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Abstract. The invariant subspace problem for some operators and some operator alge-
bras acting on a locally convex space is studied.
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1. Introduction

Let X be a locally convex Hausdorff space over the complex field C. Each
system of seminorms P inducing its topology will be called a calibration ([11]). We
denote by P(X) the collection of all calibrations on X. Given P € P(X), we call
it basic calibration if the corresponding “semiballs” U(e,p) = {z € X : p(x) < €},
e > 0, p € P, form a neighborhood base at 0. As it is easily seen, P is basic if
and only if for each p1,pa € P there is some pg € P such that p;(z) < po(x),
i =1,2. For any P € P(X) we can generate a basic calibration P’ € P(X) by
taking maxima of finite seminorms from P. For a given P € P(X) we denote by
Qp(X) the algebra of quotient bounded operators on X, i.e. the collection of all
linear operators 7" on X for which

p(Tx) < cpp(x), x€X, peP

and by Bp(X) the algebra of universally bounded operators on X, i.e. the set of
all T € Qp(X) for which ¢ = ¢, is independent of p € P ([11]). The algebra

Qp(X) is a unital locally m-convex algebra with respect to seminorms P = {p}
(see eg. [6]) where

p(T) =sup{p(Tz): v € X, plx) <1}, peP
and Bp(X) is a unital normed algebra with respect to the norm
IT||p = sup{p(T) : pe P}

Let us define still some other families of linear operators. A linear operator T' on
X is locally bounded, or T € LB(X), if there exists a neighborhood U such that
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T(U) is bounded, and T is compact, or T' € K(X), if there exists a neighborhood
U such that T'(U) is a relatively compact set. Let us denote

BY(X) = U{Bp(X), P € P(X)},

and by £(X) the set of all linear continuous operators on X (similarly £(X,Y)
for two spaces X and Y). The following inclusions hold: K(X) C LB(X) C
BY(X) c L(X) (the second inclusion which is not so obvious will be verified later,
or see [11]).

Given any linear operator 7" on X, we define the spectrum and the resolvent
set of T' with respect to various algebras. For T € L(X): X € p(T) iff (\[ —T)~!
exists in £(X), for T € Qp(X): A € p(Qp,T) iff (\[ — T)~! exists in Qp(X)
and similarly p(Bp,T) for T € Bp(X). The corresponding complements in C
will be denoted by o(T"), 0(Qp,T') and o(Bp,T). Obviously, o(T) C o(Qp,T) C
o(Bp,T) for T € Bp(X). It is known that o(Bp,T) is bounded and closed for
T € Bp(X) ([2]), but in general the above spectra can be unbounded. In the case
when o(T) is bounded we denote

r(T) =sup{|A\| : A € o(T)}.

By R(T') we shall denote the range of an operator T'. Let S be a map on X which
may be nonlinear. If there exist P € P(X) and ¢ > 0 such that

p(Sz) < ep(x), xeX, peP
S will be called, as in [5], a P-bounded map.

2. Main results

Let us first prove two useful lemmas.
Lemma 1. Let p,q be two seminorms on X such that: ¢q(x) <1 foreachx € X
for which p(z) < 1. Then

q(z) < plz), zeX.

PRrROOF: Let 0 < p(z) < ¢(z) for some z € X. Then there is some A > 0 such that
p(z) < XA < q(2), hence p(z/\) < 1 and g(z/)\) > 1 which is a contradiction. [

Lemma 2. Let X be a Hausdorfl locally convex space and Ty, To € LB(X), then
there exists a common calibration P’ € P(X) such that Ty, T € Bpi(X).

