Bochner spaces. We start with the following definition.

Definition 2.2. A solid pseudonorm p on E(X) is said to be uniformly summable
whenever the following conditions hold:
For every r > 0

(*) sup{p(xasnf) : f € E(X), Ifllgcx)y <7t —0 as A — 04,

where A(f,\) ={w e Q:||[fWw)|lx < Aor | flw)|x > %} for0<A<1
and

(%%) p(X4) — 0 as p(A) — 0.

Theorem 2.4. Let ¢ be an arbitrary Orlicz function and 1 be a finite valued
Orlicz function such that ) << ¢. Then the F-norm || - ”UP(X) (restricted to

L¥(X)) is uniformly summable on L¥(X).
PROOF: Since 1) << ¢, so L¥ C LY (see [11, 0.2.5, 0.3.5]). Hence L¥(X) C

L¥(X). Let 7 > 0, £ > 0 be given. Choose 7 > 0 such that n(r + 1) < € and let
¢ = ;57. Then there exist 0 < #; < t2 such that ¥(t) < np(ct) for 0 <t <

or t > tp, and choose Ag € (0,1) such that g < ety and 35 > etp. Hence for
f € L?(X) and | fllLe(x) < r we have:

f
M¢(XA(J;,A) ):/A(N)w(llf(a)lx)dug/A(m) ( Hf(g)llx)du

< /anp(%(ﬁ!‘x) dp <n(r+1) <e

for every 0 < A < Ao. It follows that ||x 4(fx)fllLw(x) < € for every
feL?(X), [ fllLex) <7 and 0 <A < Ag. This means that for r >0

SUP{HXA(f,A)f||Lw(X) cf € LX), [fllpex) <7} —0 as A — 04.
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Now, choose § > 0 such that 0 < § < ﬁ Then Md,(%“) = qu/)(%) dp =
u(A) - (3) <6-9(2) < e forevery A € % with p(A) < 8. Hence |[Xallpo(x) — 0
as (A) — 0, and the proof is finished. O
Remark 2.1. Let ¢ be an Orlicz function such that ¢(u) — oo as u — co. Then
o << ¢ and it follows that the F-norm || - ||ff is uniformly summable on L¥(X).

Theorem 2.5. Let ¢ be an Orlicz function such that p(u) — oo asu — oo. For
a solid pseudonorm p on L¥(X) the following statements are equivalent:

(i) p is uniformly summable;

(ii) p is uniformly p-continuous.

PROOF: (i) = (ii) Take a sequence (fp) in L¥(X) such that fr, — 0 (u— Q) and
supy, || fnll e (x) < 7 for some r > 0. Fix e > 0. There exists Ao € (0,1) such that
supy, P(XA(f,,2o)fn) < 5. Moreover, there exists § > 0 such that

€
p(Xa) < =77+ Wwhenever A€ X with p(A4) <é.
2([x] +1)
Since fp, — 0 (u — Q), we can find a natural number k such that for all n > k

QN A(fn, 2o)) < p({w € Q= [[fa(w)llx > Ao}) < 0.

Hence for n > k
p(fn) = P(XA(fn,20) fr + XO\A(fn,00) 1) < P(XA(f0,20)f7)

+ P(XQ\A(f,20) f1)
€ 1 _ € 1 -
5+ p(([%} + )X A(faro)) 3 T 5]+ DeRavagsa )

§§+([%0}+1) c

——— <.
e
Thus p(frn) — 0.
(i) = (i) Forr >0 let BY(r) = {f € L¥(X): [fllLexy <7t
BY(r) = {f € L¥(X) : p(f) < 7}, Bx(r) = {f € L¥(X) : | f]f <7} By (i)
the identity map
id s (BE (). TulX) | () — (BE(). 7(0) s )

is continuous at zero for any r > 0, where 7(p) denotes the topology on L¥(X)
generated by p. Let € > 0, » > 0 be given. There exists n > 0 such that
Bk (n) N BY(r) C B%(e). Since | - ||ff is uniformly summable on L¥(X) (see
Remark 2.1) there exists Ag € (0,1) such that

sup{lIxacsflln i f € LP(X), [fllpecx) <7} <n whenever 0.< X< Ao,
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Then sup{p(xa(r)f) : f € LP(X), | fllLex) < 7} < € whenever 0 < A < Ao.
Hence sup{p(x 4(y,n)f) : f € L?(X), [[fllpex)y <7} —0as A — 04,

Moreover, there exists § > 0 such that ||YA||;)5 < nfor A€ X with u(A) <4.
Then p(x4) < € whenever A € ¥ with u(A) < 4. It follows that p(x4) — 0 as
u(A) — 0.

