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A note on lattice renormings

MARIAN FABIAN*, PETR HAJEK, VACLAV ZIZLER

Abstract. It is shown that every strongly lattice norm on ¢o(I") can be approximated by
C'*° smooth norms. We also show that there is no lattice and Gateaux differentiable
norm on Cy[0,w1].
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It has been recently shown in [1] and [2] that every equivalent norm on the
classical separable Banach spaces ¢o or p, p even, (as well as on many other
spaces) can be uniformly approximated on bounded sets by a sequence of C°°-
Fréchet smooth norms.

Although the method of construction requires some technical conditions on the
space to be satisfied (in particular the existence of a Schauder basis), it seems to
suggest that perhaps the following statement should be valid:

Suppose X is a separable Banach space that admits an equivalent Ck_Fréchet
smooth norm. Then every equivalent norm on X can be approximated uniformly
on bounded sets by a sequence of C*-Fréchet smooth norms.

On the other hand, we do not know of any example of a nonseparable Banach
space where a similar statement would be valid for & > 2.

In the present note we give a partial solution to this problem for the space co(T")
and k = co. More precisely we show that on ¢o(T'), T uncountable, every equiv-
alent strongly lattice norm can be approximated by a sequence of C°°-Fréchet
smooth norms.

In the second part of our paper, we show that there exists no lattice Gateaux
differentiable norm on Cy([0,w1]), the space of continuous functions on the ordi-
nal segment [0,w;] that vanish at wy (where wy is the first uncountable ordinal
and [0,w;] is in its normal topology as in [4]). More information on the space
Co([0,w1]) can be found e.g. [3, p.259]. Proposition 2 of this paper is of interest
when compared with some results of Haydon [5]-[6]. In [5], a lattice norm on
Co[0,w1] @ cg[0,w1] is constructed, which is C*°-Fréchet differentiable and locally
dependent on finitely many coordinates when restricted to a rather large open
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264 M. Fabian, P. Hajek, V. Zizler

subset of Cy[0,w1] ® cpl0,w1]. This norm is then used to obtain C*°-Fréchet
smooth (necessarily non-lattice) renormings of Cp[0, wy].

The notation and terminology we use are mostly standard, as in [3].

By a strongly lattice norm on cg(I') we mean an equivalent norm || - || such that
| 2= yyeyl > || X5 2yeqy|| whenever > yyey, D> xyey € co(I') are such that for
vyel’ yel yel vyel’

every v € I [yy| > |2, is satisfied.

Theorem 1. Every equivalent strongly lattice norm on co(I') can be approxi-
mated (uniformly on bounded sets) by C'*°-Fréchet smooth norms.

PRrROOF: Denote the given strongly lattice norm by || - ||. We first introduce an

auxiliary function fa. For arbitrary 1 > A > 0 and ) ey € co(I') denote by
~yel’

Fa(> ayes) = sup{| S yreall
~vel vel

where y =y if [2,] > A and |yy| <A if |2,] §A}.

Clearly, fA(-) = || - || on co(I').
In fact, fa() is a Lipschitz function on (cg(T), || - ||oo) with the Lipschitz con-

stant less than or equal to the Lipschitz constant of || - || (on (co(T), || - ||oo))-
It is standard to check the following elementary properties of fa(+):
(1) fa(d] zyey) = fal > xyey). In other words, the value of
~er ~ve{a€l,|za|>A}

fa(z) depends only on those coordinates of x that are in absolute value
larger than A.

(i) fa(X zyey) < Al yrey)
vyel yerl
whenever we have ||y, || > ||z4|| for every v € T'.

The property (ii) is a “strongly lattice” property of fa(-) and follows directly
from the strongly lattice property of | - ||.

We now proceed with our construction of approximating C°°-norm.
Given € > 0, from the equivalence of || - || and | - ||co it follows that there exists
1> A > 0 such that
[-l<faC)<I-ll+e

for every x € ¢o(I).

