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On the WM property of Orlicz sequence
spaces endowed with the Orlicz norm

WANG BAOXIANG, WANG TINGFU, HAO CUIXIA

Abstract. We obtain the criterion of the WM property for Orlicz sequence spaces en-
dowed with the Orlicz norm.
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Classification: 46B30, 46E30

B.B. Panda and O.P. Kapoor [1] introduced the concept of the WM property in
1975. The WM property is an important property in geometry of Banach spaces.
Some criteria of WM properties for Orlicz function spaces endowed with the Lux-
emburg norm and Orlicz norm have been discussed in [2] and [4], respectively.
Moreover, the criterion of the WM property in Orlicz sequence spaces endowed
with the Luxemburg norm has also been discussed in [3]. A remained problem
is the WM property of Orlicz sequence spaces endowed with the Orlicz norm.
In this paper, we shall give the criterion of the WM property in Orlicz sequence
spaces equipped with the Orlicz norm.

Let X be a Banach space, and let B(X) and S(X) denote the unit ball and
unit sphere of X, respectively. X is said to have the WM property if for any
z € S(X), zn € B(X) (n € N), ||zn + z|| — 2 implies that there exists a support
functional f at z, f(xzy,) — 1. It is known that f is said to be a support functional
at x € S(X), if f(z) =||fll=1.

Let M(u) and N(v) denote a pair of complementary N-functions, P—(u) and
P(u) denote the left and right derivates of M (u), respectively. We say that [a, b]
(a < b) is an affine segment of M (u), if M (u) is affine on [a, b], but neither affine
on [a —¢€,b] nor on [a,b+ €] for all € > 0. a and b are called the left and right
end points of [a, b], respectively. It is known that M (u) has at most countable
number of affine segments [a;,b;] (i = 1,2,---). For convenience, we denote
S = R\ U2, [ai, bi]. We call that an affine segment [a, b] of M (u) is regular, if
both a and b are points of continuity of P(u). If [a,b] and [b,c] (a < b < ¢) are
both affine segments of M (u), then we call that they are neighbour affine segments
of M(u). M(u) is said to satisfy the Ag-condition (M € Ay), if there exist K,
up > 0 such that M(2u) < KM (u) for 0 < u < ug. We denote the modular of
a sequence z = {(7)}52; by opr(z) = D52 M(x(7)). It is well known that the
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space
Ipyg = {z = {z(9)};2; : for some X > 0,0p7(Az) ZM (Az(i))) < oo}

endowed with the Orlicz norm

lz]® = Inf (1+ op (k) /k = SUP{Z ) :on(y) <1},
=1

or with the Luxemburg norm
o]l = inf{e > 0: opr(w/c) < 1}

is a Banach sequence space which is denoted by Z%J, Ipr respectively. We know
that (cf. [5]) for any o # 0, [[2® = (1 + oas(ka))/k if k € K(z) = [k, k"),
where k% = inf{k > 0: gy (P(kx)) > 1}, k5" = sup{k > 0: on(P(kx)) < 1}.

Lemma 1. If x € S(lg/[), then v € [ is a support functional at x if and only if
for any (or some) k € K(z)

(i) en(v) =1,
(i) =(i)y(i) > 0 and P_(k|x(i)]) < [v(i)| < P(k|z(i)]).

PROOF: See [6]. O

Lemma 2. If M(u) does not satisfy the Ag-condition (M ¢ As), then there
exists x € S(l?w) having no support functional in Iy .

PROOF: Since M ¢ A is equivalent to P(u) ¢ Ay (cf. [5]), there exists u; | 0
(i — 00) such that

P((1+1/i)ug) > 2 P(uy), ugP(u;) < 1/2
Take natural number k; satisfying
1/20H < kju; P(ug) < 1/2°

Let

I:(ula"' aula"'vuia"'vuia"')v

where u; is taken k; times and let 2/ = x/||z||°. We have

o
on(P(lz]%) Zk N(P(ug)) <> kuiP(u;) < 1
i=1
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and for any ¢ > 0,
on (P(|l2[°(1 +€)')) = on(P((1 +&)))

>ZkN (1 +&)uy))
>ZkN (14 1/d)uy))

i>1/e

> Z ki{uwiP((1 4 1/i)u;) — M (u;)}

i>1/e

= 3 ki P((1+ 1/i)u;) — onr(@) = oo,

i>1/e

So, we know that k, = ||z]|%, on (P(kyr2')) < 1. By Lemma 1, it follows that any
support functional at 2’ is not in . O