PrROOF: We may take a basic calibration P € P(X). Then there exist neigh-
borhoods Uy, Uy such that T;(U;), i = 1,2 are bounded. Without loss of gene-
rality we may assume that U; is the open semiball corresponding to the semi-

norm p; € P, i = 1,2. For every p € P there are )\(p),)\gp) > 0 such that
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sup{p(T;x) : = € U;} < /\Ep), 1 = 1,2. We assume firstly that /\Z(p) >0,i=1,2.
For z € X for which p;(z) < 1 it follows p(Ti:Z:/)\Z(.p)) < 1,4 = 1,2, and by
Lemma 1 we obtain

p(Tiw) < \WPpi(z), zeXx, i=1,2

Since P is a basic calibration there is some pg € P such that p;(z) < pg(x),
i =1,2. Hence for A\ = max{)\gp), /\gp)} we have

p(TZI) < AppO(x)a pel, xzeX, 1=12

If one of /\Z(p ) is zero, then p(T;2) = 0 for each 2 € X and the above inequality
trivially holds. Especially, we have po(T;x) < Agpo(x), © € X, i = 1,2. Let us
define P’ = {p/,p € P}, where

P’ (z) = max{p(x), \ppo(2)}, =€ X.

We readily verify that P’ is again a calibration. Now, we can estimate for any
p € P and i=1,2

P (Tix) = max{p(T;z), Appo(Tiz)} < Apcopo(x) < cop(z), i=1,2,
where ¢y = max{1, \g}. Hence T; € Bp/(X), i =1,2. O

Taking T7 = T> we obtain
Corollary. Each T € LB(X) is in BY(X).

If we take T € LB(X), then T € Bp(X) for some P € P(X) and hence
o(Bp,T) is bounded and then o(T) is bounded, too. We shall first prove some
generalizations of some results from [5].

Lemma 3. Let X, Y be Hausdorfl locally convex spaces, T € L(X,Y) and
K € LB(Y). Let S be a map on X such that for some P’ € P(X) and some e > 0

(1) P(Sz) < (r(K) +e)'p(x), peP, zeX.

If T=KTS, thenT = 0.

PROOF: Let us choose any P € P(Y). Then there exists a neighborhood of zero
Ug on Y such that K (Up) is bounded. We may assume that Uy is an open semiball
corresponding to pg € P. Let us denote B = cobK (Up) the absolute convex closed
hull of K(Uy) and Y = span(B) the linear span of B. This is a normed space
with respect to the norm ||.|| g, the Minkowski’s functional of B. It is not hard
to see that the topology induced by this norm is finer than the relative topology
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induced by P. Clearly, K(Y) C Yp since Uy is absorbent and K (Up) C B and it
follows || Kz||p < 1 for each x € Y such that pp(x) < 1. By Lemma 1 we obtain

(2) |Kz||p < po(z), z€Y,

hence the map K : Y — Yp is continuous. Let us prove that Kp := Kly, is
continuous on Ypg. Since B is bounded there is some A > 0 such that B C AUy,
hence K(B) C AK(Up) C AB. Consequently, for all x € Yp such that ||z|p < 1
it follows that A™!||Kz| g < 1 and by Lemma 1 we have

Kzl < Alzlg, =€Yp.

Denote by J : Yg — Y the inclusion map, then clearly Kp = KJ. Since the
norm topology on Yp is finer than the relative one, we obtain ([3]) o(K) — {0} =
o(Kp) —{0}. Thus, r(K) = r(Kpg). Without loss of generality we may assume
that P’ is a basic calibration and (1) again holds. By the supposed equality it
follows that Tx € Yp for each x € X and T = K™T'S™ for all n € N. Fix any
x € X and n € N, then by the continuity of Kg and T and by the inequalities
(1) and (2) we can estimate

ITallp = |K"HTS™ el g = | KRKTS™ ol < |KB] 5| KTS™ a5
< KBl ppo(TS™a) < | KB 5.C.ph (S™Ha)
< CUEE ] p(r(K) +2)~ " p) (@),

where pj € P’. For the above e > 0 take any § € (0,¢) and n € N sufficiently
large to yield | K3||p < (r(Kp) +9)". Then

|Tal|p < C.(r(K) +8)".(r(K) + &)~ "+ pi (a).