Put Fa(z) = fX ().
Then Fa(-) shares properties (i), (ii) and satisfies:

112 < FAQ) < (-1 +2)? = 1117 +2¢] - || + €%
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Thus the convex function Ca (-) defined by:

Calz) = 1nf{ZAFA:vZ x—Z)\xl,Z)\—l)\>0}

=1

also satisfies ||-||2 < Ca(+) < (||-]|[+¢€)?, because ||-||? is convex and Ca (-) < FA9(-).
It is straightforward to show that also the strongly lattice property for Ca () is
preserved, i.e. Ca(z) > Ca(y) for x,y € ¢o(T), such that for every v € I" either
llyyll = |lz~||. We will now show that for 1 > & > 0 we have

COa(z) = mf{Z)\FA ), x_Z)\x,,Z)\ =1, N >0and||a:,|<1oo}
1=1 1=1
for every x € ¢o(I") with ||z]| < 2.

n
To this end, it is enough to find for every {z;}/ 1, \; > 0, >\ =1,z =
=1

n m m

> Aiz; another system {y;}%,, X, >0, > X, =1, z = > My;, where ||y
i=1 =1 =1

100 and such that

IN

m n
D ONFA() <D NiFa(@i).
i=1 =1

Suppose without loss of generality that ||z;|| < 100 for 1 < i < j and ||z;|| > 100
for j < i < n. We may assume that j > 1, since otherwise Fa (z;) > 1002 for
every 1 <4 < n, and then Fa(z) < 32 < 1002 would give us a better estimate.

Put

j n
E AT Z i
=1 B i=j+1
v == , V2= T,
s by
El ¢ =
J
G=> XN &L=1-¢&.
i=1

Clearly, x = & v1 4 E2v2.

J
We may assume that Fa(vy) > §l1 Zl NiFa(z;) and
1=

n

Fa(v2) 2 & E WIINCHE
=7+
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J
Indeed, if for example Fa (v1) < £l1 > NiEA(z;), we obtain that z = vy +
i=1

n n
Sohx, &+ Y, N=1,& >0, >0and
i=j+1 i=j+1

§1FA ’Ul Z FA th <Z)\FA :17,
i=j+1

gives us even a better estimate of Ca (z).

n
By assumption, Fa (z;) > 1002 for j + 1 < i < n. Thus £L2 S NFEa(zg) >
z‘—j—l—l

1002. The trivial estimate for Ca (z) is Fa(z) < 3% =9. Thus E NiFa(x) <
9 (otherwise the trivial estimate would give us a smaller value than E MNFa(z;) =
i=1
p 1\
&g Zl)\iFA(Ii)) tol(g X 1)\iFA(Ii))~
1= =7+
Consequently, ||v1]|2 < Ca(v1) < 9 and we have |v1|| < 3. Similarly, (|jvz| +

e)? > Fa(vz) > 1002 and we have [[va]| > 99.
Thus there exists vs € cg(T), ||vs|| = 50, v3 = ajvy + agve where ag + ag =1,
a; > 0. Since v3 — ajv] = aguy, we have 47 < agl|vz||. Thus

J n
1 1
a1 — Z)\iFA(xi) + ag— Z N FA(z;) > a2||v2|\2 > 47||vg]| > 47 - 99.
3 Rt 2i=j
= =j+1
Moreover the trivial estimate gives us
Fa(v3) < (|lu]l +¢)* < 51% < 47-99.

Therefore

1< 1 &
FA(U3)§041§—12)\Z-FA(:CZ')+CM2— > NiFa(x),

=1 2 isj+1
§2 §2 a1 -
Q_QFA ) < ——Z)\ Fa(mi)+ Y AiFa(x),
i=j+1

J
(0%
> AiFa(w;) - 52 = Z)\ Fp(zi) + g_FA (v3) < Z)\ Fa (i),
i i=1

J
Z 1——2ﬂ )\FA(IZ)—F—FA v3) <Z/\FA Z;)-
=1
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However,

J

(0% U, (6%

(1- 5—2—1) E Aizi + 5—203 = &o + &2(—> — Tur) = o1 + Gy =1
az &1 o az az o

J
It is easy to verify that > (1 — gl—z%)/\Z + 5—2 = 1. It follows that ag > &2, since
=1

|lvs]| = 50 while ||z|| < 2. Therefore (1 — 522 %‘1 )A; >0 for every 1 <i < j.

Thus the system {z;}/_; U{vs}, {(1— 3—22%))\2} 1 U { >} gives us a smaller
estimate of Ca () than the original one {x;}!" ;, {\;}. Clearly, all ||z;]] < 100,
1<i<j, vl < 100.

Since ||| and || - ||co are equivalent norms on cg(T'), it follows from our previous
considerations that there exists a constant k such that

Ca(z) = mf{Z)\ Fa(x;), x—Z)\IZ, Z)\ =1, N >0 and ||z;]leo < k}
i=1 =1 i=1
for every [|z] < 2.
We proceed by proving that there exists 6 > 0 such that

CA(Z x've'v) = CA( Z x'yew)
y€er ve{a|zal>d}
for every x = ) xyey € cg such that |lz]| < 2.
vel
2

In fact, we will show that choosing § < %fw is sufficient.

