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Full regularity of weak solutions to a class of nonlinear
fluids in two dimensions — stationary, periodic problem

PETR KAPLICKY, JOSEF MALEK, JANA STARA

Abstract. We prove the existence of regular solution to a system of nonlinear equations
describing the steady motions of a certain class of non-Newtonian fluids in two dimen-
sions. The equations are completed by requirement that all functions are periodic.

Keywords: non-Newtonian fluids, shear dependent viscosity, regularity, Holder continu-
ity of gradients
Classification: 76F10, 35Q35, 35J65

0. Introduction

Let Q be a two-dimensional square (0, L) x (0, L), L € (0,00). We consider the
following problem in R2: to find v = (v1,v2) and 7 which are periodic with the
period L at each variable z;, ¢ = 1,2, and solve the equations

dive =10
(0-1) vkﬁ —div(T'(D(v))) + Vr = f,

6:%
where f = (f1, f2) is a given periodic vector field in R? with zero mean value.
Throughout the whole paper we use the summation convention; thus

U By, afk Z kaxk

etc.
Let S be the set of symmetric matrices of the type 2 x 2. Then D(v) belonging
. _ 1,0v; Ov;
to S denotes the symmetrized Vv and has components D;;(v) = 7(%J + 7z )
1,7 = 1,2. Further we put the following assumptions on nonlinear tensor function
T:S—S:
(i) there exists F : R — R{ such that F' € C? (RJ) and for all 4,j = 1,2
2
OF(In|”) 9F(0)
6pij apij

(0.2) Tii(n) = =2F(In|*)mi;, VneS, F(0)= = 0;
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(ii) for a certain p € (1, 00) there exist Cq,Co > 0 such that

O*F(|nl*) 9222 9
0.3 N e e > 04(1 v S:
(0.3) Fpeiopy ik 2 Cr(L+P) 2 (e Vg €
and (for all 4,5, k,1=1,2)
9*F(|n[*) o\ 7
0.4 — |1 <Oy 1+ , Vnes.
©4) OpijOpri 2( I ) g

The purpose of this paper is to show that no matter whatever p € (1,00) is
given, a weak solution to (0.1) exists and in fact it is as regular as data (smoothness
of f and F') allow starting from the assumption

felP(Q)ifpe(l,2)or fEL (Q), r>2, ifp>2.

We start with the notion of weak solution to (0.1). Let us denote!
p— 17p 2 2 . M 3 3 J— pr—
Vp = {<p € Wi. (R ,R ) ;  periodic, divp = 0,/ pdx = 0} .
Q
We say that v € Vj, is a weak solution to (0.1) if

v;
(0.5) /kaa—zk@idx+/QTz'j(D(U))Dij(SD)dx:/sz"Pidx

for all ¢ smooth, periodic and divergence-free. Let us remark that without any
additional information on v, the first integral is well-defined only for p > % The
method of the proof, however, provides directly better regularity of v. More
precisely, we obtain below v € Wlif (R?2) N V.

It is worth noticing that the nonlinearity 1" has some useful properties that

follows from (0.2)-(0.4). Namely: there exist C;, ¢ = 3,4, 5, such that

(0.6) T(n)-n>Cs(nfP -1), Vnes,
0.7 T < s (1+mP) 7 . wnes,

(T(n) —T(€) - (n—€) >Csln—¢€*, Vnees
(0.8) p2

1
with C5 = C5(.6) = Co [ (1416 = s =9F) 7 as
(It A,B€S, then A-B = AijBij-)

We use the standard notation for Lebesgue spaces LP (Q) and Sobolev spaces WP (Q),
and their norms ||.||,, and .|| ,, respectively.
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In particular, the last condition means that the corresponding elliptic operator
is strictly monotone. If the Leray-Lions theory of monotone operators is applied
directly to (0.1), the existence of weak solutions is obtained for p > % (in dimen-
sion d, the corresponding bound reads p > dg—-gz’ which is the case when testing
by ¢ € V), is allowed in (0.5))(see [4] for details).