Sending n — oo we obtain Tx = 0 and since x € X is arbitrary we have T' = 0.
O

As in [5] we call K € LB(X) decomposable at 0 if for each € > 0 we have a
decomposition X = M @& N, where M and N are nontrivial invariant subspaces
of K and r(K|p) < e.

Let us prove the following result for locally convex spaces.

Theorem 4. Let X be a Hausdorff locally convex space and Y a complete Haus-
dorff locally convex space, T € L(X,Y), K € LB(Y) and S a P-bounded map on
X for some P € P(X) and such that T = KTS. Then
(i) if (K) =0, then T = 0;
(ii) if K € K(Y), then T has finite rank;
(iii) if K is decomposable at 0, then R(T') is not dense in Y.
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PROOF: (i) Since S is P-bounded we have p(Sz) < cp(z), z € X, p € P, for some
¢ > 0. Let us choose ¢ > 0 such that ¢ < 1/c. Then p(Sz) < e~ !p(z), p € P,
z € X, and by Lemma 3, T = 0.

(ii) Now, let £ > 0 be such that £ < (2¢)~1. Since K is compact, its spectrum
o(K) is a compact set, it has no limit point other than 0 and each A\ € o(K),
A #£ 0, is an eigenvalue ([3]). For a locally bounded operator one can generalize
the Riesz functional calculus to locally convex spaces (see [10]). Denote o, = {\ €
o(K) : |A < €} and by P: the corresponding projector for which P.K = KP:
and o(K| g(p,)) = 0c. By the same calibration P as in (i) we have: p(Sz) <
(26)7Ip(z) < (r(P:K) 4+ ¢)"'p(z), p € P, x € X, since P.T = P?KTS =
P.KP.TS, by Lemma 3, P.T = 0, hence T = (I — P-)T. Thus, R(T) is contained
in the finite-dimensional subspace R(I — P:).

(iii) Again choose € > 0 as in (ii) and use the decomposition X = M @ N where
r(K|p) < e. Denote by Py : Y — M the corresponding projector. As in (ii) we
obtain Py;T = 0, and since R(T") C R(I — Pyy), the range of T is not dense. [

As it is shown in [5], for two given operators A, B with R(A) C R(B) acting
between Banach spaces there exists a bounded map S (which need not be linear)
such that A = BS. This result can be generalized to the case in which the final
space is locally convex.

Lemma 5. Let X, Z be Banach spaces and Y a Hausdorff locally convex space.
Let A € L(X,Y), B € L(Z,Y) such that R(A) C R(B). Then there exists a
map S (not linear in general) from X into Z such that A = BS and such that for

some C >0
[Sz|| < Cllzll, z€X.

The proof is the same as in [5] and we omit it.

Theorem 6. Let Y be a complete Hausdorff locally convex space, K € LB(Y)
and M := R(T) C Y for some continuous operator T' from a Banach space X
intoY and let M C K(M). Then the following statements hold:
(i) if r(K) =0, then M = {0};
(ii) if K € K(Y), then M is finite-dimensional;
(i) if K is decomposable at 0, then M is not dense in Y.

PRrROOF: Since R(T) C R(KT), by Lemma 5 there is some ||.||-bounded map S :
X — X such that T'= KTS and by Theorem 4 all statements follow immediately.
O

We shall now consider some invariant subspace problems on locally convex
spaces. Let us denote by £(X) the space £L(X) endowed with the topology 73, of
uniform convergence on bounded sets.

Theorem 7. Let X be a complete Hausdorff locally convex space and A an
operator algebra in L£(X), such that A = R(S) for some continuous operator S
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from a Banach space Y into L,(X). Let there exist an operator K; € K(X) and
an operator Ko € LB(X) which is decomposable at 0, such that

AKq1 C KqA.

Then A has a nontrivial invariant subspace.