Since Cp is upper semi-continuous (as the infimum of a family of continuous
functions - Fa is continuous as the square of a Lipschitz function fa), and,
moreover, from the strongly lattice property of Ca it is enough to prove that

CA(Z Tyey) = Ca( Z Tyey),
vyel vel’
Y#Y0
whenever |z, <.

We will proceed as follows. Given z = ) xe,, for arbitrary {y;}7*; C co(T),
el

n n
N, AN >0, 2N =1, ||yilloo < Kk such that Y7 Ny, = >0 zqey, we
i=1 i=1 ~er
Y#0
will construct {z;}7; C co(I') such that (z;)y = (y;)4 for 1 < i < n, v # 7o,

n
> Ajxz; =z and in addition

i=1
n n
D ONFA() <> NFa(:)
i=1 i=1

267
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Consequently,
CA(Z Tyey) < Ol Z Tyery).
~yel ~yerl
Y#Y0

This implies our claim, since Ca(-) shares the strongly lattice property, so the
opposite inequality is satisfied.

Without loss of generality assume that, § > z, > 0 and

k>(yi)«,0>A for 1 <4<y,
> (Yi)yo 20 for j1 <i < ja,

> (Yi)yo = — for jo <i < js,
—A> (yl)% > — for jz3<i<mn.

J1 J3 n
Put s1 = > A, s2 = Z Ai, 3= >, X, s4a= > N
i=1 i=j1+1 i=jo+1 i=j3+1

If (s3 4+ s4)A > 4, then

J2 n n
SN+ D NA> YT NA > (s3+s4)A >0
=1

i=ja+1 i=ja+1
Therefore for every jo < i < n we can find numbers §;, such that A > 7; > (y;)~,
and .
J2
Z yz ~o T Z Aty = L -
=1 1=j2+1
We define z; = y; for 1 <i < jo, and x; = > (yi)yey + Pieyo for jo <i <n. It
vyel’
Y#Y0
follows that
Fa(zi) = FA(' D (Wi)vey) < Falvs).
vel
Y#0

n n
Thus > NFa(z;) < > A Fa(y;) and the claim is established.

i=1 i=1

n
If (s3+54)A < &, we obtain 0 = ( Y )\i(yi))y > 51A — (s3 + s4)k. Therefore
i=1

31<5k Thus s9 =1—51 —s3—s4>1— (k+1)

<1 S J2, such that (y;)y, < 7; < A and

J1
Z/\i(yi)'yo Z Ai(i)yo + Z Aili = T
i=1

i=j2+1 i=j1+1

We can find numbers §; for
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n
Indeed, | Z+1 Ai(Wi)yo| < (s3+ sa)k < %k Consequently, saA — %k > A —
1=J2
—6(]2_1) — %k > ¢ by our choice of §.

Putting (z;)y = ¢; for j1 < i < ja, v = v and (2;)y = (v;), for any other
choices of i and -, we obtain again

n n
D ONiFa(@) =Y NiFa(vi).
i=1 =1

Hence we proved that Ca(-) is a convex function on co(T), || - |2 < Ca()) <

(-1 + 5)2 and, for ||z|| < 2, Ca(z) depends only on those coordinates z~ of
for which |z~| > . More precisely,

Cal( Z Ivew) =Ca( Z Tyey),

~vel ~vel
where Ty = {y €T, |z4| > d}.

We will now construct a C'*°-Fréchet smooth convex function on the set {z €
co(T), |lz|]| < 2}, which uniformly approximates Ca(:). To this end, choose
a C°°-smooth bump function b(t) on R, 0 < b(t) = b(—t), suppb C [—g,g],

T b)dt=1.

It is elementary to check that from the symmetry condition on b and the
convexity of f it follows that

fr) < / F(Ob(r — 1) dt

for arbitrary convex continuous function defined on R.
It is standard to check that for arbitrary vg € I', the function

o0
C’K’ ( Z x»ye»y) = / C’A( Z Tyey + te%)b(xw0 —t)dt
vel -0 yerl

Y#Y0
is convex and CQ(-) > Ca(-).
Put II = {7r ={7,...,m}, neN, y € F} to be the set of all finite subsets
of T. For m = {~v1,...,7} € II define

