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Combined finite element—finite volume method
(convergence analysis)

MARIA LUKACOVA-MEDVIDOVA

Abstract. We present an efficient numerical method for solving viscous compressible
fluid flows. The basic idea is to combine finite volume and finite element methods
in an appropriate way. Thus nonlinear convective terms are discretized by the finite
volume method over a finite volume mesh dual to a triangular grid. Diffusion terms are
discretized by the conforming piecewise linear finite element method.

In the paper we study theoretical properties of this scheme for the scalar nonlinear
convection-diffusion equation. We prove the convergence of the numerical solution to
the exact solution.

Keywords: compressible Navier-Stokes equations, nonlinear convection-diffusion equa-
tion, finite volume schemes, finite element method, numerical integration, apriori esti-
mates, convergence of the scheme
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1. Introduction

There is a wide range of literature devoted to the convection-diffusion equation,
e.g. [1], [8], [13], [16], [17].

This problem is interesting since it can be considered as a simplified model for
compressible Navier-Stokes equations.

An efficient method for compressible Navier-Stokes equations should be based
on a good solver for inviscid compressible flows (see, e.g., [5], [6], [9], [10], [11],
[12], [21]). We proposed a splitting finite element—finite volume method, in which
the inviscid part of the Navier-Stokes system, i.e. the Euler equations, is solved
by the finite volume method, and the rest viscous part, i.e. the pure diffusion
system, is solved by the finite element method. Some computational results are
presented in [7], [14].

In this paper we present a theoretical analysis of the combined finite element-
finite volume method for a scalar nonlinear convection-diffusion problem. In fact,
we combine the Pj-conforming finite element method with an upstream discretiza-
tion of convective term. This upwind discretization takes into account the domi-
nated influence of the convective term in the case of a higher Reynolds number,
and it is viewed as a finite volume discretization of the convective term.

The method of upstream type was applied by Ohmori and Ushijima [16] in
the case of the linear stationary convection-diffusion equation and extended to
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the stationary Navier-Stokes equations by Tobiska and Schieweck in [18], see also
[20]. Both results are based on the nonconforming finite element method.

The main results of this paper is the convergence of the combined finite element-
finite volume method to the exact solution of the convection-diffusion problem.
Let us note that in [8] the authors studied a similar problem under other assump-
tions on the initial data and the mesh. In our result we need less regularity of
the initial data and do not need the triangulation of weakly acute type as in [8].
On the other hand we assume that the initial data are small in some sense (cf.
4.48 (1)).

2. Continuous problem

Let Q C R? be a bounded domain with a Lipschitz continuous boundary. We
are dealing with the nonlinear convection-diffusion problem:
Find u : Q7 = Q x (0,T) — R, such that

) % +div(v(u) -u) =vAu in Qp,

(2.1 =
(2.2) u=0 on 09 x [0,T],
(2.3) u(,0)=wug  in Q.

Here T is a specified time, 0 < T' < oo; the parameter v = const. > 0 represents
the viscosity coefficient. The nonlinear character of the problem is described by
the given vector of velocity v : R — R? of the motion of quantity u. We will
assume some growth condition for v = v(u).

Assumption 2.4. We will assume that the function v € C! (R; Rz) has the
following properties:

(1) 31 >0 lv; (w)] < Vilul,
d .
(i) IV >0 ’ ”Zli”) <V, forall u€R and i=1,2.

We suppose that the reader is familiar with Sobolev spaces WP-4(Q), Lebesgue
spaces LP(Q), and Bochner spaces LP(X;W(2)), 1 < p,g,m,n < oo, X is a
measurable set. Let us denote V = VVO1 ’2(0) and the scalar product in V' and
L?(Q) by

(2.5) ((u,v)) := / grad u - grad v, u,v €V,
Q

(2.6) (u,v) == /qu, u,v e LA(9),



Combined finite element—finite volume method (convergence analysis) 719

respectively, and the norm in V and L?(Q) by || - || and | - |, respectively. Further,
let V’ be the dual space to V and (-, -) be the symbol of duality between V and V.
As usual, to simplify notation we use the summation convention over repeated
indices.

Now we define the concept of the weak solution of the nonlinear convection-
diffusion problem (2.1)—(2.3).

Definition 2.7. Assume ug € V. A function u € Lz((O,T);V) N LOO((O,T);
L?(9)) is said to be a weak solution of the problem (2.1)—(2.3), iff

. d dyp
() G [ uesviwen = [ wwuzt
holds for all ¢ € V and in the sense of distributions on (0,7),
(ii) u (0) = ug.

We will use a suitable notation for the nonlinear term:
b(u,0): VxV =R st.

dy

b(u,p) = /Qvi (u)ua—xz dx.

(2.8)

This form has the following property.
Lemma 2.9. There exists a constant di > 0 such that

[b(u, @) | < Vadalul - [u] - [l Vu,p €V.
ProoOF: Using the Holder inequality we can estimate

Iy
bl =| [ o) gt | < Villulse el ol
Now we use the following fact (see, e.g., [19])

lull L2y < V4 |2 )| V/? for all we V.

