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Semiconvex compacta

O.R. NYKYFORCHYN

Abstract. We define and investigate a generalization of the notion of convex compacta.
Namely, for semiconvex combination in a semiconvex compactum we allow the existence
of non-trivial loops connecting a point with itself. It is proved that any semiconvex
compactum contains two non-empty convex compacta, the center and the weak center.
The center is the largest compactum such that semiconvex combination induces a convex
structure on it. The convex structure on the weak center does not necessarily coincide
with the structure induced by semiconvex combination but generates the latter in a spe-
cial manner. A sufficient condition for a net of semiconvex combinations to converge to
the weak center (“the law of large numbers”) is established. A semiconvex compactum
is called strongly semiconvex if its center and its weak center coincide. Some natural
constructions of topology and functional analysis are shown to be (strongly) semicon-
vex compacta. It is shown that the construction of center is functorial and gives the
reflector that is the left adjoint to the embedding of the category of convex compacta
into the category of strongly semiconvex compacta. Also the left adjoint to the forgetful
functor from the category of strongly semiconvex compacta to the category of compacta
is constructed.

Keywords: convexor, convex compactum, (strongly) semiconvex compactum, left adjoint
functor

Classification: 18B40, 52A01, 54B30

We use the following notations: I = [0, 1] is a unit segment, A™ = {(\q,...,
Apy1) € InHL ‘ A1+ -+ Apg1 = 1} an n-dimensional simplex. A compactum
is a (not necessarily metrizable) compact Hausdorff topological space. A convex
compactum is a compactum with a fixed convex structure induced by an affine
embedding into a locally convex linear topological space. Let Comp and Conv
be the categories of compacta and convex compacta resp. and let exp and P be
the hyperspace and the probability measure functor resp. [5]. Denote by Cl and
conv the closure and the convex hull operators.

1. Semiconvex structure

Let X be a set with ternary operation ¢ : X x X x I — X. We usually
write A(z,y) instead of ¢(z,y,A). The pair (X,c¢) is called a convezor ([6]) if
the following axioms hold:

(1) forallz e X, A eI : Az, z) = x;

(2) forall z,y € X, A€ I: A(z,y) = (1 — X\)(y,z) (commutative law);
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(3) forall x,y,ze X, \p,v e, \+u+v=1, u#0:

N (0.9) = O ) (55 0 ).)

(associative law);

(4) for all z,y € X : 1(z,y) = .
In this case A(z,y) is called a convex combination of x and y. The pair (X, c) is
said to be a semiconvezor (and respectively A(z,y) a semiconvex combination)
if axioms (2)—(4) hold.

A semiconvexor (z,c) is said to be a semiconver compactum if X is a com-
pactum, the semiconvex combination is continuous and the topology on X satisfies
the condition

(5) there exists a base 8 of the unique uniformity inducing the topology on
X ([3]) such that B € 3, (x,y), (2,t) € B, A € I implies
Az, 2), Ay, t)) € B.

The following axiom is equivalent to (5):

(5') the topology on X is generated by a saturated family of pseudometrics
(da)aca such that z,y,z,t € X, e >0, a € A, do(z,y) < &, do(z,t) < g,
A € I implies do(A(z, 2), Ay, 1)) < e.
Axioms (1)—(5) (or (1)—(4), (5)) are equivalent to the usual definition of convex
compactum. Axiom (5) (or (5')) provides local convexity.
In the sequel (X, ¢) is a semiconvex compactum with a fixed family of pseudo-
metrics (do)aeca satisfying (5).
The notion of semiconvex combination can be extended onto finite and count-
able number of elements of X. Let (A1,...,A\y) € A" L and z1,...,2, € X,

T if A\ =1;
M1 (2%, 1250 (@2, wn))1 A # L

A, Ag,---€l, M1+ A+ ---=1, 21,29, --- € X, then define
(A, A2, )(x1,29,...) = nlLrIéo(Al,...,An,l — A= =) (@1, Tnt)-

Note that we can permute the arguments (simultaneously with the coefficients)
of the semiconvex combination without changing its value.

Semiconvex combinations are equicontinuous in the following sense: if
x1,2),x9,2h,--- € X is a finite or infinite sequence with do(z1,2]) < e,
do(z2,24) < e,... for @ € A and € > 0, then for any A, Ap,--- € I with
A1+ A2 + -+ =1 we have

da(()\l,/\g,...)(wl,;vg,...),()\1,/\2,...)(xll,xé,...)) < €.