CZ(Z Tyey) =

vyerl
o o n
= / . / Cal( Z Tyey + Ztie%)b(x,n —t1) ... b(xy, —tn)dty...dty.
—00 —00 vyel’ i=1

yEm
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For every m € II, C} is a convex function satisfying C{*(-) > C'(-) whenever
m C mo. B
Define Ca(z) = sup{C} (z), = € II}.
Suppose © = Y ayey, |7 <2 §, Ty = {y €T, |ay] < 3}, Ty =D\ Iy,
vyel’
Clearly I'y € II. For every y € ¢o(I") such that ||y — z]|co < %, we have |y| < g
for v € I'1. For such y the following formula is satisfied:

/ / CA Z yﬂyeﬁ/ + Z ti 677' yﬁfl ) . b(y'\/n - tn) dtl CIE dtna
~vel
v¢I'2

where 'y = {~1,..., 7}
Indeed, for every I's = {71,...,7m}, ['2 C I's we have

'yel"
¢
and thus
CA' ()
= / / CA Z yye»y—i-Zt 6% Yy —t1) - - 0(Yryy, — tn) dty ... dly
vel
¢l
=" (y),
because the function @(t1,...,tm) = Ca( X yyey + Z tie;) is for any given
vyel’
YEls
t1,...,tn constant in variables t,,11,...,ty, satisfying [tp41 — Yy, 1| < %, A

[tm — Yy | < g The function Ca (-) restricted to Bj|s (z, g) thus depends only
on the coordinates {yy,...,¥,} of y and is easily observed to be C°°-Fréchet
smooth. The trivial estimate gives us

0
l2]|* < Ca(x) < Calz) < sup{Calz + ). o]l < 5}

2 )
< sup{ ([l + o[l +¢)7, [Jvlloo < 3
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By the standard argument of choosing ¢ and ¢ small enough, we obtain, via
the implicit function theorem, that the C'°°-Fréchet smooth norm defined as the
Minkowski functional of the set {#, Ca(x) < 1} approximates arbitrary well (on
bounded sets) the original norm || - ||.

We say that a norm ||| - ||| defined on a C(K) space depends locally on finitely
many coordinates if for every f € C(K) there exist a finite set {k1,...,kn} C
K,e >0 and ¢ : R — R such that

llgll = ¢(g(k1), - g(kn)),

whenever ||g — f]| <e. O

Proposition 2. There exists no lattice and Gateaux differentiable (not neces-
sarily equivalent) norm Cy([0,w1]). There exists no lattice (not necessarily equiv-
alent) norm on Cy([0,w1]) that depends locally on finitely many coordinates.

PROOF: Assume that || - || is a given norm on Cy([0,w1]). Let us first define, for
a given non-limit ordinal o < wy, ¢q on [a,w1) by

¢a(B) = [[X[a,gll for 8 a nonlimit ordinal,

va(B) = sup{pa(y), v < B, v nonlimit} for 4 a limit ordinal.
The function ¢, is well defined since Xa,5] € Cp[0, w1] whenever a, 8 are nonlimit

ordinals. By the lattice condition on || - ||, ¢ is a nondecreasing function defined
on [0,w1). Thus for some nonlimit G, > o we have

va(fa) = @a(y) for every v € [Ba,w1].

Similarly, by the lattice assumption, whenever a; < a9 are nonlimit ordinals,
Va1 (Ba1) < Yas(Bas)- Therefore, there exists ag € wy such that

©Yao (Bag) = va(B) whenever 8 > a > ayp.

Let us define, by induction, a sequence {a;}5°, as follows: ag comes from the
above consideration, a1 = fqo; + 1.

Choose a closed and open countable interval [ag, 3] C [0,w1) such that 3 > «;
for every i € N. Clearly, x[o,,5 € Co([0,w1]) and

0 < [IX[ap,g1ll = Hx[ai,ﬁai}” for every i € N.

a0,

Also,

IX[a0,8] Tt X[as,Ba; )l Z 11 +1) X[ay Ba,) Il = (1 + D)lX[ag,0 | for every £ = 0.
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Thus, the directional derivative of || - || at x4, g) in direction of v; = X4, 3, ]
satisfies:

MXfao Al OlXfas 50
8’02' - ov;

However, assuming the existence of the Gateaux derivative |[X[q, g ||, we estimate

> Ixjas o)l = Xfao a1

1

AL 2 X jag, 0l
<HX[0¢0,6]” ;D Vi) > — ov;
a0l ||, 2 ———=2— = =5 >n
1 v, 1X[a0,31 I
=0
n
for all n € N. (|| 3_ vill = [[X[a,ll Py the lattice property of || - [|.) This is a
=0
contradiction. (]

This proves the first half of Proposition 2. The proof for the second part
requires only minor modifications.
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