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Type IIIj cocycles without unbounded gaps
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Abstract. An example of type Iy cocycle without unbounded gaps of an ergodic prob-
ability measure preserving transformation will be shown.
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1. Introduction

In this note, we give an answer to M. Lemanczyk’s question about type IIly
cocycles ([3]). Let T be an ergodic probability measure preserving transformation
of a Lebesgue space (X,B,m). A measurable function f : X — R is called
a cocycle with unbounded gaps if there exists a sequence of open intervals P,
such that |P,| — oo and

{(fP(2):ze X keZ}nP, =0

for all n > 1. Here f()(z) = Zf:_ol f(Tiz), if k>0, fO) =0, fF(z) =
- Zz_:lk f(Tz) if k < 0. In [4] M. Lemariczyk considers cocycles whose restriction
to a measurable subset has unbounded gaps. This property is invariant up to
cohomology. His question is whether it is a generic property among all type Il
recurrent cocycles or not. We will show that there exists an example of type Il
recurrent cocycle of an ergodic probability measure preserving transformation
whose no restriction has unbounded gaps.

2. Construction

Here let us recall the notion of orbit cocycle. Let T be an ergodic probability
measure preserving transformation of a Lebesgue space (X, 5, m). Each measur-
able function f: X — R is called a cocycle. Denote by

R=R(T)={(x,T"z): z€ X, ke Z}

and call it the relation generated by 7. An orbit cocycle is any measurable
function ¢ : R — R satisfying

’Q/J(LL',y) + w(ywz) = ¢($,Z)
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for all (z,y), (y,z) € R. Since T acts freely, the set of all cocycles is bijectively
mapped to the set of all orbit cocycles by the map

f—=v

where
Y(zy) = fE (@) if y=TFz

If B € B then put
R =RnN(B x B).

The corresponding restricted orbit cocycle g is defined as

wB(xvy) = @/J(l’,y), (xvy) € Rp.

Let {Ns}s>0 be a sequence of positive integers satisfying that

=1
< oo, Ng=0
2 %

and set Mg = N1+ Ng+ -+ Ngand Iy = {2Ms_1 + 1,2M5_1 + 2,--- ,2M}.
Define the infinite product probability measure space
oo
(x,m) =[] []d0.1}.{1/2,1/2})
s=1lielg
and let B be the smallest sigma algebra which makes each coordinate variable of
X measurable. The transformation of X which we consider is the adding machine
transformation T defined for z = (zy,) € X by
Tz = (x1,22,...)+(1,0,0,...)
where the addition is the coordinatewise addition with right carry. Then,
R={(z,y) € X x X : xp =yp for all but a finite number of n}.
Define an orbit cocycle 1 (x,y) by setting for (z,y) € R
o
Play) =D 250 wi— > i)
s=1 i€l i€l

Notice that the sum is a finite sum.
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Theorem 2.1. The above cocycle ) of R is of type 1lly, recurrent and does not
admit any restricted cocycle with unbounded gaps.

In a series of lemmas and propositions, we will complete the proof of Theo-
rem 2.1.
Let n > 1 and define the probability space (X, my) = %”({0, 1}, {%, % ).

Definition 2.1. Let A, B C X, and ¢ : A — B be an bijection. Suppose ¢
satisfies the two conditions:
L Y ¢(x); —2i =1, Yo €A,
2. The subset A is maximal in the sense that if ¢’ : A — B’ is another
bijection satisfying the condition (1) and if A’ > A, then A = A’.
We call such a map ¢ a lacunary map and write A = Dom(¢), B = Im(¢).

Lemma 2.1. Any lacunary map ¢ satisfies my((Dom (¢))¢) = O(—=) as n — oc.

vn
PROOF: Set So,,(z) = 23" x5, and B, = {Sa,(2) = k}, 0 < k < 2n. If k < n then
8By < §E)11. This means U}_)E), C Dom ¢. On the other hand, {Ey > £Ej 1,
if & > n. Therefore, §((Dom ¢)° N Ey) = {E; — §Eg41, k > n. Hence,

2n
m((Dom 6)°) = 5 > (4 — 1Eis)
k=n
= (tEn — 1Eon) /22"
< 4B, /2%
(2n)!

