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Nonlinear homogeneous eigenvalue problem
in RV: nonstandard variational approach

PAVEL DRABEK!, ZAKARIA MOUDAN, ABDELFETTAH TOUZANI

Abstract. The nonlinear eigenvalue problem for p-Laplacian

—div(a(z)|Vu|P~2Vu) = Ag(z)|u|P~2u in RV,
u>OinRN,‘ lim u(z) =0,

x| —o0

is considered. We assume that 1 < p < N and that g is indefinite weight function. The
existence and C1-®-regularity of the weak solution is proved.
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1. Introduction

We consider the nonlinear eigenvalue problem
— div(a(x)|VulP~2Vu) = Ag(z)|u[P~2u in RY,
(1.1) u>0in RV, lim wu(z) =0,
|z|—o0
where 1 < p < N, g is a function that changes sign, i.e. g is an indefinite weight
function, a is a positive and bounded function and A is a real parameter.

The aim of this work is to prove the existence and C1'® regularity of the weak
solution of (1.1). In comparison to similar results we use a nonstandard variational
approach — we do not minimize a Reyleigh-type quotient.

Let us note that this work was motivated by recent work [3] in which the
following nonhomogeneous eigenvalue problem was considered:

— div(a(z)|VulP~2Vu) = Af(z,u) in RV,
w>0in RY and lim wu(z) =0,

|z|—o0

where f is a Carathéodory function satisfying the condition 0 < f(z,t) < g(z)|t|”

with p <~y <p* = NN—_’;) and g satisfying suitable integrability assumptions.

1 The author was supported by grant no. 201/94/0008 of the Grant Agency of the Czech
Republic. This support is acknowledged
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Modifying the approach from [3] we can deal with our problem and to get (A, u)
satisfying (1.1).

In this paper we will use the following notation: LP := LP(RV) denotes the
usual Lebesgue space with the norm ||-||,, WP := W1P(RY) is the usual Sobolev
space and D(RN) := Cy° (RN) is the space of all functions with compact support
in RV with continuous derivatives of all orders.

2. Preliminaries, hypotheses and formulation of the main result

We assume that a = a(x) is a measurable function such that
(2.1) 0<ag<a(x)e L™,

g is an indefinite weight function satisfying:

(g1) there exists an open subset Q # () of RY such that
g(x) >0 a.e. in
(g2) there exists a real number 6,0 < § < oo such that

N N
geLr ﬂLP+5.

Let us consider the function space: X := {u € LP";Vu e (LPYNY equipped with

1
the norm ||ul| := ([ a(z)|Vu[P dz)?. (Here and henceforth the integrals are taken

over RN unless otherwise specified.) Then X is a reflexive Banach space.
Using (2.1) and Sobolev inequality (see [1]) we conclude that there is a constant
C1 > 0 such that

(2.2) [ullp= < Crljull

holds for all u € X.

Definition 2.1. A weak solution of (1.1) is a pair (A, u) such that A > 0, u € X,
u # 0 and

(2.3) /a(x)|Vu|p_2Vqu dx = )\/g(a:)|u|p_2uv dx
for all v € X. In this case u is called an eigenfunction corresponding to the

eigenvalue \ > 0.

Let us remark that under the assumptions (2.1) and (g2) the integrals in (2.3)
are well defined.

The main result of our paper is the following
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Theorem 2.1. Let us assume (2.1), (91) and (g2). Then the problem (1.1) has
a positive eigenvalue A > 0 and a corresponding eigenfunction v € X, u > 0

in RN and | llim u(x) = 0. Moreover, the eigenvalue X\ is simple, isolated and
X |—0oQ

unique in the following sense: if X\ # X is a positive eigenvalue of (1.1) and @ is
a corresponding eigenfunction then @ changes sign in RV,
Corollary. Let the assumptions of Theorem 2.1 be satisfied and moreover, let

a € CY(RN). Then the assertion of Theorem 2.1 holds with u € C1:*(Bg(0)), for
any R >0 and o = a(R) €]0,1] .

Remark 2.1. Similar results were proved in papers [2], [5] and [6]. However,
different (more restrictive) assumptions on the weight function g and different
methods were used in these papers. On the other hand, our result does not
contain any information about “higher” eigenvalues of (1.1).

