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Nonnegative solutions of nonlinear integral equations

MICHAL FECKAN

Abstract. Existence results of nonnegative solutions of asymptotically linear, nonlinear
integral equations are studied.
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Classification: 45G10, 45M20

1. Introduction

The purpose of this paper is to study the existence of nonnegative solutions of
two integral equations given by

1

(1.1) p(a:,u(:z:)) = /q(x,t,u(t)) dt, z€]0,1],
0
1

(1.2) p(z,u(z)) = m(x,/k(:v,t)u(t) dt), z €10,1],

0

where k € Lo([0,1] x [0,1],R4) and p, m: [0,1] xR - R, ¢: [0,1] x [0,1] xR — R
are nonnegative for u € Ry = [0,00) and all remaining variables. Furthermore,
p, m, ¢ satisfy the Carathéodory continuity conditions (see [10]), they are bounded
on bounded sets and they have at most linear growth in uw € Ry. Finally, we
suppose that p is nondecreasing in u € Ry for any « € [0,1] and p(z,0) =0V z €
[0,1].

The papers [3], [11], [12] have motivated us for the study of (1.1-2). We are
interested in the existence of nonnegative solutions for (1.1-2), when p, ¢, m are
asymptotically linear as u — 400 uniformly in the remaining variables. We do
not investigate uniqueness and properties of possible solutions like in the papers
(3], [11], [12], where only the convolution case for p(z,u) = u®, « > 1 and
q(z,t,u) = hx —t)u+ f(z): t <z; g(z,t,u) = f(x): t > z is studied. Hence the
equation (1.1) had the following special form in [3], [11], [12]

T

u®(z) = /h(:z: —t)u(t) dt + f(z).

0
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Our method is based on abstract existence results derived by the theory of pseu-
domonotone operators like in [4], [6], [8], [L0]. These results are extensions of fixed
point theorems in [1], [9] of asymptotically linear maps leaving invariant cones in
Banach spaces.

Finally, we note that problems like (1.2) naturally occur in the study of nonlin-
ear boundary value problems of ordinary differential equations. As an example,
let us consider the equation

(1.3)

where p, m have the above properties. By putting z = —u”, i.e.

1
u(z) = /G(:C,t)z(t) dt,
0

where G is the Green function of —u” = z, u(0) = u(1) = 0, we have

1

(1.4) p(z, 2(x)) = m<x,/G(x,t)z(t) dt), z € 10,1].

0

Now, if z > 0 then w is concave. Since u(0) = u(l) = 0, we obtain u > 0.
Hence nonnegative solutions of (1.4) generate nonnegative solutions of (1.3). In
[13], there are studied similar problems of differential equations which are not
solvable for highest-order derivatives. In the end of this paper, we also study a
discontinuous version of (1.3) by using some ideas of the papers [2], [7]. The paper
is completed by several remarks devoting to another possible applications.

2. Abstract existence theorems

In this section, we shall derive existence results of solutions for certain operator
equations. Let H be a real separable Hilbert space with the inner product (-,-)
and norm |- |, and let K C H be a wedge, i.e. K is a closed, nonempty, convex
subset of H such that AKX C KV > 0. We know (see [5, p.71]) that there is a
continuous metric retraction n: H — K such that n(Az) = Mp(z)VA >0, Ve € H
and |n(z)| < |z|Vz € H. The following definitions will be needed in the sequel
(see [4, p. 946]).

A mapping f: H — H is:

— monotone (denote f € MON), if (f(u) — f(v),u —v) > 0 for all u, v € H;

— pseudomonotone (f € PM), if for any sequence {u,} in H with u, — u
(weak convergence) and lim(f (up), un —u) < 0, it follows that f(un) — f(u) and



Nonlinear integral equations 617

— of class Sy (f € S4), if for any sequence {u,} in H with up, — u and
Lm(f(up), un —u) < 0, it follows that u, — u;

— compact (f € COMP), if it is continuous and for any bounded sequence
{up} in H the sequence {f(uy)} has a convergent subsequence;

— completely continuous (f € CC), if for any sequence {uy,} in H with u,, — u,
it follows that f(un) — f(u);

— bounded, if it takes any bounded set of H into a bounded set.