Lemma 3. Suppose that M € Ag. Let xp = {z/ : |z+2'||° = 2, ||2’||® = 1}, then
for any x € S (134), all of the elements in x, have a common support functional if
and only if for any affine segment [a, b] of M (u), the following conditions hold:
(i) N(P(a)) < 1/2 implies b is a point of continuity of P(u),
(ii) N(P(a)) + N(P-(a)) <1 implies a is a point of continuity of P(u).
(iii) N(P(a)) >1/2, N(P(b)) <1 and b is a left end point of an affine segment
of M (u) implies that for any {u;} C S%,, N(P(b))+>72; N(P-(w;)) < 1,
we have S°2° (N (P(u;)) — N(P— (i)} < N(P(b)) = N(P_(b)).

Remark of Lemma 3. Despite the conditions (i)—(iii) are complicated, they
are very weak and implied by the following alternative conditions: (i) P(u) is
continuous at all of the left and right end points of the affine segments of M (u)
contained in [0, Q—(N"1(1))]; (ii) P(u) is strictly monotone on [0, Q—(N~1(1))],
where Q_(v) is the left derivate of N(v)

ProOF OF LEMMA 3: Sufficiency. By the definition of the Orlicz norm and the
convexity of M (u), we have

0= [l + [|2"]]° — []= + 2/|°
/../
> 1+QJI\€/[(/€.%') N 1—1—91\121/(/{:5)

kk' kk' ,
- " > 0.
(Ut o (@ + ) > 0

Thus,

k L K K
iy k’M(k (i) + mM(kx(z)) =M(——
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for all i € N. Hence, for any @’ € xz, k'2'(i) = k(i) if kz(i) € S5 K'2/(i) € [a, b]
if kx(7) belongs to an affine segment [a, b] of M (u), where k € K( ), k' € K(2).
Wlthout loss of generality, we can assume that x(i) > 0. Then 2/(i) > 0 for any
a2’ € xz. We consider the set of natural numbers
J = {i:kx(i) € [a;, b], [a;, b;] is an affine segment of M (u)}.

If J = ¢, then for any 2/ € xg, k'2’(i) = kx(i). Obviously, any support
functional at x is a common support functional for all elements in x.

If J # ¢, suppose without loss of generality, that kxz(1) = max;c y kx (i), and
kx(1) belongs to an affine segment [a, b] of M (u).

Step 1. At first we will prove the following fact: If kx(i) € S’R/[ or belongs to a
regular affine segment of M (u) for all ¢ > 2, then all of the elements in y, have
a common support functional v € [y. We will consider the following three cases.

Case I If kz(1) € (a,b), then for any support functional v at z, v(1) = P(a). So,

v is the common support functional of y.

Case ITa. If kz(l) = a and ) ;25 N(P-(kz(i))) + N(P(a)) < 1. Since 1 <
N(P(kxz)) = Y729 N(P(kxz(i))) + N(P(a)), then there exists v € Iy, v(1) =

P(a), P—(kx(i)) < v(i) < P(kx(i)) asi > 2, oy(v) = 1. By Lemma 1, v is the

common support functional of x.

Case IIb. If kz(1) = a and Y ;25 N(P—(kx(i))) + N(P(a)) > 1. In this case we
have k’2'(1) = a for all 2’ € x,. If not, there exists 2’ € xz, K’2’(1) > a. Then

1> on(P_ (K1) ZN )) + N(P(a)) > 1.

A contradiction. Hence, by Lemma 1, any support functional at z is a common
support functional of y.

Case ITla. kz(1) = b and b is not the left end point of any affine segments of
M (u). If b is a point of continuity of P(u) or > 5 N(P(kx(i))) + N(P-(b)) > 1,
then there exists v € Iy, v(1) = P—(b), P—(kz(i)) < v(i) < P(kxz(i)) as i > 2.
on(v) = 1. Hence, by Lemma 1, v is the common support functional of xz. If b
is not a point of continuity of P(u) and Y ;2 N(P(kxz(i))) + N(P-(b)) < 1, then
there exists v € I, P(a) < v(1) < P(b), v(i) = P(kx(i)) as i > 2, on(v) = 1.
We prove that v is the common support functional of y,. In fact, if 2’ € .,
then k’2’(1) = b. If not, k’2’(1) # b. Since b is not a left end point of any affine
segment of M (u), we have k’z'(1) < b. Thus

1< on(P(K'2")) izv )) + N(P(a))
=2

=on(v) — (N(v(1)) — N(P(a))) < 1.