Consider the equivalence relation on the simplex A", n € N, defined as
follows: (A1,...,An) ~ (u1,...,in) if (A1,...,An) and (p1, ..., 4n) coincide up
to a permutation of indices.

A,y ) (@1, ) =
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[e.e]

Let S = |J (A""1/~) and denote by [A1,..., \,] the equivalence class which

=1
contains (A1, ..., Ap). Define a commutative semigroup operation on S in the fol-
lowing manner. Let n,m € N, k : {1,...,nm} — {1,...,n} x {1,...,m} be
an arbitrary bijection and k1 = pri ok, ko = proo k. Put

ALy An] - [ns s ] = My (1) kg (1)5 - > My (nm) * Pba(nim)]

for [A1,..., Anl, (11, .-, tm] € S. Obviously [1] is the unit and thus S is a monoid.
Two partial order relations naturally arise on S

(1) [p1,-- -, pm] is called to be inscribed in [Aq, ..., A\n] ([A1,...,An] <
[1, - -, m]) if there is a surjection h : {1,...,m} — {1,...,n} such that
A= > pyforalll<i<n;
j€h =t (4)
(2) [A1,--.,An] is called to be divisible by [u1, ..., um] ([A1,---, An] <
[#1,- -, pm]) if thereis [v1, ..., 1] € Ssuch that [A1,..., A\p]-[v1,..., 1] =
[[Ll, e 7,Um]
Obviously, [A1,..., An] < [41, .., pm) implies [A1, ..., An] < [u1,- .-, pm]. The
set S with any of these relations becomes upward directed.
The monoid S naturally acts on X:

AL,z =1, 0, ) (2, 2), 2 € X,
and on exp X:
A, A« A={(A1,.. ., \)(a1,...,apn) |a1,...,an € A}, A € expX.
There is another action of S on exp X defined by the formula
A, d]A={[1,...., \]ala e A}, A€ expX.

The mappings s(—) : X — X, s € S, are equicontinuous, i.e. if « € A, ¢ > 0,
z,y € X and do(z,y) < €, then duo(sz, sy) < e.

2. Center and weak center of semiconvex compactum.
“Law of large numbers”

Call a subset semiconver if it is closed with respect to the semiconvex combi-
nation. Denote {sa|s € S} by Sa.

Lemma 2.1. For any a € X the set Cl(Sa) is the least closed semiconvex subset
A C X containing a.

PRrOOF: Obvious. O
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Lemma 2.2. Let a € X, A = Cl(Sa), then [\ sA is a unique minimal with
ses
respect to inclusion closed semiconvex subset B C A.

PrOOF: By Zorn lemma there exists a minimal subset B C A satisfying the
conditions of the lemma. It is easy to see that for any s € S the set sB is closed
and semiconvex. Since sB C B and B is minimal, we obtain sB = B. Then

B C A, B = sB C sA implies B C (] sA and the latter set is closed and

semiconvex. s€S

Let € > 0, o € A. Since B C A, for any b € B there exists s’ € S such that

do(b,s'a) < €/2. For z € () sA we have z = s'y, y € A. There is s € S such
ses
that do (s”a, y) < £/2 and therefore dy (s's"a, s'y) < £/2. As dn(s"b,s's"a) < /2,
the inequality dq (s”b, z) < € holds. Thus z € CI(SB) = Band B= () sA. O
seS

We are going to investigate the set B = [ sA. Due to the above lemma, for
ses
any s € S the mapping s(—) : B — B is a non-expanding surjection with respect

to all pseudometrics dn, o € A. Since any non-expanding surjection of a metric
compactum onto itself is an isometric map, for any z,y € B, s € S, a € A we
have dy(sz,sy) = do(x,y). Putting A\((z,v), (2,t)) = (A(z, 2), A(y,t)) we turn
B x B into a semiconvex compactum.

For z,y € B put (z — y) = Cl(S(z,y)). We have do(z,t) = duo(z,y) if
(z,t) € (x — v), x,y,2,t € B. Since s(—) : B — B as a surjection, pri((z —
y)) =pr2((z — y)) = B.