Hence,

0
[ v (u)u—a‘?\ < Vadaul - ull - llgll,  where dy = V2.
Q T

O

Using a standard approach by the Galerkin method and apriori estimates
(see, e.g., [19]) one obtains the existence and uniqueness result for the weak
solution under the assumption on small initial data uwg. Moreover, it holds
u € C([0,T]; L?(Q)) and «' € L2((0,T); V).

However, if ug € L>°(Q), then the existence and uniqueness of the weak solution
u € L2((0,T); V) N L>®(Qr) is obtained without smallness of ug (see, e.g., [15]).
Assuming that the data, i.e. Q, ug, v, are sufficiently regular, e.g. from C2, the
classical solution u € C2(Q7) of the problem (2.1)~(2.3) exists ([2]).
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3. Discrete problem

We assume that the convection-diffusion problem (2.1)—(2.3) will be numeri-
cally solved in Q x [0,7]; Q@ C R? is a polygonal domain. By 7}, we will denote a
triangulation of 2 with the following properties: 7, = {T;};er; I C {1,2,...} is
an index set, T; are closed triangles and

@ a=Umn
i€l
(3.1) (b) if Ty,T5 €Ty, then Ty NTy =0,
or 17 and T» have a common side,

or Ty and T3 have a common vertex.
The triangulation 7}, is called a basic mesh. We suppose the following regularity
assumption for the mesh.
Assumption 3.2. The family of {Th}he(o,hoy hg > 0, is assumed to be regular,
ie.
. h; .
(1) de>0 — <ug, i el

Pi

Here h; = diamT;, p; = diamB;, where B; is the largest ball contained in Tj,
1e€l, h= malxhi, and h € (0, hg).
1€

The inverse assumption holds for the family {Th}he(o,ho)v ho > 0, i.e.

h
(ii) de>0 Vhe(0,hy) Viel h—gc.
i

Moreover, besides a triangular partition of §2, the basis for the finite element
approximation, we will also use a dual finite volume partition of €2, which will be a
basis for the finite volume approximation of convective term. Let Pj, = {P;;j € J}
be the set of all vertices of the triangulation 7, h € (0,hg), J C {1,2,...} is an
index set. The dual finite volume D; associated with a vertex P; € P, is a
closed polygon obtained in the following way: We join the centre of gravity of
each triangle T; € 7}, that contains the vertex P; with the centre of each side of
T; containing P;. If P, € P, N OS2, then we complete the obtained contour by the
straight segments joining P with the centres of boundary sides that contain Pj.
In this way we get the boundary 0D, of the finite volume D;, (see Figure 1). We
introduce a dual mesh Dy, = {Dj|j € J}.
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Figure 1

If for two different finite volumes D;, Dy their boundaries contain a common
straight segment, we call them neighbours and write 9Dy = dD; N ID,. The set
0Dy consists either of two straight segments (if D; or Dy C ) or of one straight
segment (if D; and D, are adjacent to 9 Q) (see Figure 1). We will work with the
following notation:

5(j) := the set of indices of neighbours of the dual volume Dj, j € J,
H := the set of indices of boundary dual volumes Dj, i.e. 9D; N OS2 # 0,
HcCl,
v(j) ;== the set of indices of boundary edges of D;, j € H, v(j) Ns(j) =0
S(j) = s(j) for j € I\ H; S(j) := s(j) Ur(j) for j € H,
ODj = Uses(j) 9Dje,
nj; = (Ngjs,Nyje) - - the unit outer normal to dD; restricted to Dy,
jel, teS3y).

Moreover, we will denote by Sy the sector of the dual volume D; “belonging”
to vertex Py. See Figure 2.

Sip

]

Py

Figure 2
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Let us define the following spaces over the grids 7, and Dy,:

Xp, = {vy, € C(Q); vp|7, is linear for each T; € Ty},
Vi, = {vp € Xp; v, =0 on 09},

Zp, = {w e L*(Q); w|p; = const. for each D; € Dy},
Dy ={we Zy; w=0 on Dj, jec H}.

(3.3)

It is well known that X; C W12(Q) and Vj, C Wol’z(Q) = V. As usual, we
consider a basis of the space X}, consisting of the functions w; € Xj, such that
wj(Py) = 6j for all £ € J. The system {w;, j € J\ H} is the basis in V.
Furthermore, the basis of the space Z, is formed by the functions d; € Zp,
which are characteristic functions of dual volumes D;, j € J. Clearly, the system
{dj, j € J\ H} is the basis for Dy,

Let us note that since Vj, < V < L?(Q) (~— denotes continuous imbedding)
for all h € (0, hg), we get
(3.4) lun| < Cllupll  Vup € V.

Moreover, the inverse inequality (see [4, Theorem 3.2.6]) implies that for all h €
(0, o)

(3.5) lupll < S(h)|up|  Vup € Vp,
where S(h) = %, with some constant ¢* independent of h.