A contradiction. Hence, by Lemma 1, v is the common support functional of x.
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Case ITIb. kxz(1) = b and b is a left end point of an affine segment [b, ] (b < ¢). In
this case we have N(P_(b)) > 1/2. If not, N(P_(b)) < 1/2, i.e. N(P(a)) < 1/2,
this implies b is a point of continuity of P(u) by the condition (i). A contradlctlon
Now we prove that k’z’(1) > b for all 2’ € xg; or ¥'2/(1) < b for all 2’ € x,. If
not, there exist 2/, 2" € xz, kK'2’(1) < b, k"2"(1) > b. Then,

1> on(P_(K"2") ZN (P_(kx(i N(P(b)).

Note k’z'(i) belongs to S’R/[ or to a regular affine segment of M (u) for all + > 2.
By the condition (iii), we have

P(K' 2" ZN )) + N(P-(b))

< Z N(P-(kxz(i))) + N(P(b)) < 1.
1=2
So z' has no support functional in I, this contradicts M € As.
If ¥’2'(1) < b for all 2’ € x,. Similarly to the case Illa, one can easily verify
that there exists a common support functional of x.
If k’2/(1) > b for all 2’ € ;. Similarly to the cases ITa and IIb, one can easily
verify that x, has a common support functional.

Step 2. We prove the sufficiency. We will consider the following three cases.

I. N(P(a)) < 1/2. In this case, we have N(P(a)) + N(P-(a)) < 1. By the
conditions (i) and (ii), we obtain that [a,b] is a regular affine segment.

If there exists some 7 such that kx (i) € [a;, b;]. Note that kz(1) = max;¢c s k(i)
and kz(1) € [a,b], it is easy to see that a; < a, so N(P(a;)) < 1/2. This implies
[a;, b;] is a regular affine segment of M (u) too. So, x, has a common support
functional.

II. N(P(a)) > 1/2 > {N(P(a)) + N(P-(a))}/2. By the condition (ii), P_(a) =
P(a), so N(P(a)) =1/2. If kz(2) € [a, b], we have z(3) = 2(4) = --- = 0. In fact,
if (3) > 0, then

1> oy (P-(ka) > N(P-(ka(1))) + N(P-(k2(2))) + N(P-(kz(3)))
= 2N(P(a)) + N(P_(kz(3))) = 1 + N(P_(kz(3))) > 1.

This is a contradiction. Thus we have one of the following two cases for x.

1. z = (z(1),2(2),0,0,---), kx(1), kz(2) € [a,b]. By Lemma 1,

y = (P(a), P(a),0,0,---) is a common support functional of y,.

I12. z = (z(1),%(2),(3), ), k(1) € [a,b]. kx(i) (i > 2) belongs to SY; or to a
regular affine segment. However, this case has been discussed.
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III. N(P(a)) + N(P-(a)) > 1. Clearly, we have kz(i) < a for all i > 2 by
on(P-(kz)) < 1. We will consider the following two cases: kx(1) € (a,b] and
kx(1) = a.
III1. kz(1) € (a,b]. We will first prove kz(i) < a (i > 1). Otherwise kz(2) > aq,
whence,
1> on(P-(kz)) = N(P(a)) + N(P-(a)).

This contradicts the hypothesis of III.

If there exists some i > 2, such that kz(i) belongs to an affine segment [a’, '],
then from

1> on(P-(kz)) = N(P(a)) + N(P-(d")) = N(P(d')) + N(P-(a'))

and the condition (ii), we have P_(a’) = P(a). From 1 > N(P(a)) + N(P(a"))
and N(P(a)) > 1/2, we immediately obtain N(P(a’)) < 1/2. Thus [¢/,}] is a
regular affine segments of M (u). This implies that kxz(i) belongs to SR/I or to
some regular affine segment of M (u) for any ¢ > 2. x5 has a common support
functional.

ITI2. kx(1) = a. We shall consider the problem in the following three cases.

I112.1. N(P—(a)) > 1/2. Since gn(P-(kx)) < 1, we have kz(i) < a as i > 1.
If kz(i) belongs to an affine segment [a’, ] for some i > 1, similarly to the case
of IIT1, [d’, V] is a regular affine segment of M (u). Hence kz(i) € S, or kx(i)
belongs to a regular affine segment of M (u) for every i > 1. So, x, has a common
support functional of y.