We note that the following relations hold between the above definitions

cccCcoMpP, Sy cPM, MONCPM
(2.0) J1€84, f2€ COMP = f1 — f2 € 54
fie PM, foe CC= f1— fo e PM.

In what follows, we shall assume that the mappings are bounded and continu-
ous.
In the rest of this section, we solve the equation

(2.1) L(z)=N(z) z€K,

where N € COM P satisfies N(K) C K and L € MON is such that (L+¢I)(K) =
K for any € > 0 sufficiently small. Here I is the identity map.

We suppose

(H1) There is a linear map Lo € S+ such that |L(z) — Loox|/|x| — 0O as
|z] = 00, Loz =0 =2 =0and Lo(K) = K.

(H2) There is a linear map Noo € COMP such that |[N(z) — Neoz|/|z| — 0
as |r| — oo and Noo(K) C K.

Theorem 2.1. Assume that (H1), (H2) hold and L — N € PM. If the following
condition holds

(C) Loox = ANgox, x € K, 0 < A <1 implies x =0,
then (2.1) has a solution.

Proor: We solve

(2.2) L(z) + ex = N(n(z))

for & > 0 small. We know that L + ¢/ is strongly monotone (i.e. ((L(z1) +ex1) —
(L(22) + ex2), 21 — x2) > elz1 — x2|* Va1, 2 € H), so it is invertible (see [5,
p.100]). Hence, by using (L + €I)(K) = K, we see that any solution of (2.2)
belongs to K. Let U>2, H, = H and H,, be finite dimensional subspaces such
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that H, C Hp41Vn € N. Let P,: H — Hj, be the orthogonal projections. We
rewrite (2.2) in the form

(23)  Loot + £ — Noo(n(2)) = (Lot — L(#)) + (N(1(x)) = Neo(n(x))).
By (H2) for any w > 0 there is a constant ¢(w) > 0 such that
IN(2) — Noo(2)] < w|z| + c(w) Vo€ H.
This implies
[N (n(x)) = Noo(n(2))| < win(a)| + c(w) < wlz| +c(w) Voe H.

So we obtain
IN(n(z)) — Noo(n(@))|/|z] — 0 as |z[ — oco.

First we solve
P, (Loox +ex— Noo (n(w)))

(2.4)
= Po((Loor = L(2)) + (N((x)) = Noo((2))) ) 2 € Hy.

We claim that there are constants c¢; > 0, g9 > 0, ng > 0 such that

|Pn(Loo + €2 — ANoo (n()))| = 1]z

(2:5) V(z,e,m,\) € Hy, x [0,e0] X [ng,00) % [0, 1].

Indeed, if it is not true then there is a sequence
o0
{@nicimin)}~ CHxRy xNx[0,1]
1=
such that xn, € Hy,, |zn;| =1, & — 04, n; — 00, \j — Ag and

(2.6) |Pr; (Loon; + €itn; — AiNeo(n(zn,)))| — 0.

Here we have used n(Azx) = An(z) YA > 0, Vo € H. We can assume the existence
of z € H such that x5, — 2. (As a matter of fact, a subsequence of {zy,}?°; has
this property, but for simplicity we can consider in this way. Similar arguments
are used later on.) Let {z}°; be a sequence satisfying z; — z and z; € H;,
Vi € N. Then by using the boundedness of {z,}72,, we have

(Looxni +€iTn; — )\iNOO(n(xni))v Zn; — Z) — 0.

Moreover, the condition (2.6) and the boundedness of {xy,}2; and {z}°; as
well as z; € H;, Vi € N imply

(Looxm. + &in; — AiNoo(n(2n;)), Tn; — an) — 0.
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So

Hence we obtain
(2.7) (Looxni - /\ONoo(W(xm))a Tn; — z) = 0.

Since Loo — AoNoo (1) € S+ (see (2.0)), we can assume zp,, — z. Finally, we arrive

at the equation
Looz — ANso(n(z)) = 0.

Now, if \g = 0 then Loz = 0, so z = 0; if 0 < A9 < 1 then, by using both
Loo(K) = K and the fact that the assumptions Lo € St and Locx = 0= 2 =10
give the invertibility of Lo, we obtain z € K and Loz = AgNoo(2), s0 2 = 0. We
have in both the cases z = 0. But |z| = 1, this contradiction proves the validity
of (2.5).