By 7}, we denote the operator of the Lagrange interpolation, r, : C(Q) — X,
s.t.

(3.6) ThU(Pj) = U(Pj), Pj S Ph'

Further Ry, : V — V}, is a Ritz projector, defined by
(3.7) / grad (Rpu) - grad ¢, = / grad u - grad ¢y, for all ¢ € V},.
Q Q

In [3] it was shown that

3.8 i Rpu—u|| =0
(33) Jim Ry —

(3.9) IRpull < |lu|| forall uweV.
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In order to derive the numerical scheme for (2.1)—(2.3), we introduce the fol-
lowing forms:

(U, Vp)p = /Q Th(up - vR),  up,vp € Xp
((up,vp)) == / grad uy, - grad vy, up, vy € Vi
Q

bh (un, o) ==Y Y /

(3.10) JE€T LS (j) 8Dﬂ
: {)\jz (un) up, (Pj) + (1= Njg (up))up, (Pz)}% (P;),
1 if fang v; (up)n; dS > 0,

0 otherwise,

i (up) n; dS)

where Ajy (up) = {
Up, P € V-

Let us point out that we use an upstream discretization of the convective term,
i.e. of the form b. We easily find out that by, can be written in the equivalent form

b Cuns o) = zz{/@D s (o) i dS) o (F)) +
() O

+ (/aDﬂ v; (up) ni dS) " uy, (Pz)}sﬁh (P)),

where a™ = max(a,0), a~ = min(a,0), a € R. Let ¢, be a basis function of V},,

i.e. o =wj for some j € J\ H. Then (3.11) turns to

bn (un,wj) = = Z (/ vi (up) n; dS) Tuy, (Pj) +
tes(y) *oPie
(3.12)
+ (/8ng v; (up) n; dS)_uh (Py) .

Here the analogy with a finite volume approximation can be very well seen. In
fact, in the FVM we use the same upwind approximation of the convective term,
and we go even further and approximate also |, oD, Vil dS. For example, the

J

Vijayasundaram method (see [21]) gives in the one-dimensional case the following
approximation

(3.13) (/6D-e v; (u) - ny; dS)jE ~ |8ng|(vi(uj ;—W)ni)i.
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This is the sense in which we understand that our scheme will combine “finite
volume” and finite element approach. Namely, the “finite volume” approximation
(3.12) is used for the convective term and a finite element approximation for the
viscous term.

To derive a fully discrete scheme we will need a partition of the time interval
[0,7], T > 0. Let us denote it by {t; = k73 k = 0,1,...,N}, 7 = & € (0,70),
70 > 0.

Assumption 3.14. We assume that the parameters h € (0, hg) (of a space grid)
and 7 € (0,79) (of a time mesh) are bound together in the following way

T

h(1+a)

3C,0>0, acf0,1) (< <C.

Now we are able to define the combined finite element—finite volume discretiza-
tion of 2.7 (i), (ii):
Find uf € V},, k=1,2,...,N, such that

1 _ _
(3.15) ;(uﬁ — i o) + v (Wf, on)) = bp(ub L on),

Vopb € Vi, k=1,2,....N
and

(3.16) u) = Ry, (ug).

Problem (3.15), (3.16) has exactly one discrete solution uz, k=1,...,N,which
follows from the Lax-Milgram theorem and the properties of (-,-); and by,. We
will show them in the sequel.

3.17 Basic properties of the proposed scheme
Definition 3.18. The mapping Ly, : X}, — 7y, defined by

Lywy, = th (Pj) dj for any wy, € Xy, (i.e. wp = th (PJ) wj)
Jjel Jjed

is said to be the mass-lumping operator.

Obviously Ly (V) = Dp. This operator will be used to examine forms (-, -)p
and by (-, ). Firstly, we show a property of Ly,.

Lemma 3.19. For any wy, € V},, h € (0, hg), we have

|wp, — Lpwp,| < hljwp]].
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PROOF: Let us denote a set of all parts of the boundaries of triangles lying in D,
by Bj, j €], i.e.

Bj :={x € Dj; x € 0Ty, forall T} s.t. P; € Ty}.
By the Taylor expansion we have for all x € D; \ B; the following equality
wy, (x) = Lywy, (2) + grad wy, (7) - (z — P) ,

where 7 := 0z + (1 —0) P;, 6 € (0,1) and j € J. This and the continuity of the
function wy, imply

1/2 1/2

(/ (wh_Lhwh)z) :( > / (wh_Lhwh)z)

Q D;eDy, ' Di

1/2

S( > / (wh_Lhwh)2) <

D;eDy, Dj\Bj

1/2

< (X Rleradwnliap,) = Al

DjEDh

which concludes the proof. ([

The form (-, -);, can be considered as an approximation of the L2-scalar product.
Moreover, it can be defined with the aid of numerical integration:

| rae= 3 [ ravx S ni(s) + 1)+ £7D).