Finer techniques, using strict monotonicity of 7" and a construction of a spe-
cial L*°-test function, provide the existence of weak solution to (0.1) for p > %
(generally for p > %, cf. [3]). The bound corresponds to the situation when
vkaa—;’k € LY(Q) for v € V.

In two dimensions, these results can be improved because of an additional?

cancellation in the convective term. More precisely, using the fact that g—;‘i =

—g—gi, we can easily check that

Ou; Ouj Ou;

(0.9) Oxj Oxs Ozs

(see [12] for the proof of it).
This cancellation brings in the periodic case higher regularity for v for allp > 1,
namely

2,2
o e[ TEEI

27
WP (R?) NV, forpe(1,2)
which gives the compactness for Vv, and consequently the existence of weak
solutions.

To obtain higher regularity, we will show that there is a pg > 2 such that
(0.11) Vo € Wlhro (R2) .

ocC

Once having (0.11), we see that Vv, and thus D(v), is h6lderian. In particular, the
» PPF( D)%)

‘coefficients are bounded and Hélder continuous for all p € (1, 00).

Then the standard approach used in the regularity theory of linear elliptic systems
gives as much regularity as needed (or as data allow).

The key role in getting (0.11) plays Lemma A formulated below, concerning
linear elliptic systems with bounded measurable coeflicients and extendable to
linear systems of the Stokes type (cf. [10] or [11] for the proofs based on the
LP-estimates for linear systems proved by Bojarski in [2] and Meyers in [7]).

Let k € N, k > 1. For u: Q — R2, let us denote

2

Niuzz Z ira D ur, i=1,...,h.

7“21 |a|:/@

2By the standard cancellation we mean the fact that fﬂ Wy g;’; v; de = 0 for any w which is

divergence-free.

683
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Similarly, denoting £* = £ €52, we put
Nip€ = Z airaga
la|=k
and we assume

rang N¢ = rang(Nirﬁ):::ll”'zwh =2 VEeR™.

Now consider the equation

(0.12) /Aij(a:)Niu(:c)Njgp(:zr)dx:/ngj<pd:c, Ve W2,
Q Q

Assume that
(0.13)
Aij e L™ (Q),Aij = Aji for 1,5 =1,2

IA A2 >0 VnpeR" and forae. z € Q: A | < Aij(@)min; < A2 n|?
and
(0.14) geL" (), r>2

Then it holds:

Lemma A. Let u € W2 (Q) be a solution of (0.12) with A;; satisfying (0.13).
Let 2 < p < 2+ p. Then there exist y1 = v1(p) > 1 and y3 = y2(p) > 1 such that

c 1-2
(015) ”an,p S )\_1’72 i ”ng

for p satisfying

1- AL -
(0.16) p§2<1—lgll 2;2]/@71) :

1

-3
The same result is valid for the generalized Stokes system

(0.17) /QA,'j(x)N,'u(:zr)Nj<p(x) dx—!—/

wdivga:/ng]«pdx Ve W2,
Q Q

where the solution « € W2 (Q) NV,. One way how to see that Lemma A is
applicable to (0.17) is to introduce the stream function to u and ¢, which leads to
an elliptic equation of higher order for the stream function to u. An alternative
way is to proceed as in the proof of Lemma A (cf. [10] or [11]) using as the
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starting point L?t/-estimates (p > 0) for solutions of the Stokes system instead
of L%tP-estimates for the Laplace equation, see for example [1] for the proof of
these estimates.