I112.2. N(P_(a)) = 1/2. Note that kx(i) < a for all ¢ > 2. If kz(i) belongs to
some affine segment [a’, '] of M (u) and b’ = a for some i € N, then kx(j) = 0 if
j #1i,1. In fact, if kz(j) > 0, then on(P_(kxz)) > 2N (P_(a)) + N(P_(kz(5))) >
1. A contradiction. Let v(1) = v(i) = P_(a),v(j) = 0 as j # i,1. Note 2’ € xg
implies ¥'z'(1) < a. Then v = {v(i)} is a common support functional of . If
kxz(i) belongs to some affine segment [a’,b'] of M(u) and b’ < a for some i € N,
note that N(P(b')) < 1/2, by the condition (i) and (ii), [@/, '] is a regular affine
segment. kxz(i) (¢ > 1) belongs to 5’24 or to some regular affine segments. gz has
a common support functional.

I112.3. N(P-(a)) < 1/2. Note that kz(i) < a for all ¢ > 2. If kz(i) < a for all
i > 2, then for every ¢ > 2, kx(i) belongs to SR/[ or to some regular affine segment
of M(u). The result is deduced.

If there exist 41, ,im (m > 2) such that kxz(i) = a, i € {i1, -+ ,im}. By
the condition (i), one can easily verify that a is not the right end point of any
affine segment of M (u). Note N(P(a)) + N(P-(a)) > 1, so we have k'z/(i) = a
(i = i1, ,im) for any 2’ € xg. Therefore, if there exist finite i € N with
kx(i) = a, we can also conclude that x, has a common support functional.

Necessity. If the condition (i) is not true, then there exists an affine segment [a, ]
of M(u) such that, N(P(a)) < 1/2 and b is not a point of continuity of P(u).
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Take w > 0 satisfying
N(P(a))+ N(w) <1, P(a) <w < P(b).

Select a nonnegative sequence (u;), u; (i = 1,2,---) is a point of continuity of
P(u) satisfying

N(P(a)) + N(w) + Y N(P(u;)) = 1.
=1

Take ¢ with a < ¢ < b, and put

"

JI,: (b,b,U]_,Ug,"'), .’I]”: (b,C,Ul,Ug,"'), r = (C,b,’U,]_,’LLQ,"'),

.I/ ZZT// .I///

T T o T e

and

Y1 = (’U},P(@),P(U]_),P(Ug),'"), Y2 = (P(a)kup(ul)vp(UQ)u'")'
It is easy to see that on(y;) =1 (¢ =1,2) and

12 (y;,2) = (yi, 2}/ |2/

= (P(a)b +wb+ Y u;P(u;))/||2]°
i=1

= (on () + onr(@)/I12']1° = (1 + ons(2))/[12"]|°
= (L+om(l12'1%2))/l12"° = Jl]|® = 1.

Hence (y;,x) = 1. Similarly, we can prove that (y;,2;) =1 (i = 1,2).

By Lemma 1, we deduce that y; (i = 1,2) is a unique support functional at z;.
But y1 # y2. On the other hand, from (y;,z; + ) = 2 (i = 1,2), we know that
llz; + z|| = 2. ie. 21,22 € xz. But, there is no common support functional at
x1 and xo. It is a contradiction.

If the condition (ii) is not true, then there exists a structural affine segment
[a,b] of M (u) with N(P(a))+ N(P-(a)) < 1, where a is not a point of continuity
of P(u). Select a nonnegative sequence (u;), where u; (i =1,2,---) is a point of
continuity of P(u) satisfying

N(P(a)) + N(p-(a)) + > N(P(u;)) = 1.
i=1

Take ¢ with a < ¢ < b, and put

.’I], = (a7a7u17u27' ")7 JI” = (Caa7u17u27' ")7 JI”/ = (a,c,ul,u2,-- ')7

.I/ ZZT// .I///

PO T e T e



Wang Baoxiang, Wang Tingfu, Hao Cuixia

and

Y1 = (P(a),P_(a),P(ul),P(u2), T )a Y2 = (P_(CL),P(CL),P(ul),P(’U,Q), T )
Similarly to the cases in (i), we can complete the proof.