3. Proof of Theorem 2.1 and of Corollary

Proposition 3.1. Assume (2.1), (91) and (g2). Then the problem (1.1) has a
weak solution (A\,u),u € X and A > 0, such that u # 0 and v > 0 in RN,
PRrOOF: The proof follows the lines of Theorem 3.1 in [3]. Since the character of

our problem is different from that considered in [3], we give the proof in detail here
for the reader’s convenience. Let o € ]1,p[ be fixed and consider the following
functional:
unctiona [ e(@)ulP de

[Jull* 4 [luflP”
It is easy to see that J is well-defined for any u € X, u Z 0. Due to (2.2) and the
Holder inequality we have

6 [owlPdr< [lo@la?de < gl ol < gl
Since @ < p < p* then ||u||P < |[u]|® + |Jul[P” for all u € X, so

g(x IUI dz _

Then there exists a constant s; < 0o (31 = C‘ngHﬂ) such that J(u) < s; holds
p
for all u € X, w# 0. Thus s := sup J(u) is a real number.

ueX
u#0

Lemma 3.1. There exist so € |0,s| and a sequence (up)y>; C X, up > 0

such that sg < J(up) < s holds for all n, and lim J(up) = s. Furthermore,
n—oo

[ glun|P dz — [ glu|P dz, as n — oo and J(u) = s for some u € X.

PROOF OF LEMMA 3.1: Let Q be from (g1) and choose ¢y € D(RY) such

that supppg CC Q and sup ¢o(z) > 0. Set s9 = %J(cpo). Then sg =
z€RN
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[ glgol? dz
Q

2lpoll*+lwollPT
such that J(up) — s as n — oo. Since sg < s we can choose (un)p—; such that

J(un) > so for all n and due to the equality J(u) = J(Ju|) we may assume that
up > 0. Then (3.1) implies that there exists s; such that

> 0 and sop < s. Let (up)o2; C X, up # 0, be a sequence

s0([un]|® + l[unlP") < s1lfun?
holds for all n; so we can find real numbers 0 < §; < d2 such that
(3.2) 01 < Jun | < d2

hold for all n, and this implies that (up);2; is bounded in X. Due to the reflex-
ivity of X we may assume without loss of generality that for some u € X we have
un — u weakly in X and pointwise a.e. in R, (Remark that for any bounded
open set B C RN we have for u € X:

1

* P*
(1" ae)™ <l < calul
B

1
p
( [ vur da:> < [Vullp < G4 Jul
B

lullwrrp) < Cllul

holds for all u € X. The compact imbedding WP(B) << LP(B) then implies
that up, — w in LP(B) and hence pointwise a.e.). This implies that u > 0 a.e.
in RV, Using the Holder inequality, for all 0 < R < co and all n, we have

] / g<x>|un|pdx}s [ ot i

and

and then

|z|>R |z|>R
P N-—p
N N * N
<( [ wn¥ac)" ([ o)
le|>R />R

P

N N

gcz(/ |g<:c>|pdx) ,

|z|>R

where Cs is a constant independent of R and n. The same holds also for u:

\ [ sty do scg( / |g<w>|%dx)%.

|| >R |z|>R
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N N
Since g € L?, wehave lim [ |g|? dz =0, which implies that, for any ¢ > 0,
R=00 1u[>R
there exists R: > 0 such that

g(@)|ulP dx| < e

|z|>Re

and
<e

[ st@luap s

|z|>Re

hold for all n.
On the other hand, using the Rellich-Kondrachov theorem (see [1]), and the
continuity of the Nemytskii operator we prove, for € > 0 fixed that:

/ g(z)|up, |P de — / g(z)|ulP dz as n — .
|z|<Re |z|<Re

Indeed, let us consider the function F'(x,t) := g(z)|t|P, then

N
VI
N m >
ys 5

[F(x,t)] = |gllt]” <

/
for all t € R and a.e. z in B: := {z € RV; |z| < R.}, where m := p (% + 5) and

the dash denotes the exponent conjugate.
Hence the Nemytskii operator Ng associated with F is continuous from L™ (B;)
in L1(B;). Note that

N N N " (NY  p
— < — 4+ implies (——I—d) < <—) 2
p p p p

and hence m < p*. Then from imbeddings

X — WYP(B.) —— LM(B.)

we conclude that Np(up) — Np(u) in L1(Be), i.e.