~ 22nplpl

Apply Stirling’s formula, the right hand ~ \/% O

Definition 2.2. By [R]. we denote the set of all measurable injective maps
g:A— B=g(A), where A and B are measurable subsets of X, such that

gr € {y|(y,xz) € R}, ae x€ A

Such maps are called R-partial transformations.
Note that R-partial transformations preserve the restricted measures.

Proposition 2.1. For any measurable subset E C X of positive measure, the
restricted cocycle ¥y of Rp does not have unbounded gaps.

PrOOF: Let £ C X. Notice that for a.e. x € E,

y m(EN[x1,-- ,zn]7)
im

=1.
n—o00 /]fn([;[;l7 e 7xn]1iL)
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For each s > 1, we let ¢s be a lacunary map for [[;c; ({0,1},{1/2,1/2}). Let ¢s

act on X by setting
(¢s([2]r,))imom,y  if G €I,
bs (x)z = .
x; otherwise.
Then ¢s € [R]« and ¢(¢sz, ) = 2°, € Dom (¢s).
For a.e. © € E, there exists an integer 7" > 1 such that
m(EN[x1, -, zp]7)
m([fﬂ]_, e VTH]?)
By €161 - €app,, we denote the word z1x2 -+ - 29p7,.. It follows from Lemma 2.1
and the assumption on {Ns},>1 that we may assume that

> g, Vn > 2Np.

RN 3
H m(Dom ¢g) > 7
s=T+1
We are going to show that
m(z € E|3y € E such that (y,z) € R, ¥(y,z) =127 >0, vIi>1.
Then this means ¢ g does not admit unbounded gaps.
Notice that

2Mr 00 o]
m([er - '52MT]1 N ﬂs:TH Dom ¢s)
oMt =m( m Dom ¢5)
m([€1 EQMT]l ) s=T+1
- 3
1
Hence, oMz - g - o
m([€1 '-~€2MT]1 M ﬂmS:T+1 om d)s) > l
2M- :
m([ex - eansp]y ) 2
Set

o
E =l enm )i NEN (] Dom ¢,
s=T+1

and for each [ > 1 let [ - 2T+ = ZSL:1 2515 be a dyadic expansion. Set I = {s €
[T+ 1,L]|ls = 1}, then T # (. Let us define an R-partial transformation f by
setting for x € B/, s > 0, j € I,

(@) { (¢s(2));, if j € Is, for some s € I,
)i =
J xj otherwise.

Since f is measure preserving, it follows that f € [R]« with Dom f = E’ and
that , oM.

n(fE) Nl e, B 0E) 1

i .

m(ler - eansy 30T 4

If we set F' = {z € E'| f(z) € E}. Then, m(F) > 0, f(F) C E, ¥(f(x),z)
12T+ va e F.

O
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Proposition 2.2. The orbit cocycle ¥ is recurrent.

PROOF: For each s > 0 let 05 be a transformation of [[;.; ({0,1},{1/2,1/2})
which transitively acts on each set {x | Son, =7}, 0 < j < 2Ns. 05 can naturally
act on the infinite product probability measure space (X, m). Then, 05 € [R]« and
¥(0s(x),z) =0, x € X. Now for any measurable subset E of positive measure,
we have an integer T and a word €1 - - - €9)7,, such that

m(E N er - - eang, ) 2T)
m(e1 - - eangy ) 2T)

>1
5

Since 67 is measure preserving, we have
2M- 2M-
m(EN[er--eanp ]y T N0 (ENfer---eanp]y 7)) > 0.
Thus, we see that
m(z € F|dy € E such that y # z, (y,z) € R and ¥(y,z) =0)
> m(z € El0r41(x) € E)
> 0.

This means v is recurrent. (I

Remark 2.1. The cocycle defined by
f(i[]) :w(xuy)v where Y :$+(1,0,07)

is integrable with mean 0 and hence recurrent. This was kindly told the author
by M. Lemanczyk.