ProOF: If A had no invariant subspace then by a generalized Lomonosov’s theo-
rem (see [7]) there exists an Ay € A such that AgK12 =z, 2 #0, z € X. Define
Ty := (Sy)(z), y € Y, and let us prove that T € L(Y, X). Let us choose any
P € P(X), any p € P and any bounded set M which contains z € X. Then by
the continuity of S there is some CIJ,W > 0 such that qéw(Sy) = sup{p((Sy)z) :

xeM} < CIJ,V[HyH and hence for any y € Y

p(Ty) = p((Sy)z) < CY |yl

Obviously, R(T) = Az = {Az, A € A}. If Az = {0}, then V = span{z}
is an invariant subspace for A. If Az # {0} then Az is a range of a nonzero
continuous operator 1" and clearly, Az is invariant for A. For any A € A we have
Az = AAgK12z = KoAsz for some As € A and hence Az C K3(Az). By part
(iii) of Theorem 6, Az is not dense in X, hence Az is a proper invariant subspace
for A. O

Corollary 8. Let X be a complete Hausdorff locally convex space and A # C.I a
Banach algebra in £(X ) with a norm topology finer then the topology 7, inherited
from L(X) and let there be some K1 € K(X) and Ky € LB(X), decomposable
at 0, such that

AK1 C KA.

Then A has a nontrivial invariant subspace.

The algebra of universally bounded operators is a normed algebra with respect
to the norm ||.||p for each P € P(X) and it is complete whenever X is complete
(see [11]). Thus, we have

Corollary 9. Let X be a complete Hausdorff locally convex space and P € P(X)
such that Bp(X) # C.I and let exist K1 € K(X) and Ko € LB(X), decomposable
at 0, such that

Bp(X)Kl C KQBP(X).

Then Bp(X) has a nontrivial invariant subspace.

Theorem 10. Let X be a complete Hausdorff locally convex space and A # C.1
an operator algebra in £(X). Let there be some continuous operator T' from a
Banach space Y into Ly(X) such that A = R(T') and let there be some K1, K €
K(X) such that

AK1 C KA.
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Then the commutant of A has a nontrivial invariant subspace.

PRrROOF: If the commutant A’ had no invariant subspace then by Lomonosov’s
theorem [7] there exist an operator B € A’ and a nonzero z € X such that
BKiz = z. For any A € A it follows: Az = ABK1z = BAK 2z = BKyA;z for
some A1 € A. Hence the linear manifold Az satisfies the inclusion Az C (BK2)Az
and as in the above proof we see that Az = R(T'), where T is a continuous
operator from a Banach space. By part (ii) of Theorem 6 it follows that Az
is finite-dimensional. Let us choose Ag € A such that Ay # AI. If Az = {0}
then Ag has a nontrivial nullspace M D span{z}. If Az # {0} then it is a
finite-dimensional invariant subspace for Ag. Thus Ay has a nontrivial eigenspace
which is invariant for all operators commuting with Ag, and A’ has a nontrivial
invariant subspace. O

Corollary 11. Let X be a complete infra-barrelled locally convex space and
A€ L(X), A# M and such that for some P € P(X) it satisfies the condition:

p(A"z) < Cpp(z), ze€X,peP, C, >0, neN.
Let there be some k € N and K € K(X) such that
AK = K AF.
Then A has a nontrivial hyperinvariant subspace.

PROOF: Let us choose any sequence {ay} € 1 and define
n .
Snr = ZajAJ:v, re X, neN.
Jj=0

Given € > 0, we can find for arbitrary p € P and any bounded set M, sufficiently
large m,n € N, m > n, such that the following estimations hold

m m
qI],V[(Sm —Sp) = sup p( Z ajAlz) < Cp sup p(x). Z laj| < e.
zeM j=n+1 zeM j=n+1

Thus, {Sp} is a Cauchy sequence in Ly(X), since it is quasicomplete ([9]) it is
also sequentially complete and we have for each sequence {a,} € l1 an operator
S =Y ajAl € L(X). Denote A = {S := > a;jA’ : {a;} € l1}. Then by an
estimation similar to the one given above we can prove that the map {a;} — S
is a continuous map of /1 into L£,(X). So, A is a range of a continuous operator
from a Banach space and clearly A is an algebra. In the same manner as in [5]
we have SK = KS1 where S, S| € A and the conclusion follows by Theorem 10.