(We prove, for the reader convenience, the claim that Lo, € S1 and Loz =0 =
x = 0 give the invertibility of Loo: The equation P,Lsx = Pph has a unique
solution zy, € Hp, by (2.5), for any n € N sufficiently large and h € H such that
|xn| < |h|/c1. Hence we can assume x, — x. Similarly as for (2.7), we have
(Loon —hyxp —2) — 0. This gives (LooZn,Zn —x) — 0. Since Lo € S+, we can
assume z, — x, and so z is a unique solution of Loz = h satisfying |z| < |h|/c1.
The claim is proved.)

Now (2.5) implies for n sufficiently large
(2.8)  deg (Pn(LOO + el — Noo(n)), Bin, 0) = deg (PnLoo, Bin, 0) £0,

where By, = {x € Hy, | |z| < 1}. Here we have used the invertibility of P, Lo
for n sufficiently large. This follows from (2.5).

Let L, : H, — H,, respectively N,,: H, — H,, be the semi-linear, respec-
tively nonlinear, operator defined by the left-hand, respectively right-hand, side
of (2.4). Hence (2.4) has the form L,(z) = Np(z). The property (2.5) gives
|Ln ()| > c1|x| for any © € Hp and n € N sufficiently large. Since the right-
hand side of (2.4) is asymptotically sublinear, for any r > 0 there is a constant
¢ = ¢(r) > 0 satisfying |V, (z)| < r|z| + ¢ for any n € N and = € Hy. Hence
there is a constant M > 0 such that £, (x) # AN, (z) for any n sufficiently large,
Ae0,1] and x € Sy, ={x € Hy | |z| = M}. So by (2.8) we have

deg (En _NnaBano) = deg(‘CThBMnaO) 7£ 05

where By, = {x € Hp | |z| < M}. Now it is clear that for any n € N
sufficiently large, the equation (2.4) has a solution z,, € H,, satisfying |z,| < M.
Since L + el — N(n) is pseudomonotone (see (2.0)) (we note that a strongly
monotone operator is of class S4 and L+¢l is strongly monotone for any & > 0), by
using the standard arguments (see [4], [8] and [10, pp. 54-55]), (2.2) has a solution

619



620

M. Feckan

Te, |xe| < M. We already know zc € K. So the sequence {x} possesses a weakly
convergent subsequence as ¢ — 04 and again by using the pseudomonotony of
L — N as well as the weak closeness of K, we obtain the desired solution. The
proof is finished. O

Remark 2.2. 1. It is clear that L(K) C K.

2. Since Lo € S+ and Loz = 0 = x = 0, we know from the above proof that
Lo is invertible. So the equation Loox = ANgox is equivalent to x = )\LgolNoox.
Assume that the interior K of K is nonempty and if u € K \ {0}, then —u ¢ K.
If Noo(K \ {0}) C K then the condition (C) of Theorem 2.1 is equivalent to
1/X # r(L3} Ns), where r denotes the spectral radius (see [5, the Krein-Rutman
theorem]). Since 0 < A < 1 this means 7(L3! Noo) < 1. On the other hand, we
note that the condition r(L5 Noo) < 1 always implies the validity of (C).

3. Theorem 2.1 is an extension of [9, Theorem 4.10] and [1, Theorem 1].

By using Remark 2.2 we have
Corollary 2.3. Assume that (H 1}/, (1H 2) hold and moreover, suppose
. r(Ly Noo) < 1
then (2.1) has a solution.

Theorem 2.4. If all assumptions of Theorem 2.1 hold except L— N € PM, then
(2.1) is almost solvable, i.e. 0 € (L — N)(K).

ProoFr: We follow the proof of Theorem 2.1. So there is a constant M > 0 such
that for any € > 0 sufficiently small, there is a solution z¢, L(xe)+exe—N(zc) =0,
ze € K, |ze| < M. The proof is finished. O

Now we replace the assumption N € COMP by N € CC. Then, of course,
N € COMP and L — N € PM (see (2.0)). So we obtain the following

Theorem 2.5. If the assumption N € COMP is strengthened to N € CC in
(2.1) and all assumptions of Theorem 2.4 hold. Then (2.1) has a solution.