TeTy, TeT,

where f € C(Q), PZ-T, PjT, Pg are the vertices of T' € 7},. The proposed numerical
quadrature is precise for polynomials of order one. Thus, we have

(won =3 3ITI(w(FD)(ET) + u(Pye(PF) + (Bl yo(P))
TeTy,

:/ Lpu - Lyv, u,v € Xp,.
Q

Further, if v := w; is a basis function in X}, then
1
(3:20) (w,wj)p, = 3 > ITIu(P)) = [Dju(P)),  u€ X,
TET; P;eT

due to the barycentric subdivision of any triangle by the dual finite volumes, thus
|T N Dj|=3%|T|,if P; € T.
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Our combined finite element—finite volume scheme (3.15), (3.16) can be equiv-
alently written in the following form:

D[Py v Y (wy,we)) up T (Py) =
(eI\H

= |Dj|uf (P)) + b (uf ,wj),  jEI\H; k=0,1,2,...,N —1;

ug = Ry (ug).

(3.21)

4. Convergence

In this section we show the convergence of the approximate solutions {ufl},
ty, € [0, T, to the exact weak solution of problem 2.7 (i), (ii).

To this aim, a classical approach of finite element analysis based on apriori
estimates is used. Further, we will need some compactness property, which will
be obtained by the Fourier transform with respect to time.

First of all, we show how large is the error if we replace (-,-) by (-,-), and b
by by,. Let us denote

(4.1) {:‘];L = (uﬁ — uﬁ_l, <ph) — (uﬁ — ui_l, gph)h .
Lemma 4.2. There exists a constant ¢; > 0, independent of h, such that
k 2 k k—1
len| < c1h®(llupll + lup M) llenll
for all ufl,uz_l,cph €V}, and h € (0, hg).

Proor: To simplify the notation, let us estimate for any uy, vy, € V}, the following
term:

‘/Q%Uh — 71, (upvp)

< ST Jupvn = (unon)ll 2y <
TeT,

1/2
< (due to the properties of 7y, see [4]) < ch? Z (HuhvhH%VM(T))
TeT,
< (since uh}T,vh‘T e P(T)) < Ch2||uh|| lopll-
This implies that

k 24,k k—1 2 k k—1
el < crh®luy —up ™ [ llenll < exh® (llugll + llug =11 lonll

Our next aim will be to estimate the error
k—1 k—1
(4.3) ei =b (uh ,<ph) — by, (uh ,<ph) .

The following inequality will be useful in order to estimate elfl.
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Proposition 4.4. There exists a constant cg, 8 € (0,1), independent of h, such
that the estimate

0]l oo () < cgh™ P 0]l
holds for all v € V},, h € (0, hp).

PROOF: The proof is based on an inverse inequality (cf. [4, Theorem 3.2.6]). See
also [18]. O

Now we are able to estimate eﬁ.

Lemma 4.5. There exists a constant Cg, 3 € (0, 1), independent of h, such that
(4.6) b (u,w) = by, (w,w)| < Cah* P lul|* - [l

holds for all u,w € Vy, h € (0, hg).

ProOOF: We divide the difference between b and by, into two parts. The first
one measures the error that we make if we replace w € Vj, by Lyw € Dy. It
means that instead of testing by a piecewise linear “finite element test function”
we want to use a piecewise constant “finite volume test function”. The second
part gives the error that is made if instead of the “classical” form b we use an
upwind approximation of the convective term. In this case the test function has
already been piecewise constant. Thus,

b(uvw) _bh (u,w) = Yl +Y27

where

Y1 :=b(u,w) + Z /Taixi(vi(u)u)Lhw:

TeT,
0
= Tg—h /T 8—%(112 (u) - u) (Lhw - w),
0
Yy = —Tg—h /T 95 (vl (u) - u)Lhw - bh(u, w)

Let us realize that since v; € C*(R), i = 1,2, and u € V}, C V, %(vZ (u) - u)

727
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exists a.e. in ). Firstly, we will estimate Y7.

s 3| f @) <

TeT),

< S [(f e )1/2+(/T<”i<“>3—$>2)1/2]

=n
NLpw — w2y <

< > (Vallullpoo(rylgrad ull oy + Vallull ooyl grad ull gy )
TeT,

NLpw — w2y <
< (due to Lemma 3.19 and Proposition 4.4) < (V7 + Vg)%hl_ﬁ||u||2||w|\.

Hence we get
(4.7) 1] < égh'Pllu)?|w]|  Yu,ve Vy,Be€(0,1).

Further, we have

It means that Y2 can be equivalently written in the form

o= > / i (w) ni{ Aje (w) (u (Pj) —u)+

JET €S () 6’:’1@
(1= Aje () (u (P) — ) bw (By) dS).

If we realize that 0Dy = 0Dyj, Ajy (u) =1 — Ay; (u), and the outer normal from
D; to Dy has opposite sign than the outer normal from Dy to D;, we obtain

Z Z / U)?’Li{)\jg(u) (u(Pj)—u)—i-

jEJ\H Les(y) 8ng
(1= o () (u (Py) — u) Y (w (P}) — w (Py)) dS).