Assume that (z1,t1) = s1(x,y), (22,t2) = s2(x,y), dal(z1,22) < &, € > 0,
x,Yy,21,t1,29,ta € B, a € A. As B is minimal there is s € S such that
da(sz,y) < e. Then do(t1,t2) = da(s1Y, s2y) < da(s1y, s152) + da(s152, sosx) +
do(s2sx, s2y) = da(y, sT) + do(s12, s22) + do(sz,y) < 3e. Thus (z,t1), (2,t2) €
(r — y) implies t; = tg. Therefore (x — y) is the graph of some isometry.
The graph of the inverse isometry is (y — z).

Let x,y1,y2, 2,t1,t2 € B, (2,t1) € (x — y1), (2,t2) € (x — y2). There exists
a net of the form (sgx), sg € S, converging to z. Then we have the conver-
gence sgy1 — l1, sgy2 — ta. Since da(sgy1, sgy2) = da(y1,¥y2), the equality
da(y1,y2) = da(t1,t2) holds.

Fix an arbitrary point b € B. For any z,y € B there exists a unique z € B
such that (z — y) = (b — z). Thus we can properly define an operation on B by
the formula: z = z129 <= (292,2) = (b — 21). With one argument fixed, this
operation becomes an isometry with respect to any pseudometric dq, a € A, and
therefore it is continuous as a mapping B x B — B.

Assume that 21 = s1b, 20 = s9b. Then (b — z1) = {(v,s7)|z € B} and
2129 = 8182b. Thus 21290 = 2921. As the operation is continuous, the commutative
law holds for an arbitrary pair of elements in B. In the same way the associative
law for the monoid S implies the associative law for the constructed operation.
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The inverse for x € B is a unique y € B such that (y,b) € (b — x). Uniqueness
of the inverse and the compactness of B implies the continuity of the inversion.

Consequently B is an Abelian compact contractible topological group. It is
known [7], [1] that it is trivial, i.e. B is a singleton. The point b € B is a unique
in A such that A(b,b) = b for any A € I. Let bX : X — X be the map taking any
point a € X into this point b € Cl(Sa). Thus bX (X) is a closed subset consisting
of all points b € X such that A(b,b) = b for any A € I. Call it the center of
the semiconvex compactum X and denote by Ctr(X).

Theorem 1. The net sz, s € (S, <) is uniformly convergent to bX (z), x € X and
the mapping bX is a non-expanding with respect to all do, a € A (and therefore
continuous) retraction of the semiconvex compactum X onto its center Ctr(X).

PROOF: Since X is a compactum and all s(—) : X — X are non-expanding, it

is sufficient to prove the pointwise convergence. Let a € X, A = Cl(Sa). For

any s,s' € S, s < s’ we have s’A C sA. As {bX(a)} = () sA, for any open
ses

U > bX(a) there is s € S such that sA C U. Then s’a € U for any s’ € S, s < 5.

O
Since axioms (1)-(5) hold for Z = Ctr(X), define a map ¢ : PZ — Z as
a (unique) continuous extension of the map defined on the subspace of finite

n
measures by the formula: (> Aidz;) = (A1,..., ) (21,...,2n) (by 0z; we
n=1

denote the Dirac measure in z;), (A1,...,A\n) € A" 1 2y, ... 2, € X. Then
(Z,¢) is a P-algebra ([9]), and due to Swirszcz, Z is a convex compactum and
c | Z is a convex combination.

By lim the upper limit ([5]) is denoted.

Lemma 2.3. For any subset A C X the equality MSG(S,S) sk A= m‘ﬂ_,o sk A
holds.

PRrROOF: Let a € Ese(s,g) s x A, Ua be a neighborhood of a, ¢ > 0. Take
an arbitrary sg € S, |sg| < . There exists s € S, sg < s such that sx ANUa # 0.
Thus |s| < 0 implies a € MM_@ s* A.

Assume that a € lim|,_os * A, Ua is a neighborhood of a of the form {z €
X |da(z,a) < e}, s =[A1,..., An] € S. Choose 6 > 0 such that do(z, Ay, z)) <
g/dforall z,y € X,0< A< 4. Thereis s’ € S, s’ = [p1,...,pm], |s'| < J/n such
that the inequality dy(a,b) < £/2 holds for some b = (p1,...,pm)(a1,-..,am),
al,...,0n € A.