O

Let us now generalize a result from [8].
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Theorem 12. Let X be a Hausdorfl locally convex space, A € LB(X) and
{Kn}o2, a sequence of operators from Bp(X) for some P € P(X) such that
|Kn|lp — 0 and Ko € K(X). Let the following relations hold

KpnA=AKp1, n=0,1,...

Then A has a nontrivial hyperinvariant subspace.

PRrROOF: By the above relations it immediately follows that KqgA" = A" K, for
n=0,1,2,... and clearly KoA is compact, too. Denote A = {A}’. If A had no
invariant subspace, then by [7] there exists A1 € A such that 1 € o,(A1KpA) (the
point spectrum). Since A1 KA is also compact, then 1 € oy, ((A1KgA)*), too ([3]).
Thus, there is some f € X', f # 0 such that (41 KgA)*f = f. Consequently, for
each n € N:

3) Ky AJAY (A" f = (AP KGATf = (A",

If (A*)"f = 0 for some n € N, then ker(A*) # {0} and then R(A)+ # {0} ([9])

(where for M € X : M+ = {f € X": f(z) =0,z € M}). So, R(A) # X. In this
case this set is a proper hyperinvariant subspace of A. If g, := (A*)"*~1f £ 0 for
each n € N, then (3) implies

Let us prove that there exists some P’ € P(X) such that all K, and A; A are in
Bp/(X). Clearly, AA; is also locally bounded, hence there is some neighborhood
Uy for which AA;(Up) is bounded. We may assume that Uy is the semiball
corresponding to some pg € P. Thus, we have sup{p(AAix): x € Up} < Ap,
p € P. Without loss of generality we may also assume that A, > 0 for each p € P.
By Lemma 1 we obtain

p(AA1z) < Appo(z), =€ X, peEP,
and especially also pg(AA1z) < Agpo(x), v € X. At the same time we have
p(Knz) < ||Knl|lp-p(z), z€X, pePl
Let us define P’ = {p'}, where
P (@) = max{p(e), \ppo(2)}, z€ X, pe P

It is easy to see that P’ is again a calibration on X and for each x € X and
p’ € P! we can estimate

p'(AAz) = max{p(AA1z), \ppo(AA12)} < Apeopo() < cop(x),
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where ¢g = max{1, \g}, and by a simple verification we also have
P (Knx) < || Kn|lpp(z), z€X,p €P.

Thus, all K,, and AA; are in Bp/(X) and ||Kyp|pr < |[|[Kp||p for each n € N.
Let us take an arbitrary n € N. Since g, € X', there is some p], € P’ with
the corresponding quotient space X,, := X/kerp), (which is a normed space with
respect to the norm |2y, = p),(x), where &, = x + kerp),) such that g, € (X5)’
(see [4]). For any x € X we can now estimate

lgn(@)] = lgn (AALEn2)| < llgnllnp) (AALEKnz) < [lgn Inl| AAL|| P/ K]l p -2l (2)-

Taking supremum over all x € X for which p,(z) = ||#n||n < 1 we obtain

lgnlln < llgnllnllAALll P [ Knllp,
hence
1< [|[AAy | pr[| Knl p-
Since n € N is arbitrary and || Ky||p — 0, we have a contradiction. O
Finally, we give some generalization of some results from [1].

Theorem 13. Let X be a Hausdorff locally convex space and A € L(X), A # Al
Let
AK = uKA

for some nonzero K € K(X) and p € C. Then A has a nontrivial hyperinvariant
subspace.

The proof of this theorem and of the following one is for a locally convex space
the same as for a normed space and we omit it.