Here we used that w € V}, vanishes on the boundary 99, and S(j) = s(j) for
j €J\ H. Let us return for a moment to Figure 2. From the linearity of u,w on
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9Djy and in Sj; we conclude that

1
Vol <5 D0 3 1005 Va lull sy - 20l grad ul o
JEI\H Les(j)

- h|| grad w”LOO(Sﬂ) <
< (using the inverse inequality [4, Theorem 3.2.6]) <
<W 'Z Z hllull (s, ¢l erad ullyragg - ellgrad wlyre gy <
JEINH Les(7)
< chllul| poo(oyllull - [lw]| < (due to Proposition 4.4) < égh'~7||ul|?||wl.

We get
(4.8) Vol < Egh' Pllull?lw]  Vu,w e Vi, 5 € (0,1).
Finally, (4.7) and (4.8) finish the proof. O

Corollary 4.9. There exist constants ca, o > 0, independent of h, s.t. for all
u,w € Vy,

(4.10) [b(u, w) = b (u, w)| < calul - [lul - [lwl,
(4.11) |b(u, w) — by (u, w)| < &2 hlul| Loo (g llull - [wll.

PROOF: The property (4.11) follows from the proof of Lemma 4.5. The inverse
inequality

[ull Lo () < ch™Hul  YueV,

together with (4.11) gives (4.10). O
Thus the error efL can be bounded in the following ways
(4.12) ekl < Coh' = PllugHPllenll, B € (0,1);
and
k—1 k-1
(4.13) lehl < ealuy |-l - llonll,

where uﬁ_l, wp € V.

729
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4.14 Apriori estimates

Lemma 4.15. Let there exist a constant v* > 0 independent of h, T, s.t.

4c1h?
(4.16) e LY
T
and
2VEd2 2c3
(4.17) Ldo+ %HO <v*—§ forsome ¢ € (0,%),

where 19 == (C? + c1hd) |Juo|? + 70C
(3.15), (3.16) satisfy the following estimates

2V2d2 + 2¢3
QMHUOH"‘. Then the solutions of
v

(1) |quL|2§c for all k=0,1,...,N,
N
k k—12
(ii) Z lup —uy ]* <,
k=1
N
(iii) Tkl <e,
k=1

uniformly with respect to h, h € (0, hg).

PROOF: Let us put in (3.15) ¢p, := ufl Using Lemmas 4.2, 2.9 and (4.13) we get

12k k=12 k2 k=1, k=11, k
1%+ fup, — g, 17+ 270 fug 7 < 27 Vada fug, ™ [y, ([ [ug 1+

k=1, k=1, k 211,k k=11\ 1,k
+2reafuy ™ lluy gl + 2e0h® ([lug | + lug ) lugpll <

k2 _ |k
up|® = luy,

: : - VY 12k
< (using the Young inequality) §TT|uh (i

—12 Voo k2
12+ 75 ]+
2
2 a2 4 2 )2 4 Ber ]| + e h?fluf L2
v h h 2 h 1 h 1 h .
We find that

Jufl? = [uf = P+ k= uf T P+ (70 = 3e1h?) uf|? <
(4.18)

VAR kv ke1y2 L 293 ko120 k12 20 k=12
STlT”Uh [y, "l +772|Uh [“llup " [I* + c1h”| [

k
‘“h
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Let us sum up (4.18) over k, k =1,2,...,r < N.
T T
2 ko k=12 2 )
uh P+ 37 Jufy = uf T+ (v = 3e1h?) D [lufl?-
k=1 k=1
VEAT G~ hm1p2y k—1y2 265 N | k12 k12
e D ] R el ol
k=2 k=2
T
—ah® Y Jluy P <
k=2

2V2d2 2c2

0,2 012,012 02,012 21,012
< Jug| +T—1V L2 |uj | +T—V2|Uh| lup |17 + c1h®|lug||* <
< (using (3.9), (3.4)) and 7€ (0,79)) <

2V2d3 + 2c3
< (€2 + cahf) lluol? + roC? L2 fug | = o,

We claim that if the conditions (4.16), (4.17) are fulfilled then for all r =
1,2,..., N, it holds the following

T T
2 k_ k=12 k2
(4.19) Juf?+ Y Jufy =y P76y [lubll? < o
k=1 k=1

This can be verified by the mathematical induction. Let, by induction hypothesis,
(4.19) holds for all n =1,2,...,r — 1. Then

T T
k k—1)2 2 k2
|+ 3 Juf = uf T+ (v = 4e1h?) D uf2-
k=1 k=1

2V12d% 20% - k2
P (e Bt § 22 < 1.
T( —Ho + —=1o kE—IHUhH < 1o

Due to (4.16), (4.17) we get

T T T
2 k k—12 k2 k2
i P+ Y fugy =g P Y gl = (= 6) D [lufll? < po-
k=1 k=1 k=1
It means that we have proved that (4.19) holds for all = 1,2,..., N. Since pq is

a constant independent of h and 7, we obtain that the apriori estimates (i)—(iii)
are fulfilled. O