Construct s that is inscribed in both s and s’. Put S\j = A+ -+ A,
1<j<n, ]58 =0, ]5? =p1 4 +p;, 1 <i < m (obviously 52, = 1). Assume
that the segment [ﬁ?,ﬁ?+1), 0 < i < m, contains k; of points :\j. Denote them (in
increasing order) ]52-1, ey ﬁf’ We have a non-decreasing sequence

0= <A< <A <A <o <Py SPha S <P <P =1

765
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Putfor1 <i:<m

0 ~1 ~0 1 ~2 ~1 ki—1 ~k; ~ki—1  k; ~0 ~k;
q; =Pi—1 —Pi—1> 4 =Di—1 —Di—1> --+» &  =DP; 1 —DP;lq s &G =D — D q-
k Ko —
Let ¢ = (q?,...,dlo,...,d%,...,dmm D G P PO S S
e —— ————
kO kmfl
It is easy to see that s = [¢{,..., q,lf{”’l] is inscribed in s and the cardinality

of the subset Z C {1,...,m} of indices 7 such that k;_1 # 0 is not greater than
n. Thus Ap = Zpi<%-n:6.
1€
Due to the choice of d, du(b,d) < /4, do(c,d) < €/4, where d is the convex
combination of z; such that k; _1 = 0, with coefficients 2. Therefore dq, (b, c) <

1-Ap-
/2 and dy(a,c) < €, hence ¢ € Ua. Thus c € s x A, s < §". O
Consider the largest semiconvex closed subset A C X such that (A1,...,\p) :

A™ — A is surjective for any (\1,...,A\,) € A" n € N. It is easy to see that
it coincides with [ s* X = lim s* X = lim s« X. Call it the weak center of
s€Ss (5,5) |s|—0

X and denote WCtr(X). Always Ctr(X) C WCtr(X).

Lemma 2.4. Let X be a semiconvex compactum and (A1,...,Ap): X™ — X be
surjective for some n € N, (A1,...,A\n) € A" 1 [A1,..., ] #[1,0,...,0]. Then
all mappings [1/k,...,1/k]: X — X, k € N are isometries with respect to all d,
a € A and preserve semiconvex combination.

PROOF: Due to the previous lemma, all (1/k,...,1/k) : Xk — X, k € N are
surjective. Let o € A, ¢ > 0 and {y1,...,ym} be a £/2-net with respect to dg.
There exists ¢ > 0 such that 0 < X\ < 4, z,y € X implies do(z, Ay, 2)) < £/2.
Take N € N such that ka < 6. If z € X, then there is x1,...,zxy € X such
that (1/N,...,1/N)(z1,...,xn) = z. For any x; there exists y;,, 1 < j; < m,
such that do(7;,y;,) < /2. Let the point y; appears /1 times in the sequence
Yj1»--->Yjn, the point yo appears [y times, etc. We have I3 +--- + Iy = N.
Assume that p1,...,pm € {0} UN, 0 <l; — p;k <k, 1 <i<m. Then

1 1
a’:(_""’_)(y17"'7y1""7ym""7ym)
N N - —_—

51 Im

fulfills dy (2, a) < £/2.
Let p=p1+- -+ pm, then 0 < N — kp < km. If

1 1
b:(_7"'7_)(ylu'"7y17"'7yﬂ%"'7ym)7
p1 Pm
(5~ ) )
N_kpu ,N—kp y17 7y17 7ym7 7ym

l1—kp1 lm—kpm
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(if N = kp, then let ¢ be arbitrary), then a = Y*2(c, [1/k,...,1/k]b). Since
W < 4, we have: dq(a,[1/k,...,1/k]b) < /2 and therefore do(z,[1/k,...,
1/k]b) < e. Thus [1/k,...,1/k]X is dense and closed. Consequently, it coincides
with X.

The preservation of semiconvex combination is obvious. O

Let the conditions of the previous lemma hold. Denote [%, . %]x by (%}x
For any x € X and m € N there exists a unique y € X such that <%>y = z.
Denote it by (m)z. If ¢ = 7' € Q4, then define (¢)x = (m)(%ﬂ (the result does
not depend on the choice of such m,n).

The action of the multiplicative group Q4+ on X is obtained. Prove that this
action is equicontinuous (with z € X as parameter) with respect to the metric on
Q<+ induced from R.