/ g(z)|un|P do — / g(x)|ulPdz as n — oco.

|CC|<R5 ‘Z“<Rs
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Finally,

[ ste)ual? = ) o
+] / Y = ul?) d

for n large enough, which implies that

g] / g<x>|un|de+\ | o aal+

o[> Re || >Re

< 3e

(3.3) /g(:v)|un|p dx — /g(m)|u|p dx as n — 0.
Since we have J(uy) > sg for all n, then
[ ot@ua d = solunl + ).
Due to (3.2) we have,
[ o@lual? do = o067 + o)

and (3.3) implies
/g(:v)|up| dz > so(67 + 5*?*) >0
and, therefore, u Z 0 in RYN. From the uniform boundedness principle, we obtain

Jal|® + [lu]P” < lim inf(||un||* + fun]”)

and so
. . J 9(@)|un|P dx )
s = limsup J(up) = limsup | ——————
p J(un) = lmenp (A
1
= lim sup <—*> /g(x)|u|p dx
l[unll® + [lunllP
J 9(@)|ulP dz o J9@lufPdw
< = = < = J(u)
lim inf ([[un[|% + [Jun||P ) [l + [l "
and, consequently J(u) = s. The lemma is proved. O

Now, we prove that u is an eigenfunction corresponding to a positive eigenvalue
A > 0. Since u # 0 in RN then for any fixed v € X we can find g9 = g¢(v) > 0
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such that ||u 4 ev|| > 0 holds for all € € | — gg,e9[. We consider the function
7:]—e0,e0[ — R defined as follows:

0(e) = J(u+ev).
The function F(g) = [ a(x)|Vu + eVolP dz = ||u + ev||P is differentiable and
Fl(e)=p / a(z)|Vu + eVoP~2(Vu + e Vo) Vo da.
Since |lu + ev|| > 0 on | — €g,&0[ then the same is true for F(g), i.e. F(g) > 0
P

on | — eg,e0[, and, therefore, the function G(e) = ||u + ev||* = (F(¢g))
differentiable and

is
/ (07 a_ 7
G'(e) = ;F (e)(F(E)r .
At £ = 0 we have

G'(0) = a|ul|*P / a(z)|VulP~2VuVo de.
The same remains true for the function H(e) = |u + v||P”. Hence
H'(0) = p*HuHP*—p/a(x)|vu|p—2vu Vo da.

Thus 7 is differentiable on | — gg,e0[. Since 0 is a maximum of 7, we have
n'(0) = 0, which implies that

/a(a:)|Vu|p_2Vqud:c = )\/g(:c)|u|p_2vda:

holds for all v € X, where

p(llull* + [[ul”")

A= - .
(p*[|ullP"=P + aflul|*=P) [ g(x)|ulP dx

Proposition 3.2. Let u € X be a weak solution for (1.1) such that u # 0, u > 0
a.e. in RN, Then u € L" for all p* <r < oco.

PROOF: We use Nash-Moser bootstrap iterations similarly as in [3]. For M > 0

define vy (z) = inf{u(x), M} and let choose v = vﬁg"_l (for some k > 0) as a test

function in (2.3). Then it is easy to see that v € X N L and that

J @It 0 de = 5 [ gl gy dr
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On one hand, due to (2.2) we have

/ ()| VulP~2VuV (v ka)d:E: (kp—i—1)/a(w)|Vu|p_2VquMv§5d:v

@a) =t +1) [o@IVoup ot = GEEG [o@vOiHP as

2
S 1 kp+1 / (k+1)p P*
=P (k+1)p
On the other hand,
/g(x)|u|p_2uv§5+1 dx = /g(x)up_lvﬁf[ﬂ_l dx

(35) < [lolar gt e < [ g o

p

q
< gl (/u(k—i-l)qcl:c)

/
where ¢ = p (% + 5) . From (3.4) and (3.5) we obtain

P
1 kp+1 (k+1)p »* / (k+1)
< q
Pk iy </ dw) /\Hgll N ( dx

Then there exists a constant C3 > 0, C3 = ACT||g]| (54—6) such that
p

P
3

k+1)p* P (k+1)P a
</ o d‘”) =T D) </ “(kﬂ)qd“’) ’

1

k+1
HUH(k—H)q

i.e.