Now let us stop for a while and think about the sufficient conditions (4.16),
(4.17). The condition (4.16) gives some restriction either on v or on 7. Instead
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of forcing v to be very large we assume that the “stability condition” (3.14)
holds. Thus, 7 = O (h}T®), a € [0,1), and the condition (4.16) is automatically
fulfilled. The condition (4.17) represents some assumption on the smallness of
data. Namely,

(2V12d% n 2_0%)
v v

2 72 2 2 72 2
14 14

c? + clh%) + TOC2

If we assume that

212 2
MHUOHQ
14

(4.20) <d,

where d’ is so small that
(4.21) (02 + clhg) d +7C2 (d)? < v*,
then (4.17) is fulfilled. We can thus reduce (4.17) to the assumption (4.20), which
gives us some condition on small data.
4.22 The limit process
N
Using the sequence of approximate solutions {uz}k . we can define two dis-

crete functions. Namely, B

up, : [-7,T] — V}, is a piecewise constant function, s.t.
(4.23) up, () = u?L for —7<t<0,

uh(t):ui for (k—1)7<t<k-7 and k=1,...,N.

wp, : R — V}, is piecewise linear, defined in the following way:
wy, is linear on [k7,(k+1)7], k=0,...,N —1,
wh(k-T):uﬁ for k=0,...,N,

wp, =0 on R\ (0,7T).

(4.24)

We use the notation uy, wy, instead of more correct uy, -, wy, -, respectively.
Apriori estimates obtained in Lemma 4.15 imply that {up} he(0,ho) i bounded in

L%°((0,T); L% (R)) and L2((0,T); V). Hence, we can choose a subsequence such
that, if h — 0 then

(4.25) up, —=*u  %-weakly in L((0,7);L*(Q)),
(4.26) up — u weakly in Lz((O, T);V).
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Lemma 4.27. We have

||uh — wh||L2(QT) —0 as h—0.

PROOF: Using the apriori estimate 4.15 (ii), we find that

N 1/2
T _ T
Jup — whHL2(QT) = \/; <Z |Ulfz - “ﬁ 1|2> < \/;'C-
k=1

The proof is finished by letting 7 — 0, since 7 — 0 whenever A — 0. ]
This lemma and apriori estimates 4.15 (i)—(iii) give that if ~ — 0 then

(4.28) wp, — U weakly in Lz((O, T);V),
(4.29) wp, =*u  x-weakly in L>((0,7);L*(Q)).
However, the above results are not sufficient for the passage to the limit in

(3.15). We need some compactness result, which will be obtained by the aid of
the following theorem.

Theorem 4.30. Let Xy, X, X1 be three Hilbert spaces, s.t. Xg C X C Xy,
Xo —— X, <—<— denotes a compact imbedding. Let {v;} be a sequence of
functions from R to X, with a compact support K, s.t.

lvnllL2(r;xo) < €
/ |s|27||17h(s)|\§(1 ds < ¢, uniformly with respect to h.
R

Here v is some positive constant and 0y, is a Fourier transform of vy, (i.e. vy, (s) =
[2°_e=2imtsy, (t)dt). Let us denote the space of such functions by H) (Xo, X1).

—00
Then )

M), (X0, X1) —— L2(K; X).
PROOF: (see [19, pp.220-223)). O

We apply this result to our situation for which we set Xg =V, X = X; =
Lo(Q), vy, = wp, K = (0,T). Since we have

||wh||L2 ((O,T);V) <cg,

the only thing to do is to show that

/ |s|*7 |y, (s) [*ds < ¢ for some 7 > 0.
R
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Theorem 4.31. If the conditions (4.16), (4.17) are satisfied, then the sequence
of approximate solution {wh} he(0,ho) fulfills the condition

1
(4.32) / s/ (s)|?ds < ¢ for 0 << 1
R

PRrROOF: Our combined FE-FV scheme (3.15) can be rewritten in the following
way

(4.33) %(wh ), en);, +v((un (), 0n)) = bp(up (t = 1), 0p)

for all pp, € Vj, t € (0,T). Let us denote
en (t) := (wr(t), on) — (wp (t), 0n) >
ie. ep(t) = slfl for t € [(k — 1) 7, k7]. Then it holds
k—1 k k—1

d uﬁ—uh up — Uy
oy = (M ) - (M )
dtah() - ©n . on),

for t € [(k— 1), k7], k = 1,2,...,N. Thus, Lemma 4.2 implies that if ¢t €
[(k—1)7,k7], k=1,..., N, then

k—1
d 2| Ufs —
4.34 L] <eh HiH .
(4.31) e 0] < = e
Using (4.33) we find that

d d
(4.35)  (Zrwn (1) on) = bn(un (t =7) s on) = v((un (1), 90n)) + Zen (1),
Vo € Vit € (0,T).
Let us represent the R.H.S.of (4.35) by ((ap, (¢),¢n)), where ap(t) € Vj, for
all t € (0,T). Using (4.34), Lemma 2.9 and (4.10) we obtain

k k—1

k=1, k—1 k=1, k—1 k 2||Yh — U,

o (1) | < Vidafuf = lluf = 1+ cahuf = g~ [+ viluf ]+ ern? | A——|
tel(k—=1)7,kr], k=1,...,N.