It is sufficient to show the continuity in 1 only. Let ¢ > 0, a € A and let § > 0
be such that do(x, A(y,2)) <eifz,y € X,0< A< 4. Iif my,me € N, mp < mg,

1 _ - 1 1 —
then (-)x = M2 ((==5m)@, (57)7). Thus for 0 < #2701 < § we have

da(<n+1>$, (mizﬁb) < . Since (mj) and (mg) are isometries with respect to dq,

for any x € X we have

da<<m1><mil>x, (M) —)2) = da(z, (L)) =

ma2 ma2
m2

da<<m2><mil>x, <mz><mi2>x> — do(ar,(22)a) <,

Therefore it is sufficient to choose a neighborhood U of 1 such that % elU
max(m1,m2)—min(mi,m2)
max(mi,ma <9

Thus an action (—) : Q+ x X — X can be uniquely extended to a continuous
action (—) : R+ x X — X that is consistent with semiconvex combination.

Define a new operation ¢ : X x X x I — X by Ao (x,y) = A((%ﬁv, <ﬁ>y),
z,y € X,0< A< 1, 1o(x,y) =2, 00 (z,y) = y. The continuity (and even
equicontinuity in the above mentioned sense) of this operation is obvious. It is
easy to check that for (X,9), (do)aeca, the axioms (1)—(4), (5') hold. Thus (X, o)
is a convex compactum, and (—) : R+ x X — X is an action that is consistent
with convex combination.

The following result describes the nature of the weak center of a semiconvex
compactum.

implies

Theorem 2. A semiconvex compactum X is the weak center of some semiconvex
compactum if and only if there exists a continuous operation ¢ : X x X x I — X
and a continuous action (—) : Ry x X — X of the multiplicative group Ry such
that (X,o) is a convex compactum, (—) : Ry x X — X is an action that is
consistent with convex combination and for any x,y € X, A\ € I, the equality
Mz, y) = Ao ((AN)z, (1 — N)y) holds.

767
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PROOF: It is easy to check that for such (X, ¢) and (—) : R+ x X — X, the formula
AMz,y) = Ao ((Ma, (1 — \)y) defines properly a semiconvex combination on X,
for which any (A1,...,A\n) : X™ — X, (A1,...,A\n) € AP 1 is surjective. O

A semiconvex compactum is said to be strongly semiconvez if Ctr(X) =
WCtr(X). If this holds, then any closed semiconvex subset A C X such that
any (A1,...,\n) : A" — A, (M,..., ) € A"7L s surjective, is contained in
Ctr(X). Here are equivalent axioms:

(6) the intersection () [1/n,...,1/n]X lies in Ctr(X);
neN
(6") for any x € X, a € A we have: lim dn([1/n,...,1/n]z,Ctr(X)) = 0.
n—oo

Thus for a semiconvex compactum, “averages” of elements converge to the weak
center if coefficients become “small” (“law of large numbers”). If all the elements
are taken equal to z and X is a strongly semiconvex compactum, then the “aver-
ages” converge uniformly to bX (x): ‘limo st — bX(x).

S|—

Examples.

(a) Let a convex compactum X be affinely embedded into a locally convex
topological vector space L. Then the requirements of (5) are satisfied for
the base of the uniformity

p= {{(I,y) € X2 } z—yeU} } U is a balanced convex

neighbourhood of zero in L}.

The center of X is X itself (and therefore X is a strongly semiconvex
compactum).

(b) Let X =1, Mx,y) = max(Az, (1 — N)y), A, z.y € I. The usual metric on
I meets the definition. The set {0} is the (weak) center.

(c) Let a convex compactum Y be affinely embedded into a locally convex
topological vector space L, X = expY, AM(A,B) =AA+ (1 - \)B, A e I,

ﬁz{{(A,B)€X2 | ACb+U forany b € B, B C a+ U for any

a € A} | U is a balanced convex neighbourhood of zero in L}.

The center (and the weak center) of X is the hyperspace of convex closed
subsets cc X C exp X.

(d) Let Y,L be as in (c), y € Y a fixed point, X = {A € ccY |4 > y},
AMA,B) = conv(M + (1 - Ny)U(Ay+ (1 —-N)B)), A, Be X, A el
A base that meets (5) is defined as in (c). The (weak) center is a singleton
{{y}} and X is also a strongly semiconvex compactum.