Thus p is a uniformly summable pseudonorm on L?(X). 0
Theorem 2.6. Let ¢ be an Orlicz function such that p(u) — oo as u — oo. For
a locally solid topology T on L¥(X) the following statements are equivalent:
(i) 7 is uniformly p-continuous;
(i) T|B§(T) C %(X”B;(r) for every r > 0;
(iii) 7 is generated by some family of uniformly summable pseudonorms.

PROOF: (i) = (ii) Since 7,(X) is a linear metrizable topology, it follows from
Definition 2.1 (ii).

(ii) = (i) Obvious.

(i) = (iii) Let 7 be defined by the family {pq : @ € {a}} of solid pseudonorms.

Then by Definition 2.1 and Theorem 2.5 7 is generated by the family {pn : o €
{a}} of uniformly summable pseudonorms.

(iii) = (i) It follows from Theorem 2.5. O

3. Generalized mixed topologies on Orlicz-Bochner spaces

In this section we consider some kind of inductive limit topology on Orlicz-
Bochner space L¥(X).
Let ¢ be an arbitrary Orlicz function, and let

F¥ = B%(2") and Tn(X) = Tu(X)|px for n>0.

It can be seen that the metric bounded sets F:X (n > 0) are balanced subsets
of L¥(X). Moreover, the sequence (F.X,7,,(X)) (n > 0) of balanced topological
spaces satisfies the following conditions:

(i) LP(X) = Upso FiSs
(ii) FX + FX c F:X,, and the function

FXxFX>(f,g9)— f+geFX,

is continuous (n > 0);
(i) the function [—1,1] x FX 3 (\, f) — \- f € FX is continuous (n > 0);
(iv) Tnt1(X)|px = Tn(X) for n > 0.

Thus the space L¥(X) with the system {(F:X, 7, (X)) : n > 0} comes under
the definition of the strict inductive limit of balanced topological spaces (in the
sense of Turpin; see [11, Definition 1.1.1]).
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Definition 3.1. Let ¢ be an Orlicz function and let (¢5,) be a sequence of positive
numbers. The family of all sets of the form:

[e'¢) N
(+) U (3 BEe™ N By (en)
N=0 n=0

forms a base of neighbourhoods of zero for a linear topology 7;” (X)) on L¥(X) that
will be called generalized mixed topology. ’TI“D(X ) is exactly the strict inductive
limit topology of balanced topological spaces {(B}'}(Z”),?;L(XHB;} (2ny) 1 >0}
in the sense of Turpin [11, Chapter IJ.

Using the solid decomposition property (see [3, Lemma 1.1]) it is easy to verify
that the sets of the form () are solid, so 7;°(X) is locally solid.

According to [11, Theorem 1.1.6] 7;(X) is the finest of all linear topologies
7 on L¥(X), which satisfy the condition
(1) 7 e (an) € Tu(X)|pg (any for n > 0.
Moreover, in view of [11, Theorem 1.1.8] we have
(2) T (X)lgg (2r) = Tu(X)| g (gn) for n>0.

Since 7;,(X)|e(x) C Tp(X) we have T/ (X) C T,(X); hence Tu(X)|pe(x) C
T7(X) C T,(X).

Henceforth, we assume in this section that o(u) — 00 as u — 0.
Theorem 3.1. The topology ’TI@(X ) Is the finest uniformly p-continuous topo-
logy on L¥(X).
PrOOF: It follows from (1) and Theorem 2.6. O

The generalized mixed topology T;O on Orlicz spaces L¥ has been studied in
[11], [8], [9], [10]. Now we will extend the study of the generalized mixed topology
to the Orlicz-Bochner spaces.

Theorem 3.2. The space (L¥(X), T} (X)) is complete.

ProOF: First we show that the balls B§(2") are closed subsets of
(L#°(X),T,(X)). Indeed, let (f;) be a sequence in BY(2") and let f € L¥°(X)
be such that fi — f for 7,(X). This means that u({w € Q : || frx(w) — f(w)||x >
e}) — 0 for any £ > 0. Hence p({w € Q : |[|fr(w)llx — | f (W)l x| > €}) — 0 for
every ¢ > 0. Thus f,, — f for 7y, in L¥0. It is known that the balls B, (2") are
closed subsets of (L¥°,7,) (see [11, 0.3.6]). But fi € By(2™) (k=1,2,...),
f €L, soweget fe B,(2™). Tt follows that f € B (2").