This implies that

N

T N

k—1 k—1 k—1 k—1

(4.36) /0 lap (8) || dt < Vadyr Y fup ™l =Ml + car > Juy = Hllug~H+
k=1 k=1

N N

k 2 k_ k=1

+or > bl + eth? Y flug —up -
k=1 k=1
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The last term from the R.H.S. of (4.36) can be estimated in the following way (cf.

(3.5))
N
c1h? Z Hu —uh Y < e hz |uh —uh 4,
k=1

k=1

Now applying the Holder inequality and apriori estimates (cf. Lemma 4.15) we
conclude that

T
[ llan @)1 a1 < const
0

Further we proceed in a standard way (see [19, p.277]). Let us denote by ay,
the prolongation of aj by zero on R\ [0,7] and let a5, be its Fourier transform.
Our scheme (3.15) can be written in the form

%(wh ), en) = ((@n (), en)) + (U2 Sﬁh) o — (UhNa<Ph) 5

for all ¢y, € V3, dg, o7 are Dirac functions concentrated at 0 and 7. By the
Fourier transform we get

2ris (i () on) = (@ () 0n)) + (uhron ) = (ul s o1 ) exp (—2misT).
Let ¢p, := Wy, then we obtain the following estimate
27|s|[dy, (s) |* < llan (s) 1| - n (5) | + exldp (5) |-
T
As |lap (s) || < / llap, (t) || dt < ¢, we find that
0

(4.37) [slldn (s) 2 < cllop (s) |l

Since for any 0 < v < 1/4 one can show that
15|27 < c(y) (1+|s])/(1+|s[*727) Vs R,

it can be proved that

1
[ s an (9P s < e0) / % i () ds <

<C/R|1I)h(s)|2ds+c</ (1+|d|j "y ) </ oy (5) |12 ds> 2.
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The last term is bounded because [p (1+ |s|1_2“f)_2 ds is finite for 0 < vy < 1/4
and

T
/ o (5)|2 ds < 02/ lion (s) |2 ds = 02/ lon (£) |2 dt < c.
R R 0
This finishes the proof. O

By Theorem 4.31 we obtain that there exists a subsequence of {wh}h (let us
denote it by the same symbol) such that

(4.39) wp — U strongly in L2 (Qr) .
Of course, for {uh}h we get

(4.40) up — U strongly in L2 (Q7).

Next we will prove that the limit u is the weak solution of the problem (2.1)—(2.3)
(cf. Definition 2.7).

Let @5, = rpv, v € C§°(Q), and ¢ € C*°([0,7]) s.t. ¥ (T) = 0. The scheme
(3.15) can be rewritten in the following way

T T
—/ (wh(t),1//(t)~rhv)hdt—|—uf ((up (t), 0 (t) - rpv)) dt =
(4.41) 0 0

T
= /0 bh(uh (t—7),rpv - (t)) dt + (ug,rhv ) (0))h.
We will pass to the limit for h — 0 in each term.
(i)

T

T T
/0 (wn (1) ' (£) - ), dt = /0 (wn (1) 0" (£) - r0) it — /0 en (1) d,

where |e(t)] < ch?||wy, (t) ||||¢(t) rpv]|, which can be obtained in the same way
as Lemma 4.2. Due to (4.39), and the fact that

(4.42) rpv — v strongly in V' for v e C§°(Q),
we have
T T
(4.43) / (wp, (t), ¢ (t) - rpv) dt — / (u(t), ¢ (t) - rpv) dt.
0 0
Now we show that

T
/ ep(t)dt — 0  as h— 0.
0
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In fact,
T T
/ ep (t) dt S/ [ (8) | eh®[[wp, (&) [[[lrpol| <
0 0
(4.44) < (due to (4.42)) < CthleLz((O’T))Hwh”LZ((O,T),V) <
< (using (4.28)) <ch® —0 as h — 0.
(ii)
T T
| ® w0 me))de— [ (o). 00) d
0 0
because
T T
| (@00 m0) = (@0 @) de = [ (G (0.00) (0 = )

1/2

+/OT((uh (t)—u®),vt)v))dt < (/OT g, (8) |12 dt)

T 12 7
(/ K% (t)|2|rhv—v||2dt> —|—/ ((up, (t) —u(t),(t)v))dt - 0 as h— 0.
0 0

Here we use the fact that ||up|| < ¢, and that (4.42), (4.26), and of

L2((0,7);V)
course ¥ (t)v € L2((0,T); V") hold.
(ii)

(uf, rpv - ¥ (0)), = (uf),rpv -1 (0)) — &)

Since (ug,rhvz/)( )) — (uo,m/) ) as h — 0 (due to (3.8)), our aim is to show

that

52—>0 as h — 0.