(e) Let Y be a semiconvex compactum with a base 3y of the unique uniformity
that satisfies (5). Put X = expY and A(A, B) = {\(a,b) |a € A, b € B}.
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The suitable base is of the form

B={{(4,B)¢c X2 | for any a € A there exists b € B such
that d(a,b) < F; for any b € B there exists a € A such
that d(a,b) < F} | F € fp}.

The center consists of all semiconvex closed subsets of the weak center.
This construction preserves the class of strongly semiconvex compacta.
(f) Let Y be a semiconvex compactum with a family of pseudometrics
(pa)acA that satisfies (5'), X = PY and A€ I, m;,me € X. f m=m1®
mg is a tensor product ([5]) and h: Y x Y — Y is defined by h(y1,y2) =
Ay1,y2), then define A(mq1,mg) as Ph(m). Construct a family (dy)aca
of pseudometrics on X by a method of Kantorovich and Rubinstein [8]

da(m1,m2) =
inf{ms(pa) | ms € P(Y xY),Ppri(ms) =mq, Ppra(ms) =ma}.

If Y is a strongly semiconvex compactum, then the (weak) center is the
set of Dirac measures with supports lying in the center of Y.

3. Categorial properties of strongly semiconvex compacta

Denote by SsConv the category of all strongly semiconvex compacta and their
continuous maps preserving semiconvex combinations. We have three forgetful
functors ([2]): U : Conv — Comp, Us : Conv — SsConv, U® : SsConv — Comp.
The left adjoint to the first one is known (the probability measure functor) [9]
and thoroughly investigated [4]. We are going to introduce and investigate the left
adjoints to the two other functors.

The construction of the center of a strongly semiconvex compactum determines
a functor Ctr : SsConv — Conwv. Indeed, if f : X — Y is an arrow in SsConwv,
then f(Ctr(X)) C Ctr(Y) and f | Ctr(X) is an affine mapping, and we can
define Ctr(f) as f | Ctr(X).

Theorem 3. The functor Ctr is the left adjoint to the embedding of the cat-
egories Ug : Conv — SsConv, bX is a component of a natural transformation
b : 1gscony — Us o Ctr that is the unit of the adjunction (i.e. Conv C SsConv is
a reflective subcategory and Ctr is the reflector).

PROOF: Since bX preserves semiconvex combinations, it is sufficient to prove
that for any strongly semiconvex compactum X, a convex compactum Y and a
map f : X — Y that preserves semiconvex combination, there exists a unique
representation of the form f = f o bX such that f : Ctr(X) — Y is an affine
continuous map.

For arbitrary x € X, s € S we have f(sz) = sf(z) = f(z). As lim sz =

|s|—=0

bX (z), the equality f(z) = f o bX(xz) holds. Denote f | Ctr(X) by f, then
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f = fobX. Since Ctr(X) is a convex compactum, the restriction of f to it is
affine. Uniqueness of such an f is a consequence of the surjectivity of bX. O

We shall construct the left adjoint to U?® : SsConv — Comp. Let Y be a com-
pactum, Sc(Y) C P(Y x I) be the subspace of all measures m satisfying the
following properties:

(a) for any a € (0;1] the set suppm N (Y X [a;1]) is finite;
(b) if @ > 0 and (y,a) € suppm, then m({(y,a)}) = ka for some k € N.

Obviously, Sc(Y) is closed in P(Y x I). Let hy((y,a)) = (y, Aa). Define the
combination A(m1,mg) for my,mg € Se(Y), A € I by the formula APhy(m1) +
(1= A)Phy_ (m2).

Theorem 4.

(a) Sc(Y) with the above defined operation is a strongly semiconvex com-
pactum;

(b) if f: Y1 — Ya is an arrow in Comp, then P(f x 17)(Sc(Y1)) C Se(Ya),
and Sc(f) : Se(Y1) — Sc(Y2) defined as the restriction P(f x 15) | Sc(Y1)
is an arrow in SsConv;

(c) this defines a functor Sc : Comp — SsConv that is the left adjoint to
the forgetful functor U® : SsConv — Comp.