The scheme of the paper is following: Section 1 is devoted to the question
of W2Po_regularity, pg > 2, of solution to (0.1)~(0.4) for p = 2, where we can
apply Lemma A directly as the coefficients are bounded (cf. (0.3)-(0.4)) from
above and below. Section 2 deals with the most interesting case p € (1,2).
We construct A-approximations to (0.1) which are again ‘quadratic’, so that the
corresponding solutions u™’s are smooth by the results in Section 1. The main task
of Section 2 is to obtain this smoothness uniformly for all A > 0. Letting A — 0 we
finally obtain the W?2Po-regularity of the solution to the original problem (0.1).
Moreover, we show the full regularity result. Section 3 is devoted to the results
for p > 2. Here we only present theorems and omit the proofs, that are similar to
those in Section 2. The detailed proofs for p > 2 will be given in a forthcoming
paper, where we will analyze the Dirichlet boundary problem. By our preliminary
calculations it seems that we will be able to gain the continuity for Vv ‘only’ for
p>% in contrary to the periodic problem, where the Holder continuity of Vv
holds for all p > 1, as presented below.

We finish this introductory part by a few words on the physical background
of (0.1). The system (0.1) occurs in non-linear fluid mechanics. It describes the
steady motion of a class of homogeneous incompressible fluids (having constant
density normalized to one). Then v represents the velocity field and = is the
pressure. This class of fluids is characterized by the nonlinear dependence of the
extra stress tensor on the velocity gradient. The principle of the material frame
indifference and the representation of the isotropic tensors of second order in two
dimensions lead then to the form

(0.18) T(D()) = 24 (ID@)?) D(w).

2\ _ (|DW))? . ..
Note that F' defined by F' (|D(v)|”) = [, i (s) ds satisfies (0.2). Setting in
addition

p—2

(0.19) p(s)=2po(1+s) 2, po>0,

we obtain the classical example of T undergoing (0.2)—(0.4). If p # 2 then the
apparent viscosity p is a function of |D(v)|? and the model (0.5)-(0.6) can cap-
ture such non-Newtonian phenomena as shear thinning (if p € (1,2)) or shear
thickening (p > 2), and these models are used in modelling of processes in many
branches of science (see [6] for further references).

685
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1. The case p =2

In this section we consider the system (0.1) with assumptions (0.2)—(0.4) for
p = 2. We have

Theorem 1.1. Let f € V5 (dual to V3) and p = 2. Then there exists a weak
solution v € Vo and 7 € L? (), Jomdx =0, such that

(1.2) IVully + 7y < Cll flly; -

If in addition f € LP° (Q), po > 2, then

(1.3) olla,p < € (IF 1y + 1711y, ) -

PROOF: By the classical Leray-Lions theory (p > %) we obtain the existence of a
v € Va satisfying (0.5) and

D)2 < C i fllv; -
It is easy to verify that
(L4) IVelly = V2ID@)l,  for v e Va,
which implies
(1.5) I¥lly < O£y,

Defining
81)7;
(B, @) = / Tij (D(v)) Dij() da +/ Uk g% 4o —/ fipidz
Q Q Tk Q
for all ¢ € V[/li)f (R%) periodic we see from (0.5) and (1.5)

(1.6) (E,p) =0, YoeVy and HEH(le(Q))* <C < oo.

By de Rham’s theorem and Necas theorem on negative norms (see [8]), we obtain
the existence of m € L? () such that

/ rdr=0, |aly<ClfI3, .
(1.7) ’

(E,p) = / rdivedr Ve € VVlif (Rz) periodic.
Q
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Due to the periodicity and ‘Hilbert’s’ structure we can now easily apply the
standard difference technique to obtain W?22-regularity for v. Indeed, denoting

he™) —
Zv(x)zv(x+ eh) v(a:)7 r=12,

(e denotes unit vector at r-axes direction), we get from (0.5) a similar system
for djv,r = 1,2,

div (djv) =0
(1.8) /Q ( ka(x)g—;i(w + he") + vg(2)

+ /Q AM () Dy (dw) Dy () da = /Q 0 fip; da

odj v;(x)
oxp

) pi(x) dx

for all ¢ € V5. In (1.8)

ds.