If the condition (iii) is not satisfied, then there exist two neighbour affine
segments [a,b] and [b,c] of M(u) such that N(P(a)) > 1/2,N(P(b)) < 1, and
there is a sequence {ug} C 5’24 satisfying

N(P®) + 3 N(P-(u) < 1,
=1
and oo
> AN(P(u)) = N(P-(u;))} > N(P(b)) — N(P-(b)).
=1

Take wy, such that P—(uy) < wj, < P(uy) and
i{N(wi)) = N(P-(u))} = N(P(b)) — N(P-(b)).
Let v, | 0 satisfy
N(P(b)) + iN(P_ (ui)) + iN(P(vi)) — 1

Then we have

N(P_(b)) + > N(w;) + > N(P(v)) = 1.
=1 =1

Put
y1 = (P(b), P-(u1), P(v1), P—(u2), P(v2), -+ ),
y2 = (P (b), w1, P(v1), w2, P(v2),- - ).
Then on(y;) = 1(: =1,2). Let
z = (byur,v1,u2,v2- ), 21 = (¢, u1,v1,u2,v2 ), 22 = (a,u1,v1,u2,v2, )
e v = 2/2l0, 21 = 21/l |0, 22 = 22/ .
Note

1> (2,y2) = {bP-(b) + Y _ugwi + > _viP(v;)}/||2]°
i=1 i=1

= (om(2) + on(w2)/1121° > =]° =1,
which implies yo is a support functional at x. Similarly, yo is also a support
functional at 2. So ||z + 2| = 2, x2 € xz. In exactly the same manner as above,
we can prove that ;1 € x;. But x1 and x2 do not have any common support
functional. In fact, if v1 is a support functional at x1, then vy (1) > P(b); if ve is
a support functional at z2, then va(1) < P(a). The proof is finished. O
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Lemma 4. Let M € Ay, N € Ay, x, 2 € S(lg/[) and ||z, + z]|° — 2 (n — o0),
then lim;_, oo sup,, ||zn — [z5];]|° = 0, where [y];(i) = y(i), if i < j;[y];(i) = 0, if
i > .

PRrROOF: Let

l2]® = (1 + ons (k) /K, ln]® = (1 + onr(knzn))/kn.

Since M € Ag, we only need to prove that

lim sup ops (knan — [knxn]]) = lim sup Z M (kpxn(i)) = 0.

— 00 — 00 N i
J n J n i>j

If not, then there exist in T 0o and g > 0 satisfying > ;~; M (knzn(i)) > eo.
Since N € Ag, supky < oo (cf. [5]), we may assume without loss of generality,
that k, — k’. Take 7 € (0,1) such that k7/k" € (0,1). Choose 7, satisfying

E(1+71) n kn(1—7n)
k+ kn, k+ kn,

It is easy to see that 7, — k7/k’. Moreover, N € Ay implies that there exists
0 > 0 such that

M(u/(1+7)) < (1=6)M(u)/(1+7)

for all u, 0 < u < 2K’M~1(1). Take 7' € (kr/k’,1). Since M € Ag, we have
om (kx(i)/(1 = 7')) < oo. Hence, > ;; M(kz(i)/(1 — 1)) — 0 (n — o0). From

0 Jlznl® + [l2]° — llz + zn|°
> 1+ QM(kn«Tn) + 1+ QM(kx)
- kn k

k+ kn kkn,
_ >

we have
k+ kn,
kky,

kn

k+ kn

(14 om( (x + zn)))-
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Hence
2kk! kky,
e 1 QM(k+kn($+$n))
= (O M () + )
i=1  i>ip n
g kn
< M(k ) k
<3y M) + ()
E(1+7) kna:n(z) kn(1—mn)  ka(i)
M
+Z§ k+kn 117 e p—"
in k
k + —" M (kx(i
< Z{k+ M (hnan (0) + 7 M (k) }
E(1+7) knxy (i) kn(1—7n) kx(4)
M M
+i§(k+kn O s Ma=)
in k
<Dy M)+ M k(0)
k(14 7) M (kpan (1)) kn, ka(q)
M
+Z>ZZ{ k—l—kn —9) 1+7 +k—|—kn (].—Tn)}
k
<
< oulhne) — Y M (i (9)
Z>Z7L
(ke - M(ka(i)}
oM (i
k + kn Z>’ln
k kn kéeo
< _
2Kk kdeg
—-——1- )
k+ K k4K
This is a contradiction. O

Theorem. 19\4 has the WM property if and only if M € Ag, N € Ag and M (u)
satisfies the conditions (i)—(iii) in Lemma 3.