Next we will show that ¢ is of type IIIy. For this, let us recall a “T-set” T'(¢))
of a cocycle ¢ ([1]) which is the set of all real numbers ¢ such that there exists
a real measurable function £(x) satisfying

gitvlya) _ €W

eié(z)’

Lemma 2.2 ([1]). Let t € R. Then, t € T(¢) if and only if there exists a se-
quence of real numbers {an t}n>1 such that

lim ¢ S 6 (@)= aj0)

n—~o0

where for x € X, X;(x) = X;(x;) = 2%2;, if j € Is, s > 1.

exists a.e. x

PROOF: («) Set
cit(@) — i ot i1 X (@) —aze}

n—oo
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Then

A ~ lim eitzyzl{Xj(y)—Xj(:c)}

et6t(x) Nn—00
— it(y,z)

(—) Let for each i > 1 g;(k) = k+ 1 (mod 2). For each n > 1,1 <4 <mn and
€; =0 or 1, we have

exp(i{gt(gilxlv co 79311"717 Tp+1," " ) + t{Xl(gilxl) + 4+ Xn(g;”l'n)}})
= exp(i{& (@) + tH{X1(21) + -+ + Xn(an)}}).

The orbit of (z1---,2p) by the group generated by the transformations gil X
g5* X -+ x g& is the whole set [~ ;{0,1}. Hence,

et (@) +t 300 Xi(@) _ gibnt1i(2)

)

where &,41,¢(2) is a function of 11, Zp42,---. If we put
oiCnire E(ez'f'rrkl,t)
(&)

then, by the martingale convergence theorem,

. —it Y™ X;+iCni1 _ 1 E{€Z£t| H?:l fj}
lim e j=1%3 = lim 2 =
n—00 n—oo |E{e®st | [Ty Fj}
eigt
e

= et

Here, F; denotes the sub o-algebra generated by the cylinder sets [0]; and [1];.

If we set
ant = Cnt1t — Cnyt, Cot =0,

then .

lim ¢ 25=1{1% @)=t} oxists ae. 2.

n—oo

[l

Lemma 2.3 ([1]). Let t € R. Then, t € {2%|s > 0, k € Z} if and only if
limg_, oo €272°t = 1.

PROOF: (—) Obvious.



Type IIIg cocycles without unbounded gaps 719

(—) Let t=>"22, 5—2, where t5 € {0,1}. Suppose ¢ ¢ {2% |s >0, k€ Z}. Then,
there are infinitely many s such that
ts = ]. a,nd tS—‘rl = 0
On the other hand, there exists an integer L > 1 such that
272 _ 1] < V2, Vs> L.
So, one can get an s such that ts =1, ts41 =0,s > L+ 1.
Then,

t

. : t
2mi2e it _ 2mi{ g+t )

Hence os—1
|1 _ e27r7,2 t| > \/5

This is a contradiction. [l
Lemma 2.4 ([1]). T(¢) = 27{LX |k € Z, s > 0}.
PrROOF: Let t = 27 - 2% Then,
L n . Mg _
Gt X1 Xi@) _ 2mins T X (@) oy s

By Lemma 2.2, we see that ¢ € T'(¢)).
Conversely, let t € T(v). Then, again by Lemma 2.2, there exists a sequence
of real numbers {ay, ¢} such that
lim ' 2i=1{X @)=} oyists ae. a.
n—oo
Since m(Xp(z) =0) = %, this implies
eant 1 as n— .

Hence
’ etXn 1 ae

On the other hand
(itXn _ it2%)

1

Therefore, €*2° — 1 as s — co. Thus by Lemma 2.3, we see that ¢ € 27T{2ﬁ5 |k e
Z, s>0}.

Proposition 2.3. The cocycle v is of type I11j.

ProOF: It is known ([2]) that T'(¢)) coincides with the L°° spectrum of the
associated flow of the cocycle 1) and hence by Lemma 2.4 we see that L°-spectrum
of the associated flow is the set 27T{2£n |n>1, k € Z}. This implies that the flow
is neither the translation of the real line nor periodic flow, that is, ¢ is of type
I, ([2)). O
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