)

Remark 2.6. Problems at resonances of (2.1), i.e. if Loox— Nooz = 0 has a solution
x € K\ {0}, can be investigated as well by using both an approach suggested in
[14] and the method of the proof of Theorem 2.1.

3. Nonnegative solutions

In this section, we study the existence of nonnegative solutions of (1.1-2) by
using the results from the previous section. We assume that there are constants
a>0,0>0andy e La([0,1] x [0,1], R4) satisfying (see Remark 3.9 below)

(3.1) | l‘im Ip(x,u) — au|/|u| = 0 uniformly in z € [0,1]
u|—o0
(3.2) | l‘im |m(z,u) — Bul/|u| = 0 uniformly in = € [0,1]
uU|—o
(3.3) lim |q(z,t,u) —v(x,t)u|/|Jul = 0 uniformly in z, ¢ € [0,1].

|u|—o00



Nonlinear integral equations

Theorem 3.1. Assume that (3.1), (3.3) hold and moreover, suppose

(3.4) (p(z,u1) = p(z,u2)) (u1 —u2) >0 Va € [0,1], ug # us.
If the equation
1
(3.5) oulz) = A / (@, tyu(t) dt
0
has no nonzero nonnegative solution for any 0 < A <1, then (1.1) has a nonneg-

ative solution.

PrOOF: We apply Theorem 2.1 by putting
H = Ly([0,1],R), K = {u € Lo([0,1],R) | u > 0 almost everywhere on [0, 1]}

1
uwamw,wmz/«mmmﬁ
0

1
Loou = au, Noou = /7(-,t)u(t) dt.

It is clear that L € MON, N € COMP, N(K) C K, Lo € S+, Nooc € COMP.
Since the function p(x, y)+ey is strictly increasing in y and it tends asymptotically
linearly to +00 as y — +oo uniformly in x € [0, 1], we see that this function has
the continuous inverse function in y for any x € [0, 1] with at most asymptotically
linear growth in y uniformly in € [0, 1]. Now we easily verify that (L +I)(K) =
K.

By [10, p. 61], we know that (3.4) implies L € S4. So L— N € PM (see (2.0)).
The assumptions (H1 — 2) are proved as usually by using (3.1) and (3.3) (see [6],
[10]). For instance, let us prove (H2). By (3.3) and the boundedness of ¢, for any
w > 0, there is a constant c¢(w) > 0 such that

lg(z,t,u) — y(z, t)u| <wlu| + c(w) V¥ (z,t,u) €[0,1] x [0,1] x R.
This gives

1 1
IN (1) — Noguul, < //MxmL o tyu(t)|? dt e
00

1
(wu(®)] + c(w))? dt < V2 w2/u2(t)dt+c2(w)
0

O\H

< V2wlu|p, + V2e(w),

621
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where we have used the inequality (a + b)? < 2(a? + b?). So (H2) is proved.

The last assumption of Theorem 2.1: Loou = ANgou, u € K, 0 < A < 1 implies
u = 0, is guaranteed by (3.5). Hence the proof is finished. O

Concerning the equation (3.5), we have the following easy result from Corol-
lary 2.3.

Theorem 3.2. In addition to (3.1), (3.3), (3.4), assume that either

11
o> //”yQ(x,t) dx dt
00

or v is, moreover, bounded on [0, 1] x [0, 1] satisfying

1 1
a>min< sup /W(I,t) dt, sup /v(x,t) dx 3.
z€f0.1] ) tef01]

Then (1.1) has a nonnegative solution.

PrOOF: To prove this theorem, we use the inequality r(A) < [|A||x, where
A: X — X is a bounded linear operator with the norm ||A||x in a Banach
space X, to the operator

1
Au = é/”y(~,t)u(t) dt
0

considered gradually on the Banach spaces Loo([0, 1], R), L([0, 1], R), L2([0, 1], R).
The inequalities of this theorem ensure that ||A||x < 1 holds at least for one of
these three cases, so the proof is finished by Corollary 2.3. O

Since the set {z € C([0,1],R) | z(-) > 0} has a nonempty interior in
C([0,1],R), by applying Remark 2.2, we can strengthen Theorem 3.2 as follows.