Rl — L 92 F (Du(x) + s(Dv(zx + he™) — Du(x)))
A (@) = /0 OpijOpr

Testing in (1.8) by djv € V5 and using (0.3) together with (1.4), we obtain
(1.9) CrIvdgoll3 < € (713 + Idgol})

: hYll2 = 2 hvll4 ) >
where we used the fact that fQ Uk% (dZUZ-) dyvidr = 0 and the term

ov;
T 1 ogr
v ——dyv; do
/Q h kaxk R

was estimated by Holder’s inequality and (1.5). Since in two dimensions

(110) ol < hully” 9l
we see immediately from (1.9)
(111) Ivdrel3 < c (If1B+1).
This implies

[Vrlly < C,

1.12
(1.12) Hv%

L= C Il +1)
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and the equations (0.1)2 hold a.e. (for p = 2!!). Moreover, for r = 1,2, the

functions w”" = % € Vo and 0" = %’i € L?(9) solve in the weak sense the
system
divw" =0

(1.13) 9 Av; o [ 02F(|Dv|?) . oo Ofi
8—;1;74 (Ukaxk) — 8—{5] 7@})@'8})]@1 Dkl (w ) + 8—% = a’Er’ 1= 1,2.

9?F(ID()*)

b, 0pns satisfy assumption (0.13), f € Ly, () and

As the coefficients Af} =

we can apply Lemma A that guaranties

< C|[Voly, I0lloe < C o3z < € (113 +1).
Po

Vp ——
kaxk

_ 2
(1.14) ve Wl (R?), Vvec®(Q), a=1- —
The proof of Theorem 1.1 is complete. O

Remark 1.15. Let us remark that for the case p = 2 we proved that every weak
solution has Holder-continuous first derivatives. Higher regularity is then reduced
to a more or less standard application of the technique of the regularity theory for
linear elliptic systems. The only term that requires circumspection is the term of
the type X )
J= / O F(DOID) (570 Dy (Vo) Dy (V) de

Q 9pi;Opi1Oprs
which appears while deriving W32-regularity. In such a case, we have L2-norm
of the third derivatives of v on the left hand side and we know (see (1.14)) that
v E VVli’f 0 (RQ) for pg > 2. Write pg = 2 + p. Then the interpolation inequality
analogous to (1.10)

2+p 2—p
l[ully < lullyd, [[Vully*

leads to the following estimate of J (using also (1.14), the Holder and Young
inequalities):

=0 [ IVOuR T < T @ui3v @,
Q

_p
2

24p 2 €
< IV&ulps [Velly > < SIVEwlf +C.

Choosing ¢ < 2C1, we move %HV(?’)UH% to the left hand side, and we conclude
W3-2_regularity for v. The higher regularity is then straightforward.
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2. The case p € (1,2), A\-approximations

,2),

In order to prove the W?2Po_regularity (pg > 2) for (0.1)-(0.3) for p € (1
1) we

we study the following quadratic A-approximations to (0.1): for A € (0,
consider (v,7) = (v}, 7) as a solution of the system (in R?)

dive =0
1) Uk;—; — div <(1+)\|D(’U)|2)TT(D(’U))> =-Vrn+f,

where all functions are again periodic, etc. Denoting

2 (14 AD@)R) 7 Ty(D)

2—p

=2(1+ADW)P) 7 F (ID@)2) Dy (v),

we first verify that 7 satisfy (0.2)-(0.4) with the quadratic potential

|D(v)[? 2—p
(2.2) FA (|D(v)|2) E/O (14 Xs)7Z F'(s)ds.

2
Indeed, recalling that 8%%7_7_‘ ) _ 2F (|77|2) nij we have
ij

P> (Inl?) 20 6°F (|nf?) 3 oF (InP?)

= (1+Ap?) ° FA2-p) (1+A[n?) °
S (14 A1n2) T A p) (1+ A1) o

and

2p 92F (|n|?