PROOF: (a) Axioms (2)-(4) are easily checked. Show that (5') holds. Let
(pa)aca be a family of pseudometrics generating the topology on Y. Putting
pa((y1,t1), (y2,t2)) = pa(y1,y2)+ |t1 —t2| we obtain a respective family for Y x I.
Now define the pseudometric do, on P(Y x I) by

do(m1,mg) = inf{m(pa) |m € P((Y x I)%), Ppri(m) = my, Ppro(m) = my}.

The restrictions of these pseudometrics to Sc(Y') are the required family that
meets (5).

Since for any (Ai,...,\n) € A" 1 n € N, my,...,mp € Sc(Y) we have
A,y ) (m1, ... ,my) € P(Y x[0,|(A1,-..,An)|]), the (weak) center of Sc(Y)
is P(Y x {0}) and (6) holds.

(b) Since the functor P preserves supports, for m € P(Y; x I) we have:
supp P(f x11)(m)N (Y2 x [a;1]) = (f x 17)(suppmN (Y2 x [a;1])). Consequently,
it preserves the subsets Sc(—) C P(— x I). The preservation of semiconvex
combinations can be checked directly.

(c) Define an embedding i : ¥ — Sc(Y) as i(y) = 0, 1) If m € Sc(Y), then

N
m= > a;0(y;,a;) + agmg, where N € {0} UNU{oo}, y; € Y, mg € P(Y x {0}),
=1
' N
ag,a; €I, a0+ Y, a; =1.
i=1

Let X be a strongly semiconvex compactum and f : Y — X be continuous.
Since PY is a free convex compactum over Y, there exists a unique affine con-
tinuous extension f : PY — Ctr(X) of the map bX o f : Y — Ctr(X). Assume
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that b = f o Ppri(mo) and f(m) = (ao,a1,az,...)(b, f(y1), f(y2)...). One can
check that foi= f and f(A(m1,m2)) = A(f(m1), f(m2)).

Let us prove the continuity of f . It is sufficient to show that for any € > 0 and
a pseudometric d,, satisfying (5'), the map f is (dq, £)-continuous, i.e. for any m €
S¢(Y) there exists a neighborhood Om, m € Om such that do(f(m), f(m')) < e
whenever m’ € Om.

Recall that ho((y,a)) = (y,0). There is an §; > 0 such that for all m €
Se(Y)YNP(Y x[0;61]), the inequality do(f(m), f(Pho(m))) < £/3 holds. We can
take any 81 > 0 such that [(A,...,  \y)| <201, (A1,..., ) €A™ L aq, oz €

X, n € N implies do(z,bX(x)) < €/3 where © = (A1,...,An)(z1,...,2pn). Let
N

m =) aié(yhai) + agmg (see above), a; < 67. Choose a k € N such that

i=1
ap/k < 1. We have
3 ag ag
f(m):(?,...,?,al,CLQ,...)(b,...,b,f(yl),f(yg),...),
k' k
because b = f o Ppri(mg) belongs to the convex compactum Ctr(X).
Since [(92,. .., 9%, a1,a2,...)| <01 < 201, we have do(f(m),bX o f(m)) < /3.
k
We have
3 ag ag
bX o f(m) = (?,...,?,al,ag,...)(b,...,b,bXOf(yl),bXOf(yg),...) =
% k
ag ag 3 3
(—,...,—,al,ag,...)(b,...,b,f(6(y1’0)),f(5(y270)),...) =
k y k T
~ N ~
FO~ aidy, 0) + aomo) = f(Pho(m)),
i=1

and do(f(m), f(Pho(m))) <e/3.

There exists do > 0 such that for all z,y € X, 0 < A < J3, the inequality
do(z,\(y,z)) < &/3 holds. Take a natural M > ﬁ and define a map G :
AM=1 5y M 5 Se(Y) x I — Se(Y) by the formula

M
Gy Aa0), 010900, ) = A Aibyengs 10).
=1
Let
By = AM=1uyM 5 Se(Y) x [1 — 2, 1],

Bs = AM-1 yM SC(Y)QP(Y X [0751]) xI.
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The map G is a surjection as well as the restriction of G to By U Bs.

Since G is a continuous map of compacta, for proving (dq, €)-continuity of f it
is sufficient to show the (dq, € )-continuity of f o G ‘ Biand foG | Bs.