PROOF: Necessity. If M(u) does not satisfy any of the conditions in Lemma 3,
we know that there exist x € S(lgé,), and z1,x2 € Xz such that xq,x9 have
no common support functional. Let x, = {x1,z2,x1,22, -}, then there is no
support functional f at z such that f(zp) — 1. This contradicts the WM property
of 19,

M
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If M ¢ Ay, by Lemma 2, there exists = € S(lg/[) such that any support
functional at x does not belong to Iy. Let z, = (z(1),2(2), - ,2(n),0,0,---).
Obviously, ||n % — [|z]|° = 1. |lan + 2[|° — 2. But for any support functional
y+ ¢ at x, where y € Iy and ¢ is a singular functional, ¢(x) # 0, we have
(y+ &, xn) = (y,xn) — 1 — ¢(x) > 0. This contradicts the WM property of 19\/1.

If N ¢ Ag, there is a positive sequence (u;), where u; satisfies u; | 0 and

N1+ 1/i)u) > 27N (u;), N (u;) < 1/2%
Take natural number k; such that
1/201 < kN (u;) < 1/2°
Select an, > 0, N(ap) + knN(up) = 1. Clearly ay, 1 a, a > 0 and N(a) = 1.
Putting

Zn:(anvuna"' 7UTL707"')7

Yy = (G,0,0,"'), Yn = (Oaunu"' aunaoa"')a
where uy, is taken kj, times, we have gn(zn) = 1. We can easily check that

on(®) =1, lylln =15 on (1 +1/n)yn) > 1, [lynllnv > 1/(1 +1/n).

By the Hahn-Banach Theorem, there exist z,, z € S(I%,) such that

(z,y) = lyln = 1, @nsyn) = lynllv > 1/(1+1/n)
22> ||z +2n|® > (2, 20) + (Tn, 2n)
= an(z,y)/a + (Tn,yn) 2 an/a+1/(1+1/n) — 2.

Therefore, ||z + 2,,]|° — 2. But for any support functional z at x, (z,2y) = 0,
which contradicts the WM property of lg/l'

Sufficiency. Let 1 = ||l2n]° = (1 + opr(knzn))/kn = ||2]|° = (1 + opr(kx)) /K,
|z 4+ zn]|® — 2. Since N € Ag, {k,}>2; is bounded. However, the sequence
{n(i)}2, (i = 1,2,---) are bounded. For any subsequence of {xy}, using the
diagonal method, we can select a subsequence, still denoted by {z}, satisfying
kn — K, zp(i) — 2} (i=1,2,---). Denote 2’ = {/}2° ;. By the Fatou Theorem,
|2/]|° < sup,, ||z]|° = 1. So 2’ € B(13,). By Lemma 4,

lim sup Z M (kpxn(i)) = 0.

lim sup ||zy — [zn]jHO =
n Jmee i35

J]—00

It is easy to see that

lzn = 21® < llan — [anlj|° + llznl; = [2511° + ll2" = [2]5]° — 0(n — o0).

11
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Therefore, we deduce from |z, + z||® — 2, that ||z + /|| = 2. This implies that
2| =1, i.e. 2’ € xz. It follows from

L= (14 on(knn))/kn — (L+ omr (K'2")) /K = ||2"]° = 1,

that k' € K (2'). Take a common support functional y at y,. For arbitrary € > 0,
we take a ig such that

> (M(knan(i) + N(y(i)) < e

1>10
Since kpan (i) — k'af(i =1,2---), then for sufficiently large n, we get

in in

| Z knan (i)y(i) — Z Kagy(i) <e,
1=1 1=1
in )

in
1> M(knan(i) = Y M(Ka)| <e.
i=1 i=1
Therefore, for n large enough, we have

kn > an:vn(z)y(z) > Zn knxn(i)y(i) — e
i=1 =1

in

> Zn K ahy(i) — 2 = Z(M(k’wé) + N(y(i)) — 2
=1 =1

in in
> S Mknan() + 3. N(y(0) — 3 > or(bnzn) + ox(y) — 4=
i=1 i=1

=1+ op(knan) — 4e = kp — 4e.

It is easy to see that (zp,y) — 1.
Since {zy} is an arbitrary subsequence of {5} and y does not depend on the
subsequence, so for the sequence {xy,}, we still have (z,,y) — 1. O
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