- 2) 2 g
gt = (14 AWP) 7 Sk

+2(2-p)A (1 + A |77|2) E F (Inlg) Mt §k1ij i -

92 |77|2)

23) ——m~
(2:3) OOy

Note that the last term is nonnegative for p € (1,2). Consequently by (0.3), (0.4)
and (0.7)

2
PP (|77| def.

g = O R E G JeP?
Aoy M= ! -

92 FA (|77|2)
OO

(2.4)
< Cs + Cs.
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Thus we can apply Theorem 1.1 and we obtain for each A > 0 the existence of
p)‘ > 2 and v such that

In the rest of this section we will show that (for certain py > 2) we have

o

(2.5) < K uniformly with respect to A > 0.

‘27170

Assume for a while that (2.5) holds. Then letting A — 0 we can find a sequence
A — 0 such that v™ = v satisfy

" — v weakly in W2P0 (Q)
o™ — v strongly in W12 (Q).
Then it is trivial to see that v satisfies (0.5) and v € W2P0 (Q) (cf. (2.5)). Then
Vo e 00 (Q), and we have
Theorem 2.6. Let p € (1,2) and f € LP (). Then there exists a solution v, T
to (0.1)—(0.4) such that
ve Wit (R?) ncte (@),
Lp' (2 —
T e W (R), /ﬂ'dI—O.
Q

The direct consequence of Theorem 2.6 (see also Remark 1.15) is the following

Theorem 2.7. Let p € (1,2), k € N, k > 1. Assume F € Cchk+2 (RS‘) and
f e Wk2(Q). Then
k+2,2 (12
ve Wet?? (R?).
In particular, if F € C* (Ra') and f € C* (Q), then v € C'*° (Q)

PROOF OF THEOREM 2.6: As described above, it remains to show (2.5) for v
being the solution of (2.1). Let us first note that by testing (2.1)2 by v = v* we
obtain, with help of (0.6), the uniform estimate

(2.8) HD(U)‘)HP <C<o0.

This helps us to show another uniform estimate, namely

(2.9) /Q (1 + ‘D(v)‘)‘g) T ‘D(Vv)‘)f do < C < .
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Indeed, multiplying (2.1)2 scalarly by —Auv? (recall that for \ fixed we have
enough regularity and —Av? s divergence-free and periodic), integrating over €2,
performing integration by parts and using the notation (2.2), we obtain

2
(Mm/yW@MhL%@»m%%>@

Q Opi;Opri Oz 0xs

v dv Hu?
_ A )\d _ k i i q
/Qf v . Q 8175 3xk 8175 .

8Ul —

Using the fact — 0w

— 9z, One can check that the last term vanishes. Using (0.3)

2,
and (1 + Aln| ) 7 >1in (2.4) leads to

92 FA (|77|2

(2.11) 6t > C1 (14 1) T I¢P.

Onij Onpy
Then from (2.10)

(2.12) cl/Q (1+ ‘D(v)‘)r)% }D(Vv)‘)f dr < HV%AHPWHP,.

Now we will show that HVQ’U)‘ is controlled by the integral on the left-hand
P
side of (2.12). With help of Hélder’s inequality we have

(2.13) HD (vuk) Hi

2-p 2\ ’5° 2
<(i+p@M)) [ (o) T o] an
p Q
The algebraic identity
62UZ' _ (9le(’1}) i 8Dij(’u) _ aDjk(v)
8Ijaxk 8:17]' 8xk 8xl
together with (2.13) and (2.8) give

(2.14)

p—2
2 2\ 2 2
(2.15) v < C/ (1 + D) ) ’ DV dz.
p Q
Hence, from (2.12) and (2.15) we have (2.9) and
2
(2.16) Hv%A ‘ <0 <.
P
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Now we are ready to prove (2.5). Similarly to the analysis in Section 1, we

have for w, = %, r = 1,2, the equation

2
92F (]D(UA)\ ) ”
5 _ [ 2 9%a
(2.17) /Q o a0 Dy (0)d /Q A5 ar,

valid for all ¢ smooth, div¢ = 0. Here

o
A YUV
G =g -

It follows from (2.16) and the assumption on f the existence of ¢ > 2 such that

HG’\H <C < .
q

For fixed A > 0 all assumption of Lemma A are verified. Denote V = V(A) =

1
N
SUpP,cq (1 + ’D(UA(ZE))’ ) *. Then (2.4)2 and (2.11) imply

92F (]D(UA) ?