1

T k+1
(3.6) loallgernypr < C4™ | ———

1
(kp+1)»

1
where Cy = C3 > 0. Since u € X, it follows from (2.2) that v € LP . Then we
can choose k = k1 in (3.6) such that (k1 + 1)g = p* i.e. k1 = % — 1. Then we
have .
e

k1+1
— [l -

(kip+1)

k 1
loazll gy +1)pr < Cg*"

Sl
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But, ]V}irn vpr(x) = u(z) and the Fatou lemma implies
— 00
1
k1+1 k1l
— ]|

1
.
ull ey 1) < C4H T
(kip+1)7

Then u € LK1+1P" and we can choose k = ko in (3.6) such that (kg + 1)g =

*)2
(k1 +1)p* ie. kg = % — 1. Repeating the same argument we get

1
1 ko+1
L k + 1 2
ko+1 2
[ull gpgrypr < Cy* | ———= llwll (ky1)pe -
(kop +1)P
By induction
1
=t kn+1 |Fntt
lull g 1ype < G | —— llull 14 1)p
(knp + 1)p

holds for all n € N, where kp = (%)" —1. Then

5 = n L sy
i—=1 J ] + 1
[l (k4 1)pe < Cit II——-— [[ullp-
j=1 | (kjp+1)»
1 1
1 Vy+1 1 Vy+1
But lim yt T =1 and y+ T > 1 for all y > 0. Then there
Y=o | (yp 1) P (yp+1)?
exists a constant Cs > 0 such that
1
| < | fmtl o < G
— .
(knp+1)?
holds for all n € N, and therefore,
2 % = R
[ull (b +1)p* < Ci Cs V7 Nullps,

since

L - (/B <
VR W) oy s b
Then we conclude that there exists a constant Cg > 0 such that

1l (g 1)p+ < Collullp

holds for all n € N. Since k;, — 0o asn — oo, we get u € L and by interpolation

uwe L" forall r e [NN—_P;), oo] This completes the proof of Proposition 3.2.
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Proposition 3.3. Let u € X, u > 0 and u # 0 be a weak solution of (1.1). Then

u>0in RY and
lim wu(z) =0.

|z|—o00

PROOF: The positivity of u follows from the weak Harnack type inequality proved

in [10, Theorem 1.1]. More precisely, due to Proposition 3.2 we have u € L,

and using Theorem 1.1 of [10] there exists a constant Cr > 0 such that

(3.7) ;{n(aé() u(z) < Cpr Ir(n(lfrzl) u(z),

where K(R) denotes the cube in RN of side R and center 0 whose sides are

parallel to the coordinate axes. Let D C RV be such that |[D| # 0 and u = 0

a.e. in D. Then there exists Ry > 0 such that |[D N K(Rg)| # 0 (otherwise D =
U (DNK(R)) will be of measure zero). Thus 0 < max u(z) < Cr min u(z) =0

ReQ K(R) K(R)

holds for all R > Ry which implies « = 0 in K(R). Hence u = 0 a.e. in RY,

a contradiction. Thus u > 0 in RY. Finally, let B,(z) denote the ball centered at

z € RN with radius 7 > 0. Then by Theorem 1 of [8], for some C' = C(N,p) >0

we obtain an estimate:

[ull oo By (2)) < C 1l Lo By ()

independently of 2 € RY. Hence the decay of u follows. O

Proposition 3.4. The value of A > 0 (and u > 0) is independent of the choice
of a € ]1,p[ at the beginning of the proof of Proposition 3.1. Namely, \ is
simple, isolated and if \is a positive eigenvalue of (1.1) and 4 is corresponding
eigenfunction then @ changes sign in RV .

PRrROOF: The simplicity of A follows from the proof of Lemma 3.1 in [7] adapted
for @ = RY. Remaining two facts (i.e. A is isolated and unique positive eigen-
value having eigenfunctions which do not change sign) follow from the proof of

Lemma 2.3 in [4]. In particular, this implies that A and u are independent of a.
O

The assertion of Theorem 2.1 follows now from Propositions 3.1-3.4. The
assertion of Corollary follows directly from the regularity result [9].
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