Since the spaces (B%(2"), %(X)|B§(2n)) (n > 0) are complete, by [11, The-
orem 1.1.10] the space (L¥(X),7;(X)) is complete.

O
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Theorem 3.3. For a subset Z C L¥(X) the following statements are equivalent:

(1) sup{[[fllLe(x) s f € Z} < oo;
(ii) Z is bounded for T;7(X).

PROOF: Observe that the balls B%(2") are bounded subsets of

(LP(X), Tu(X)|Le(x))- In fact, fix an r > 0, let fr € B%(r) (n=1,2,...) and
let A\, = 0. For e > 0let Q,(e) = {w € Q: || Anfn(w)]|x > e}. Then we have

@) o) < [ (M) < a (B) <

Since p(u) — 00 as u — 0o we get u(Qy(g)) — 0 and this means that A, fn, — 0
for 7,,(X).

Moreover the balls B (2") are also closed in (L?(X), Tu(X)|Le(x))- In view
of (1) and (2) 7;°(X) is the finest of all linear topologies T on L¥(X) such that
T|B§(2n) = %(X)|B§(2n) (n=0,1,2,...). Hence by [11, Corollary 1.1.12] the
equivalence (i) < (ii) holds. O
Theorem 3.4. For a subset Z C L¥(X) the following statements are equivalent:

(i) Z is relatively compact for T, (X);
(i) Z is relatively compact for T, (X)|re(x) and

sup{[|fllLe(x) : f € Z} < o0
PRrROOF: follows from Theorem 3.3 and (2). O
Definition 3.2. A sequence (fy) in L¥(X) is said to be *yg—convergent to f €
L¥(X), in symbols fp, Je, f, whenever

fn— [ (p—8) and SuPan”L%O ) < 0.

Theorem 3.5. For a sequence (f,) in L¥(X) the following statements are equiv-
alent:

(i) fn — 0 for TP (X);
(i) fn 250
Moreover, Tfo (X) is the finest of all linear topologies T on L¥(X) which satisfy
the condition:

(+) fn 2.0 implies fp, — 0 for 7.

PRrROOF: The equivalence (i) < (ii) follows immediately from Theorem 3.3 and
(2). Now let 7 be a linear topology on L¥(X) for which the condition (+) holds.
Then T|B§(T) C %(X”B}’;(r) for r > 0, because 7,(X) is a linear metrizable

topology. Hence by (1) we get 7 C 7,7 (X). O
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Definition 3.3. Let (Y,7) be a linear topological space. A linear mapping T :
L¥(X) — Y is said to be ~,-linear, whenever

fo 2250 implies T(fn) — 0 for 7.

Then following theorem gives a characterization of v,-linear operators on
L¥(X).

Theorem 3.6. For a linear topological space (Y,n) and a linear mapping T :
L¥(X) — Y the following statements are equivalent:

(i) T is (T;°(X),n)-continuous;
(i) T is vy,-linear;
(iii) for every r > 0, the restriction T|B}"} (r) 18 (’]L(X)|B§ (T),n)—continuous.

ProOOF: (i) = (ii) It follows from Theorem 3.5.
(if) = (iii) Obvious.
(iii) = (i) Let W be a neighbourhood of zero in Y for n. Since 7 is a linear
topology, there exists a sequence (Wp, : n > 0) of neighbourhoods of zero for
1 such that Zﬁ;o Wy, C W for every N > 0. By (iii) we can find a sequence
(en : m > 0) of positive numbers such that T'(B%(2") N BY (en)) C Wy, for n > 0.
Thus for N > 0 we have

N

N
T(Z(B§(2") N Bf;((an))) cS Wacw,

SO
N

00 N 00
T( U (Z(B_;’;(Q") me;((sn)))) -y T(Z(B;';(Q") me;((an))) Cw.
N=0 n=0 N=0 n=0
It follows that 7' is (7,7(X),n)-continuous. O

Theorem 3.7. Assume that (2, X, 1) is an atomless measure space or that p is
the counting measure on N. If (L¥(X),7,(X)) is a locally bounded space then
for a subset Z of L¥(X) the following statements are equivalent:
(i) Z is bounded for T (X);

(i) sup{[|fllzex): f € Z} < oo;

(iii) Z is bounded for T,(X).
PRrROOF: (i) < (ii) See Theorem 3.3.
(ii) = (iii) Inview of [11,0.3.10.2] sup{||fllLe(x) : f € Z} < coiff Z is additively
bounded (see [11, 0.3.10.1]), so arguing as in the proof of [9, Lemma 2.5] we obtain
that Z is bounded for 7,(X).
(iii) = (i) Obvious. O