Theorem 14. Let X be a Hausdorff locally convex space and A € L(X), A # M,
and M a subspace of L£(X) of finite dimension such that AM = MA and such
that M N K(X) # {0}. Then A has a nontrivial hyperinvariant subspace.

We shall give the following variant of generalization of a result from [1].

Theorem 15. Let X be a Hausdorfl locally convex space and A € LB(X),
B € L(X) and K € K(X) nontrivial operators such that there exist A\,0 € C,
|A| <1 and |0| <1 with the properties

BA=MAB and BK =0KB.

Then A has a nontrivial invariant subspace.

PROOF: Since also K € LB(X), by Lemma 2 there exists a calibration P € P(X)
such that A, K € Bp(X). If A had no nontrivial invariant subspace then the
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same would be true for the algebra A generated by A*, k € N. By [7] then
there exist S € A and = # 0 such that SKz = z. Since S = ;?:1 Aj A7 for

some {\;} C C, we have (3 \jA47)Kz = x and for each m = 0,1,2... also
Bm(zyzl \jAT) Kz = B™z. Taking into account the supposed relations we have

BMAIK = N9 AIKB™, m=0,1,2,..., j=1,2,...
and we obtain
(4)  [AATOTA+ M NZOMA? 4 4 A NI AT K| B = B™a,

Denote by T, the operator in the square brackets. Then for each p € P and
y € X we can estimate p(Tmy) < Mpmnp(y), where

M = A™0™ | Al P[]+ Pl AT AR + - -+ P [N P | A1 K .

Thus, T, € Bp(X) and ||Ti||p — 0 for m — oco. In virtue of (4) we obtain for
anyp€ Pandz € X

p(B™x) = p(Tin B™x) < || Tl p.p(B™z)
and if we choose k € N such that || T}||p < 1, we have p(B¥z) = 0 for all p € P.

Consequently, BFz = 0. So, B has a nontrivial kernel which is an invariant
subspace for A. O

REFERENCES

[1] Brown S., Connections between an operator and a compact operator that yields hyperin-
variant subspaces, J. Oper. Theory 1 (1979), 117-121.

[2] Chilana A.K., Invariant subspaces for linear operators in locally convez spaces, J. Lond.
Soc. 2 (1970), 493-503.

[3] Edwards R.E., Functional Analysis, Theory and Applications, Holt, Rinehart and Winston,
New York, 1965.

[4] Floret K., Wloka J., Einfihrung in die Theorie der lokalkonvezen Rdume, Lectures Notes
in Mathematics 56, Springer-Verlag, Berlin-Heidelberg-New York, 1968.

[5] Fong C.K., Nordgren E.A., Radjabalipour M., Radjavi H., Rosenthal P., Eztensions of
Lomonosov’s invariant subspace theorem, Acta Sci. Math. 41 (1979), 55-62.

[6] Joseph G.A., Boundedness and completeness in locally convex spaces and algebras, J. Aus-
tral. Math. Soc. 24 (Series A) (1977), 50-63.

[7] Kalnins D., Sous-espaces hyperinvariant d’un operateur compact, C.R. Acad. Sc. Paris,
ser. A 288 (1979), 115-116.

[8] Kim H.W., Moore R., Pearcy C.M., A wvariation of Lomonosov theorem, J. Oper. Theory
2 (1979), 131-140.

[9] Kothe G., Topological vector spaces II, N. York, Heidelberg, Berlin, 1979.

[10] Lerer L.E., K spektraljnoj teorii ogranicenih operatorov v lokalno vipuklom prostranstve,
Matem. Issled. 2 (1967), 206-214.
[11] Moore R.T., Banach algebras of operators on locally convex spaces, Bull. Am. Math. Soc.

75 (1969), 68-73.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF LJUBLJANA, JADRANSKA 19,
1000 LJUBLJANA, SLOVENIA

(Received November 26, 1996)



		webmaster@dml.cz
	2012-04-30T17:33:03+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