We have

JoG((A1, s Am)s (W15 - - ynr), Mo, A) =
AL - ) (FGn)s - flum), f(mo)).

If A € [1 — d2], then for any (A1,..., ) € AM=1 oy €Y, mg e Se(Y)
the following holds

da(fOG(()\l,.. '7)\M)7(y15' "ayM)7m05A)7
An s A (F (), -5 flym))) < /3.

Since the value of (A1,...,A\n)(f(y1),.-.,f(yar)) is a continuous function of
i, Yi, there exist neighborhoods O(A1,...,Ap) © (A1,...,Am), Oy1 D y1, -+
Oy 2 yar such that

da(()‘lu-'-7/\M)(f(y1)7"'7f(yM))7()‘/7"'7/\3\/1)(f(y/1)7"'7f(y§\/1))) < ‘5/3

whenever (A},...,Xy,) € O(A1,.... ), y1 € Oy1, ..., yar € Oypy. Taking into
consideration

da(f o G((AL - Xyp), (1) Mo, ),
(V- X)), flyag))) <e/3

for any m(, € Sc(Y), N € [1 — 62,1], we obtain

do(f o G((NLs - s Np)s (s - - o why), mib, V),

foG((A1,-- s ), (W1, - - ynr),mo, A)) < €

for (X,...,XNy;) € OA1,....Am), y1 € Oyr, .., ym € Oy, my € Se(Y),
N e [1l—6g,1]. Thus foG@ | By is (de,€)-continuous.
Let mg € Sc(Y) N P(Y x [0,61]). Then by the property of d1, we have

da(fOG(()‘lv"'v)‘M)v(yla' "ayM)vaa/\)v

foG((M,--- s Am) (W1, - - ym), Pho(mo),\)) < e/3

for arbitrary (A1,...,A\yr) € AM=1 gy . yp €Y, A€ I. Since

foG((AL,.-.  Am), (1, - yar), Pho(mg), A) =
AL Am) (F@)s -0 f(ym), f o Ppri(mo))
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depends continuously on A, \;, y;, mg, there exist neighborhoods O(\1,..., A\ys) 3
Ay 5A0m)s Oy1 D y1, .y, Oypnr 2 ynr, OX 2 A, Omg © mg, Omgy C P(Y %
[0,01]) such that (A},...,N);) € O(A1,...,Anm), y1 € Oyt, --- 5 ym € Oyar,
N € O\, mj; € Omyg implies

do(f o G((NLs - Np)s W - -+ why), Pho(m), X)),

FoG((A1s- - A, (W1s- -, yn), Pho(mo), A)) < €/3,
As a consequence we get

da(fOG(( /17" 7)‘/]\4)7(y/15 N ayéw)vm/OaA/)v

fo G((/\l,...,)\M),(yl,...,yM),mo,)\)) <E.

Thus fo G ‘ Bi and therefore also f, is (da, €)-continuous. This completes the
proof of continuity.

Let us prove that f is a unique continuous extension of f onto Sc(Y) that
preserves semiconvex combinations. It is sufficient to prove that for any contin-
uous extension g of f onto Sc(Y) that preserves semiconvex combinations, and
m € P(Y x {0}) C Sc(Y) we have §(m) = f o Ppri(m). It is known ([5]) that
finite measures form a dense subset in the space of probability measures. Thus

k
there is a net (f a;d ,g) gen that converges to Ppri(m). Without loss of gene-

kg
rality we can assume that aﬁ > 0, 122)}% alﬁ E» 0. Then (Zz:l aﬁ5(ylﬁ’ f)) ; m in

Sc(Y), and by preservation of semiconvex combinations we have

Zaz S aty) = (@ Al )W), S ) ).
6

Since |(a1,...,akﬁ)| ; 0, we have

T (oo @ ) D), F ) = T bX (a0 ) ), F(5,)) =

kg
B B B B - B
lim bX o bX = lim E S0 g) =
5163(a17 7akﬁ)( of(y]_)u 9 Of(ykﬁ)) Bler(i:1az y?)
B
l E ) P
ﬁlé% i ﬁ f o Ppry(m).

Thus Se(Y) is a free strongly semiconvex compactum over the compactum Y.
The isomorphism SsConv(Sc(—),—) = Comp(—,U%(—),) is checked by a direct
substitution. Thus Sc is the left adjoint. O
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