The next theorem compares the topology ’Z?D(X ) with the mixed topology
Y7o (X), Tu(X)| e (x)] in the sense of Wiweger (see [12]).
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Theorem 3.8. Assume that (2,X, ) is an atomless measure space or that p
is the counting measure on N. If (L¥(X),7,(X)) is a locally bounded space,
then the generalized mixed topology 'TI“D(X ) coincides with the mixed topology

NTp(X), Tu(X) Lo (x)]-
PROOF: In view of Theorem 3.7 it follows from [12, 2.2.1, 2.2.2]. O

An Orlicz function ¢ continuous for all w > 0, taking only finite values, van-
ishing only at zero and not bounded is usually called a p-function. By ® we will
denote the collection of all ¢-functions.

A Young function ¢ vanishing only at zero and taking only finite values is

called an N-function whenever @ — 0ast— 0and @ — o0 ast — oo. By

&y we will denote the collection of all N-functions.
Let @1 be the set of all Orlicz functions ¢ vanishing only at zero and such that
©(t) — oo as t — oo. Denote by

D11 ={p € @1:9(t) < oo for t >0},
P12 = {p € ®1:¢ jumpsto oo}
Then q)l = <I>11 U <D12'

Theorem 3.9. Let ¢ € ®1; (i = 1,2). Then the topology 7,7 (X) is generated
by the family of solid F-norms:

(- lpexy s v € Uiy,

S
where U] = {tp € @ : ) << ¢}, Ui, ={y € ®:1p=<<p}.
Moreover, the following identities hold:

(3) LP(X) = ({LY(X) : ¢ € B} = [ {EY(X) 1y € ¥F}.

PROOF: Let ¢ € ®1; (i = 1,2). Then ’Tf is the finest uniformly p-continuous
topology on L¥ (see [10, Theorem 2.4]) and is generated by the family {]| - ||, :
¢ € ¥} (see [10, Theorem 4.5, Theorem 3.8]). Then the topology 7, on
L¥(X) is generated by the family {|| - ”UP(X) : 1) € U} of solid F-norms and by
Theorem 2.3 ’T_I“D is the finest uniformly p-continuous topology on L¥(X). By

Theorem 3.1 T_f =T,/ (X), and we are done.
The identities (3) follow from [10, Theorem 3.1]. O

Let ®¢ be the set of all Young functions ¢ vanishing only at zero and such that
@ — o0 as t — 00. Denote by
O, ={pe®:p(t) <oo for t>0 and @—»O as t — 0},

Py ={p € Pf: ¢ jumpsto co and @HO as t — 0},
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Pfs ={p e ®f:¢p(t) <oo for t >0 and @—ML as t—0
for some a > 0},

®f, ={p€®{:p jumpsto co and @

—a as t—0

for some a > 0}.
Then ®§ = U?:l ®{, and the sets ®f, (i = 1,2,3,4) are pairwise disjoint. It can
be seen that ®§; = ®y.

Theorem 3.10. Let ¢ € ®, (i =1,2,3,4). Then the topology ’Tf(X) is gene-
rated by the family of solid norms

(- Wl x) = ¥ € THV)L,
where ¥ (N) = {) € Dy : b << ¢}, UE,(N) = {0 € By : <<},

1
qug(N) ={Y e N Y=<y}, ‘I’ﬁ(N) =dy.
Moreover, the following identities hold:

1) LX) = {LY(X) 1y € U5(N)} = [ {EY(X) v € T(N)}.

PROOF: Let ¢ € ®f, (i =1,2,3,4). Then 'TISD is the finest uniformly p-continuous
topology on L¥ (see [10, Theorem 2.4]) and is generated by the family {[|| - |||, :
¢ € UY(N)} (see [10, Theorem 3.12 and Theorem 4.5]). Then the topology 7,
on L?(X) is generated by the family {[|| - v (x) : ¢ € U7 (N)} of solid norms,
and by Theorem 2.3 T_f is the finest uniformly p-continuous topology on L#(X).

By Theorem 3.1 T_f =T, (X), as desired.
The identities (4) follow from [10, Theorem 3.2]. O

As an application of Theorem 3.10 we get a characterization of uniformly u-
continuous seminorms on L¥(X).