Theorem 3.3. In addition to (3.1), (3.3), (3.4), assume that
v e C([0,1] x [0, 1, (0, ).

Then there is a unique oy > 0 such that

1
agu(x) = /”y(x,t)u(t) dt
0
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has a positive solution. Moreover, if a ¢ [0, 0] then (1.1) has a nonnegative
solution.

Now we consider that + in (3.5) has a convolution form, i.e. we assume

y(z,t) =0 for t>ux

v(x,t) = h(x —t) for t <uz,
where h € L3([0,1],R4). Then (3.5) has the form

T
(3.6) au(x) = A / h(z — t)u(t) dt.
0

It is well-known that (3.6) has the only zero solution for any 0 < A < 1. Indeed,
we have

T T 1 T
o?u?(z) < / h2(x —t) dt / t)dt < / h(t) / 2(t) dt.
0 0
The Gronwall lemma gives u = 0.

So we have
Theorem 3.4. In addition to (3.1), (3.3), (3.4), assume that
~y(z,t) =0 for t>ux
v(x,t) = h(x —t) for t <uz,
where h € Ly([0,1],Ry). Then (1.1) has a nonnegative solution.

By applying Theorem 2.4, we obtain the following result.

Theorem 3.5. If the assumption (3.4) in Theorems 3.1-4 is dropped (so p is
only nondecreasing in u) and the remaining ones are valid, then (1.1) has almost
a nonnegative solution.

Now we apply Theorem 2.5 to study (1.2) by assuming (3.1), (3.2) and setting
H = Ly([0,1],R), K = {u € Ly([0,1],R) | w > 0 almost everywhere on [0, 1]}

1
L(u) =p(,u), N(u)= m<~,/kz(-,t)u(t) dt)

0
Loou=au, Noou= Q/k(,t)u(t) dt.

Since a compact linear mapping is completely continuous and a composition of
a continuous mapping and a completely continuous one is also completely contin-
uous, we have N € CC. Hence Theorem 2.5 is applicable. Moreover, (1.2) is very
similar to (1.1). So, by using the above procedure, we obtain
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Theorem 3.6. Assume that (3.1), (3.2) hold. Then replacing v by k and the
equation (3.5) by

1
au(z) = )\ﬁ/k(x,t)u(t) dt,
0

Theorems 3.1-4 can be straightforwardly rewritten to obtain the existence results
of a nonnegative solution of (1.2).

For instance, a modified version of Theorem 3.4 has the following form.

Theorem 3.7. Assume that (3.1), (3.2) hold and (1.2) has the form

(3.7) p(z,u(z)) = m<:v,/h(x — t)u(t) dt) , x€1]0,1],
0

where h € Ly([0,1],Ry). Then (3.7) has a nonnegative solution.

Remark 3.8. We see that the nonlinearity on the right-hand side of (1.2) is stronger
than the corresponding one of (1.1), because the assumption (3.4) can be dropped
in (1.2) for obtaining its nonnegative solution.

Remark 3.9. The asymptotic behaviors in (3.1-3) can be considered only for
u — 400, because we are only interested in nonnegative solutions.

Finally, we apply Theorem 3.6 to solve (1.3) and its discontinuous version.

Theorem 3.10. Consider (1.3) and assume (3.1), (3.2) hold. If 3 < 72« then
(1.3) has a nonnegative concave solution.

PROOF: In this case, the linear equation in Theorem 3.6 has the form (see (1.4))

1
u(z) = %ﬂ /G(z,t)u(t) dt,
0

which is equivalent to —u(z) = %u(z), w(0) = u(l) = 0. It is well known
(see [5]) that this equation has a nonzero nonnegative concave solution only if
% =72, Since 0 < A < 1 and 3 < 72q, the proof is finished. O

In the end of this paper, we consider the following discontinuous version of (1.3)

p(z, —u"(2)) = g(u(@)) + f(2)

(3:8) u(0) = u(1) =0,

where we assume
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1. p is continuous possessing the properties of Introduction;
2. g: R — R is increasing and continuous on R \ A for a subset A C R with
no finite accumulation points such that
infg=—o00, supg= -+
9(0+) = lim g(s) 20, g(0-) = lim g(s) <0;
S—U

s—0_

3. fe O([O, 1],R+).
By a solution of (3.8) we mean u such that u” € La([0,1],R) and the following
relation holds almost everywhere on [0, 1]
pla, —u"(2)) = f(2) € lg(u(z)-), g(u(z)+)]

(3.9) u(0) = u(1) = 0.