218) OV < g < (G2 C) I

valid for all A > 0. By Lemma A

(2.19) lwelly, < KVPP, r=1,2,

with

(2.20) q§2<1—lg[ﬁ /lg73> 1, v3>1,
1—Fvr2

which gives
1— 1Ciyp—2
qg=2 <1 —5lg [L
-z

This implies

9 1 - 1Ciyp-2 1Cy yp—2
20 lg< 2 O (142G )

-1
/lg 73) for a certain § € (0,1].

¢ gy \1-Gvr2 | g 1-Gyr-2 | =
2 2
lg 2 if 3C1LyPp—2
{51gy3 1f202V >1,
1 C -2 0 30 -2
S VP if §Svr2 <1,
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. . (1g2 . _
aslg(1+z) > 5 on [0, 1]. Thus setting L = min (lggﬁ’ 40261%%) yields (1 > VP~2)
2
(2.21) 1—=>LVP=25 = Meé.
q
Then g > 1——%\/16 > 2. (Of course, we restrict only on such ¢’s that W2P (Q) —

1
N
W (9).) Let us finally denote § = <1 + \D(UA)] > *. By (2.8) and (2.9)

(2.22) } 05| <Kk,
and by (2.19) |
(2.23) } 0% < KV2P,
For pg € (2, q), the interpolation ineqllality implies
‘ o5l < ’ o5 o8 < ke,
1,po 1,2 l,q

where a is given by pio = % + - Then it holds due to (2.21)

2 1— P
1——_1—2<9+ a)—a<1——>2M5a_LVp_25a,
Po q 2 q

and from the Morrey imbedding inequality (cf. [13, p.58])

1-1
<K <p0_—1> PO yra(2-p)
C(Q) po— 2

ya
2

V%:’@

2

11
- K< 1 ) a yaz—p) < Ry @ pati=1) -1
Po

We need (2 —p)a+1-— %) < B, which can be rewritten as

1
2(0’—’—1_5) a—;O)-{- 2((]—1) q:>)2
a—i—%—% %q—l

p> 1.

Therefore, for given p € (1,2) we find gg so that %(?10;11) < #. Taking ¢ < qo
290~
in such a way that (2.20) holds, then we can fix a so that

2@+1-1)
p= 31
a + 7 = a
2\ 1
Under these circumstances, ||0%]| = (1 + ‘D(’U)‘)‘ ) < K which
@ (@)

implies (2.3) from (2.23). The proof of Theorem 2.5 is complete. O
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3. The case p > 2

Using the analogous regularization we can repeat the procedures of Section 2
for p € (2,3) under some restriction on the constants Cq, Ca, C5, compare also
with [9]. By a slightly different regularization based on changing the values of F'
outside the ball with a radius R of a suitable functional Fp with quadratic growth
(see [5]) and using the bootstrap arguments for higher p we obtain the following

Theorem 3.1. Let r,p € (2,00) and f € L"(Q). Then there exists a solution
v, to (0.1)—(0.4) such that

ve Wil (R ncte (@),

loc

T E VVli’Z (R2) , / mdz = 0.
Q
The direct consequence of Theorem 2.6 is the following

Theorem 2.7. Let p € (2,0), k € N, k > 1. Assume F € Cchk+2 (RS‘) and

f e Wk2(Q). Then
v e Wht2:2 (R2) _

loc

In particular, if F € C* (Rb") and f € C* (Q), then v € C° (Q)
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