Theorem 3.11. Let ¢ € ®f;, (i = 1,2,3,4). Then for a solid seminorm p on
L¥#(X) the following statements are equivalent:

(i) p is uniformly p-continuous;
(ii) there exist 1) € ¥Y,(N) and a number a > 0 such that

p(f) <allfllpe(x) forall feL?(X).
PROOF: (i) = (ii) Since 7,7(X) is the finest uniformly p-continuous topology

on L¥P(X) (see Theorem 3.1), in view of Theorem 3.10 and [4, Chapter 4, §18(4)]
there exist ¥1,... ,¥y, € \Ilfi(N) and a number a > 0 such that

p(f) < amax((|fll s (xye - Il o x)) for all f € LP(X).
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Let ¢p(u) = max(¢1(u), ... ,¢n(u)) for u > 0. Then ¢ € ¥{ (N) and
A1 s x) < Il () for i = L. ,m and all f € L#(X), so

p(f) < allfllw(x) forall feL9(X).

(ii) = (i) It is obvious, because for each ¢ € ¥Y,(X), || - e (x) is a uniformly
p-continuous norm on L?(X). O

To present the general form of 7,”(X)-continuous linear functionals on L?(X)
we recall the terminology concerning some spaces of X-weak measurable functions
(see [2]).

Given a function g : @ — X* and © € X we denote by g, the real function
on  defined by g,(w) = g(w)(z). A function g is said to be X-weak measurable
if the functions g, are measurable for each z € X. We say that two X-weak
measurable functions g1, g2 are equivalent whenever ¢ (w)(z) = g2(w)(x) p-a.e.
for all z € X.

By L9 (X*, X) we denote the linear space of equivalence classes of all X-weak
measurable functions ¢g : Q@ — X*. It is known that the set {|gz| : © € Bx} is
order bounded in L° for every g € LO(X*, X).

The function ¢ : LO9(X*, X) — L° defined by

9(g) = sup{|gz| : € Bx} for ge LO(X* X)

is called an abstract norm.
It is known that for f € LO(X), g € L9(X*, X) the function (f,g) : @ — R
defined by (f, g)(w) = (f(w), g(w)) = g(w)(f(w)) is measurable and

[(F ) (@) < fW)llx - dg)(w)  p-ae.

For an ideal I of L9 let
I(X*,X) = {g € L(X*, X) : 9(g) € T}.

Theorem 3.12. Let p € ®f, (1 = 1,2,3,4). Then for a linear functional F on
L¥?(X) the following statements are equivalent:
(i) F is continuous for T;7(X);
(i) F is yp-linear; )
(iii) there exists a unique g € E¥ (X*, X) such that

F(f) = Fy(f) = / (@), g)) du for f e LP(X).

Q
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PRrROOF: (i) & (ii) The equivalence follows from Theorem 3.6.

(i) = (iii) Let ¢ € ®f; (i = 1,2,3,4). In view of Theorem 3.10 (see also the proof
of Theorem 3.11) there exist 1) € ¥¥,(N) and r > 0 such that F is bounded on
ngj)(r) N L?(X), where B%)(T) ={f e L¥Y(X): I1flLw (xy < r}. This means
that F is continuous on the linear subspace (L¥(X), 7y, (X)|1¢(x)) of the normed
space (Ew(X),Tw(X)|E¢,(X)). Hence by the Hahn-Banach extension theorem
there exists a 7y (X )| gy (x)-continuous linear functional F on E¥(X) such that
F(f) = F(f) for f € L¥(X). Since E¥ = LY, we get E¥(X) = LY(X). By [2,
Corollary 4.1] there exists a unique g € (Lg)/(X*, X) such that

F(f) = /Q (@) g(w)) du for f e LY(X).

But (L¥) = LY" (see [6, p.56]), so by [10, Corollary 3.5] we get LY C E¥".
Finally, there exists a unique g € E¥" (X*, X) such that

F(f) = /Q (@) g(w)) du for f e LY(X).

Hence

F(N=Fy(D) = [ (f@hae)dn for feL9(X)

Q
(ili) = (i) Let ¢ € ®f, (i = 1,2,3,4). According to [10, Corollary 3.5] there
exists 1 € U, (N) such that g € LY (X*, X). Then L¥(X) C E¥(X) C L¥Y(X).
Moreover, by [2, Theorem 1.1] using the Holder’s inequality we get for f € L¥(X)

IFg(f)IS/ |<f(w)7g(w)>|duS/ I (@)lx - 9(g)(w) dp
QN Q
< 201 £llly - M@= = 201 Ml v (x) - NGl

This means that Fy is 7y (X)| e (x)-continuous, so Fy is 7, (X)-continuous, be-
cause Ty (X)|pe(x) C 7, (X) by Theorem 3.10.
Thus the proof is complete. O
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