Now we rewrite (3.9) by using a method from [2], [7]. So we are able to find
a continuous nondecreasing function e: R — R such that

e(t) =a, if t€[g(a—),g(at)],

where g(at) = slirg g(s).
—at

Hence the equation (3.9) is equivalent to

e(p(z, —u"(z)) — f(x)) = u(z).

Finally, we obtain

1
(310)  elplox(e)) ~ £@) ~ el~f(a)) = [ Glat)s(0)de - e(~f(a),
0

where G is the above Green function. We see that (3.10) has the form of (1.4).
Moreover, if (3.1), respectively (3.2), holds for p, respectively m(x,u) = g(u) +
f(z) with 8 > 0, then the function

pi(z,2) = e(p(z, 2) — f(2)) — e(—f(z))

has the linear asymptote az/ as z — oo uniformly in x € [0,1]. It is also clear
that p; is nondecreasing in z, p1(-,0) = 0 and it is nonnegative for z > 0. Lastly,
the function —e(—f(x)) is nonnegative, since e(0) = 0 and e is nondecreasing. So,
by applying Theorem 3.6 like in the proof of Theorem 3.10, we obtain

Theorem 3.11. Consider (3.8) and assume (3.1), (3.2) hold for p, m(z,u) =
g(u) + f(x), respectively. If ar? > 3 > 0 then (3.8) has a nonnegative concave
solution (see (3.9)).
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4. Concluding remarks

Remark 4.1. The proof of Theorem 2.1 can be considered also for the equation
(4.1) L(z) = Ni(z) + Na(z), z €K,

where L has the above properties, Ny € COM P, No € C'C are such that

1. (N1 4+ No)(K) C K and L — Ny € PM;

2. There are linear N1 oo, N2 oo € COM P such that | N1(x)+Na(x) — N1 cor—
No o|/]xz| = 0 as |z| — oo and (N1,60 + N2,oxo)(K) C K;

3. Loo® = A(N1,00% + N2 o), z € K, 0 < XA < 1 implies 2 = 0.
Then (4.1) has a solution.

Remark 4.2. Remark 4.1 implies the existence of a nonnegative solution of the
equation

1 1
(4.2)  p(z,u(@)) = /q(w,t,u(t)) dt—f—m(m,/k(w,t)u(t) dt), z €10,1],
0 0

where p, g, m, k possessing the properties from Introduction and satisfying
(3.1-4) are such that the linear equation

1

au(zr) = )\/ (7(:10, t) + ﬁk(w,t))u(t) dt
0

has no nonzero nonnegative solution for any 0 < A < 1.

Remark 4.3. Theorem 2.5 can be applied to certain nonlinear boundary value
problems of integrodifferential equations similarly as for (1.3) and (3.8). For
instance, it is applicable to the equation

1
(4.3) p(:z:, —u//(x)) = /q(az,t, u(t)) dt + m(z,u(z)), = €][0,1]
0
u(0) = u(l) =0,

where p, ¢, m possessing the properties from Introduction and satisfying (3.1-3)
are such that the linear equation

1
_ u//(x) = 2 (/’y(x, t)u(t) dt + ﬁU($)>

0
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has no nonzero nonnegative concave solution for any 0 < A < 1. Then the equation
(4.3) has a nonnegative solution. Indeed, the equation (4.3) is equivalent to

(4.4)

1 1 1
p(z, z(x)) :/q x,t,/G(t,s)z(s) ds | dt+m x,/G(:z:,t)z(t) dt
0 0 0

x €10,1],

where G is the above Green function. It is clear that the right-hand side of (4.4)
is completely continuous (see the arguments over Theorem 3.6). So Theorem 2.5
can be used similarly as for (1.2) in Theorem 3.6.
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