But [)] < ch?([ud] - rpv e (0) || — 0, due to (4.42), (3.9).
(iv) We want to prove that

T T
/ b (up, (t —7) 4 (t) - rpv) dt — / b(u(t), ¢ (t)v)dt.
0 0

Firstly we show that

—0 as h—0.

T
/0 bh(uh t—7),¢()- rhv) - b(uh (t—7),v% () ~7’hv) dt

737
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By Lemma 4.5 we get

T
/0 bh(uh (t—71),¢ () ~7’hv) — b(uh (t—71),9(t) -Thv) dt| <

T
< [ 10 ©1Cam Pl ¢ = 7) [Pl dt <

< ch By ) <chi=P — 0,

Cl(OT)”uhHL2(OT)V

because 3 € (0,1) and h — 0.
Further, it holds

T
/0 b(un(t — 7), B(E)rv) — blup(t — ), B(E)o)dt

IR

< C/ llup, (¢ =) 12y 19 () o,y o — ol dt <

—0 as h—0,

since

dx dt <

0
v; uh (t—m7) uh(t — T (t) =— o, (rpv—v)

/ Jun (¢ = ) [y dt - 1m0 — vl — 0,

due to the fact that |upllp20,7);) < ¢ the imbedding L2((0,T);V) —
L2((0,7);L*()) and (4.42). Finally,

/ / i (up, (t— 7)) uh(t—T)—vi(u(t))u(t))d)(t) %vdzdt <

) (vi(uh (t—7)) —vi(u (t))) u(t)(t )%U dx dt+

<[
T
),
S/OT/Q/O 8 € Cun — ) e (¢ = )~ 0]
I

T
[ |uh<t—f>||uh<t—f>—u<t>|\w<t>—,v

drdt <

vi(un (6= ) (un (6 = 7) — () (2) 50

u(t) ¥ (t) aiv dx dt

€Ly

dr dt <

< {velvlcqom vl @)

</0 /Q|uh(t—7')|2d:cdt>1/2}~{</o /Q|uh(t—7')—u(t—r)|2d:cdt>

ull 2@y + Vill¥lleqo ) HUHCI( )
1/2
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T 1/2
+ </0 /Q|u(t —7)—u(t) |2d:cdt> } < ( using : Huh”L2((o,T);Q) < c)

T
< (Vg o+ W cl) (Huh —ullp2Qp) + (/0 /Q lu(t—7)—u(t))? d:cdt)l/2).

But the last term tends to zero due to (4.40) and the continuity in the mean of
function u € L? (Qr). Putting these results together we prove (iv).

It means that we have proved that the limit function u € L2((0,7);V) N
L>®((0,T); L?(Q)) satisfies:

T T
- / (u(t), v (£))dt + v / (u(t), 0))()dt =
0 0

(4.45) .

- /0 b(u(t), V)Y (E)dt + (o, 0)6(0), v € CGE(Q), v € CG((0, T)).

Since the space C§°(f2) is dense in V, (4.45) holds for all v € V. If ¢ €
C§°((0,7)), then (4.45) implies 2.7 (i). It is easy to see that u’ € L2((0,7); V")
and
(4.46) (' (t),v) + v((u(t),v)) = blu(t),v), veV, ae te€(0,T).

Let us multiply (4.46) by any ¢ € C§°([0,T)), integrate over [0,7]and use the
integration by parts in the first term.

T T
- [ ooy [ (e -
0 0

T
:/O b(u(t), )¢ (t) di + (u(0),v)¥(0) v e V¢ e Cgo([0,T)).

From (4.45) and (4.47) we obtain that u(0) = ug, i.e. 2.7 (ii).

Let us summarize the obtained results in the following main theorem.

(4.47)

Theorem 4.48 (convergence result). Let {uﬁ}ffzo be the sequence of solutions
of the scheme (3.15), (3.16). Let {uh}he(o,ho) be the sequence defined in (4.23)
and let the assumptions 2.4, 3.2 hold. We suppose that

(i) (2V1d? +2¢2) o < 12/2

(we can take for example v* = v/2, for the definition of ug, see Lemma 4.15).
Moreover, let the “stability” condition be fulfilled:

.. N A A T ~
(ii) 3C,C>0 a€l0,1): C§h1+a§C.

Then
up, — u  strongly in L? (Qr),

where u is the weak solution of the convection-diffusion problem (2.1)—(2.3).
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5. Conclusion

In this paper the convergence of a combined finite element—finite volume
method for a nonlinear convection-diffusion equation was proved. We were able
to prove this result without the assumption that the triangulation is of a weakly
acute type, and with less regularity of the initial data than in [8]. On the other
hand, the assumption 4.48 (i) on the small data was important in our approach.

There are several open questions for further investigation: the proof of error
estimates, the study of a combined finite volume—finite element method with
higher order approximations, the study of implicit schemes, and a generalization
to the case of the whole system of Navier-Stokes equations for compressible fluids.
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